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Abstract:
Executive Summary: The graduated-payment mortgage (GPM) has a unique stair-step payment
schedule that often enhances borrower qualification for young, first-time home buyers who are
anticipated to have increasing incomes. The determination of the initial payment on a GPM
mortgage is often regarded as complex; therefore, textbook authors normally disregard its
theoretical development and substitute instead GPM interest factor tables. This study develops a
general equation for finding the initial payment on a GPM and programmable calculator and
computer spreadsheet routines for implementing the general equation. This approach enhances
the technical understanding of the GPM, and it offers more flexibility than a table approach.
Article:
INTRODUCTION
The graduated-payment mortgage (GPM) was designed in the mid-1970s as an alternative to a
fixed-rate mortgage; the primary motivation for its development was an effort by the Department
of Housing and Urban Development to lower monthly mortgage loan payments during the first
few years following a loan's inception. The stair-step payment schedule of a GPM often
improves borrower qualification and it is particularly appealing to younger, first-time home
buyers whose incomes are expected to rise (Sirota, 1992). The GPM payments increase yearly
for a predetermined number of years; most GPMs have five or ten yearly payment increases.
Thereafter, the payments are level, but the final stream of payments is higher than a fixed-rate
loan with the same interest rate.
Lenders and textbook authors rely on GPM factor tables to determine the payment schedule
(Wiedemer, 1995; Sirota, 1992). Even Brueggeman and Fisher (1997, p. 116) in their advanced
real estate finance textbook note that "Computing initial payments on a mortgage of this kind is
complex." Consequently, textbooks ignore the development of the initial payment on a GPM.
From a pedagogical perspective, this omission is unfortunate because students and lenders
should understand the time value of money underpinnings of the GPM.
Graduated payment schedules offered by HUD (Sec. 245 loans) are limited to only five plans—
three five-year and two ten-year plans. Graduated-payment plans and corresponding tables to
meet individual needs of borrowers are not available. For example, a borrower may desire a rate
of increase in mortgage payments that does not correspond to the choices available in the five- or

ten-year plans; the borrower may also seek a graduated-payment schedule for some period other
than five or ten years. For lenders and borrowers, the table approach has substantial limitations.
The purpose of this article is to demonstrate the development of a generalized equation for
finding the initial GPM payment, and routines for implementing the generalized equation using a
programmable calculator or computer spreadsheet. For a pedagogical perspective, we develop
the graduated-payment solution through a Time Value of Money (TVM) approach.
A typical GPM plan is shown in Exhibit 1, which illustrates the payments associated with a
thirty-year, $60,000 GPM with a fixed annual interest rate of 12% and payments increasing for
five years. In this plan, the payments rise 7.5% annually for the first five years, that is, the
growth rate (g) in payments is 7.5%, and the graduation period (N) to full amortization is five
years. The initial payment in this example is 23.06% below the thirty-year, full-amortization
payment of $617.17. The required payment rises each year at the rate of 7.5% to a level at the
end of year 5 that is 10.45% above the thirty-year-level payment. At graduation following year 5,
the full-amortization payment is $681.67. The HUD Handbook for the Graduated Payment
Mortgage Program (4240.2 rev) reports mortgage loan payments and the principal balance each
year per $1,000 loan amount for five GPM graduated-payment plans. For this example, the
payment is shown as $7.9138 per $1,000 (App. 5, p. 3) for the first year, which results in the
$474.83 for a $60,000 mortgage loan. Exhibit 2, a graph of payments and the principal balance
on a $1,000 mortgage loan, shows the occurrence of negative amortization in the early years.
Negative amortization is an increase in principal balance that occurs because the mortgage loan
payment is less than the interest portion of the payment; the shortfall is added to principal.

BACKGROUND
The GPM was an outgrowth of the "flexible payment" mortgage authorized by the Federal Home
Loan Bank Board in February 1974, which omitted amortization in the early years of the
mortgage (Melton, 1980). In the same year, Sec. 245 of the National Housing Act authorized
HUD to initiate an experimental program to insure mortgage loans with varying amortization
rates to correspond with variations in family income; the program became permanent in 1977.
The GPM plans came into wide use in the late 1970s and early 1980s because, in an environment
of high inflation and high interest rates, GPMs enabled young, first-time home buyers to
purchase homes with lower initial payments (Wiedemer, 1995). By the end of 1978, over 25% of
single-family endorsements were GPMs (Melton, 1980).
The GPM program from HUD offered five alternatives; three plans offered 21/2%, 5% and 71/2%
increases in payments annually for five years, and two plans offered 2% and 3% increases
annually for ten years. For all five plans, payments were fixed for the twelve months between the
annual payment increases; after the final graduated payment plateau was reached, the payments
remained the same for the remaining term of the thirty-year mortgage loan.
The GPM has the advantage of reducing the burden of the tilt effect (Brueggeman and Fisher,
1997). That is, when inflationary expectations are high, the high expected inflation rates are
incorporated in the interest rates, requiring borrowers to make much higher current real dollar
payments from their current real income for the fixed-payment mortgage. The GPM significantly
reduces the level of mortgage payments in the early years of a mortgage loan thereby increasing
the chances of borrower qualification and the mortgage amount afforded by the borrower. In the

