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Abstract. We introduce the set of n-photon coherent states and the set of n-photon squeezed
coherent states and study their collapse and revival and compare their behavior with the collapse
and revival of the corresponding zero-photon coherent states and zero-photon squeezed coherent
states, respectively. The set of n-photon squeezed coherent states (n =0, 1, 2, ---) forms a basis of
the Hilbert state of photons and may be of some interest. We notice that the presence of a few
extra photons in the n-photon states as compared to the corresponding zero-photon states makes a
large difference in the behavior of their collapse and revival. This indicates the large effect that a
few extra photons make in the n-photon states as compared to the corresponding zero-photon
states in their collapse and revival.
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1. Introduction

The Jaynes-Cummings model (JCM) [1] of a two-level atomic system coupled to a single-
mode radiation field is known to exhibit interesting optical phenomena, such as the collapse and
revival of Rabi oscillations of the atomic coherence [2-5]. However, complex features may appear
at the mesoscopic scale (few tens of photons) in the analytical analysis of the collapse and revival
beyond the rotating wave approximation when the energy spectrum of the system is changed
drastically [6-9]. Recently, collapse and revival has been observed in a range of interaction times
and photon numbers using slow circular Rydberg atoms interacting with a superconducting
microwave cavity [10]. This experiment opens promising perspectives for the rapid generation and
manipulation of non-classical states in cavity and circuit quantum electrodynamics.

The present work is a sequel to two papers [11, 12] dealing with squeezed coherent states and
quantum Rabi oscillations. This paper is arranged as follows. In Sec. 2, we review the creation and
annihilation operators that adds or subtracts a photon from a coherent or a squeezed coherent state.
In Sec. 3, we calculate the photon number variance in the n-photon squeezed coherent states, which
is used in the text to minimize the quotient of the n-photon number variance to the average number
of photons. In sec. 4, we review the dynamics governed by the Jaynes-Cummings model. In Sec. 5,
we determine the collapse and revival of the n-photon coherent and the n-photon squeezed coherent
states. Finally, Sec. 6 summarizes our results.

2. Squeezed coherent photons
In recent paper [11], the creation and annihilation operators B and BT, respectively, for the

squeezed coherent photons are given by, where @ and at are the photon creation and annihilation
operators,
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B = S(¢)D(a)aD(—a)S(—C¢) = cosh(r)a + €' sinh(r)a’ — a (1)
and
Bt = S{E]E"{r.r}ﬁ*ﬂ'.:—f.l-jn.éf—ﬁ;! = ¢~ sinh(r)a + cosh(r)at — a*, (2)
with inverses
i = J’jlf—mrj 5'{—-:';‘_I'B\5'{L,‘_Iﬁ{(.r} = (.‘t}:-shl_’?‘"_lﬁ — e Z';il'lhl_r?‘:lét + acosh(r) — a* el sinh(r) (3
and
it = D(—a)85(—¢)BtS(¢)D(a) = —e~* sinh(r) B + cosh(r) BY + o* cosh(r) — ae™" sinh(r), (4)
where
ﬁ'{n} = exp [nr1+ — i) (5]

is the Glauber displacement operator with o = |a|exp (i#) and

.?{g} = exp {—%r’xw - %;1“12 ) (6)
is the squeezing operator with & = "exp (i), Note that [B, B'] = 1 follows from [a,a%] = 1
One can generate a squeezed coherent state from the vacuum as follows
¢, 0) = S(¢))D(a)|0), (7)
where the state |, «,0)) is the vacuum state since B|(, ., 0) = 0. Consider the state

JBT"IH
Val xf'_

where the state |¢. e, 1) is called an n-photon squeezed coherent state with the ordinary squeezed
coherent state |¢. e, () being the 0-photon coherent state. It follows from (1)-(4) and (8) that

(oo, 0) = SJL,‘I‘Iﬂunl

|ﬂ} =|(, o, n), (2]

B|¢,a,n) = vn|¢,a,n — 1)
B¢, a,n) = vn+ 1|, a,n+ 1) (9)
ﬁfﬂ|g,n. ny =mn|(,o,n).
The n-photon coherent state can be explicitly found with the aid of the binomial theorem and

S0
10, @, n) ':m_”*'1| 0 = =) —H—rlﬂ-‘z'i o E (0; k—1/ja))k), (n=1,2,---)