example given in Exhibit 1, the borrower pays $4,138 less in payments in the first three years of
a GPM than with a fixed-rate mortgage. In an inflationary environment, the GPM's loan payment
increases usually correspond to increases in borrower income. Default rates rise if borrower
income is not expected to sufficiently increase with GPM loan payments. Because borrower
income is more likely to increase when the labor economy is strong, GPMs are likely to be more
attractive to borrowers during an expansionary phase of the economic cycle that is coupled with
inflation. After the payment graduation period, the final payments will be higher than with a
fixed-rate mortgage, but if a borrower's income has increased sufficiently in an inflationary
environment, the mortgage payment as a percentage of borrower income should not become
excessively high.
Despite the advantages of the GPM for many borrowers, Melton (1980) cites several problems
with the GPM from the lender's perspective. First, some states prohibited the collection of
compound interest on residential mortgage loans, which prevented lenders from offering them.
The Housing and Community Development Act of 1977 exempted FHA-insured GPMs from this
problem. Second, because unpaid interest accrues to the loan principal (negative amortization) in
the early years of the loan, financial institutions reporting income on an accrual basis incur a tax
liability. Third, from a default risk perspective, negative amortization occurs in the early years of
a GPM, thereby reducing the borrower's equity in the home (see Exhibit 1). Unless lenders
believe property values will rise, they usually require a higher downpayment to offset the effects
of negative amortization.
FINDING THE INITIAL PAYMENT ON THE GPM
The equation for the initial GPM payment is a straightforward, albeit somewhat messy,
application of fundamental time-value-of-money relationships. The model we engage is one
relating the loan value (present value (P11) to the present value of the future mortgage loan
payment stream. We define future mortgage loan payments in terms of the initial payment (PMT)
for the first twelve monthly payments; in subsequent years the payments increase annually at an
annual growth rate of g during the graduated-payment periods. Equation (1) is the future value
factor interest factor for a $1 mortgage loan payment, which increases at growth rate g,
compounding for t years as shown:

The future value of a dollar compounded monthly for t years at a monthly interest rate i is
defined in equation (2) as follows:

The present value interest factor for a dollar to be received in t years, discounted at the monthly
interest rate i, is as given:

Note that equation (3) is the reciprocal of equation (2), which is not true with annuity factors.
Finally, equation (4) presents the present value interest factor for an annuity of a dollar to be
received monthly for the next t years and discounted at monthly interest i:

These equations are crucial for the development of the TVM relationship of graduated payments
to the initial loan amount.
For illustration purposes, assume a ten-year loan with graduated payments for two years. Then,
let PV denote the present value of the loan amount and PMT be the monthly beginning payment
at the inception of the loan. Using notation from equations (1), (3) and (4), the PV of the GPM is
expressed as:

In equation (5), the first series of multiplicative terms on the right-hand side is the present value
at t=0 of the initial twelve-payment annuity of payments (PMT) received in year 1. The second
series of multiplicative terms denotes the present value at t=0 of the subsequent monthly
payments received in year 2. Note that payments during the second year increase from the initial
payment PMT by FVIFg,1, where g is the annual growth rate and t=1 (time period in years). The
present value (at t=1) of the twelve-monthly-payment annuity during the second year is captured
by PVIFAi,12.1, however, it is the PVIFi, 12.1 term that brings this annuity stream from t=1 to t=0.
The third term in equation (1) is the present value of the remaining ninety-six-payment annuity
starting after period 24 (payments 25 through 120). Note that the payment increases from PMT
by (FVIFg,2), and remains at that level for years 3 through 30. The (PVIFAi,96) term is necessary
to find the present value of the ninety-six remaining payments, and this is the value of the
annuity at the end of two years (t=2). The value of the ninetysix-payment annuity at t=2 is
brought to the present by the term (PVIFi,12.2). Once this relationship is established, solving for
the initial payment is just a matter of simplifying equation (5) and solving for PMT.
Rearranging equation (5), substituting equation (2) for equation (3) and solving for PMT results
in equation (6) as given:

The denominator of equation (6) is the present value interest factor for a graduated annuity
mortgage, or in short, the graduated annuity interest factor. This factor consists of the individual
future-value, present-value, and annuity interest factors for different maturities according to the
timing of scheduled payments.
Equation 7 substitutes algebraic expressions in equations (1) through (4) for the financial
symbolic notation; using the algebraic expressions for FVIFg,t, PVIFi,t, and PVIFA.i,t shown in
equations (1) through (4):

This substitution permits the solution by use of a scientific calculator.
The generalized solution for the initial GPM payment is shown in equation (8) as the number of
annual graduation payments N, the years to maturity M of the mortgage loan, and annual
payment growth rate g:

To illustrate the use of equation (8), refer to the example given in Exhibit 1. In this example, PV
= $60,000, i = 1% (12% annually), and g = 7.5% annually for five years. The graduated annuity
interest factor is shown in the denominator of equation (9) as 126.3423, rendering an initial
payment is $474.83 as shown in equation (9):

Once this initial payment is found, successive payments for years 2 through 6 are determined by
finding the future value of this payment (i.e., FV = $474.83(1 + g)t, where t runs from 1 to N, the
year of graduation. In the example, t extends from 1 to 5, and the payment levels in year 6.
APPLICATION OF THE GPM GENERALIZED EQUATION
The generalized GPM equation given in equation (9) is best implemented using a programmable
calculator such as the Hewlett Packard (HP) 17B (or HP19B) or a spreadsheet such as Lotus 1-23 or Microsoft Excel. For the HP 17B, the user needs to enter into the equation solver in the main
menu (SOLVE) and create the following new equation (NEW) as one line (spaces are ignored by
SOLVE):

Once entered correctly, the user should press CALC in the SOLVE menu to verify the equation.
The user then enters PV, N, G, i, and M. It should be noted that N and M are in years, G is
annual interest rate, and i is a monthly interest rate. As an alternative to the one-step approach,
the user can define the term in parentheses as the graduated annuity interest factor (GAIF) and
then do a second equation that defines the GPM as PV/GAIF; the HP 17B and HP 19B
automatically store the GAIF value from the first step. The advantage of the two-step approach is
that the GAIF can be used separately, for example, to find the present value of a loan

amount given the initial payment, number of graduated payments, loan maturity, and interest
rate.

Equation (9) can also be implemented using a computer spreadsheet such as Microsoft Excel.
Exhibit 3 provides an example of a spreadsheet for the $60,000, thirty-year, 12% APR loan with
annual graduated payments that are permitted to vary from one to twenty-nine years. The GAIF
factor for a thirty-year, 12% APR loan, with five-year graduated payments at 7.5% annually is
126.3623, with a payment per $1,000 of $7.9138, and a payment on a $60,000 loan equal to
$474.83. Looking at column (15), if payments are permitted to be graduated at 7.5% for one
year, the payment would be $578.78 in the first year and 7.5% higher at $622.19 for the
remaining twenty-nine years. If payments are graduated at 7.5% for ten years, the payment
would be only $403.74 in the first year but would plateau at $832.12 in years 11-30.
Exhibit 3 can be used to graph the graduated payments at 21/2%, 5% and 7.5% for five years and
2% and 3% for ten years (the current Sec. 245 HUD plans) to examine the sensitivity of payment
increases to number of years that payments are graduated. Exhibit 4 indicates that the 5% and
7.5% graduated-payment plans have the largest impact on payments in the first year. The slope
of graph for these two plans, however, suggests that graduating payments beyond ten years
provides

relatively little reduction in the initial payment. The 2% and 3% ten-year graduated-payment
plans reduce the initial payment very little compared to the more aggressive five-year plans, a
fact largely explained by the greater discounting of more distant payments. The more moderate
increases in payments over the ten-year period, however, does tend to have an advantage in
controlling default risk compared with the more aggressive five-year plans.

CONCLUSION
This study illustrates the pedagogical development of a generalized equation for the calculation
of the initial payment on a GPM. The generalized equation provides a helpful tool that can be
used to calculate the payments on GPMs having various growth rates, graduation periods and
maturities. The steps for implementing the generalized equation using a programmable calculator
or computer spreadsheet are also shown to facilitate implementation of the generalized equation.
An analysis of the sensitivity of the five GPM plans offered by HUD indicates that the 5% and 7
1/2% graduated-payment plans for five years are by far the most effective in reducing the initial
payments. Also, graduated-payment plans that exceed ten years have relatively little impact on
initial payments.
Endnote
The pledged-account GPM, where a portion of loan proceeds are placed in a savings account and
are withdrawn gradually to supplement the lower GPM payment to become a constant payment,
has become an effective method to circumvent the tax liability problem.
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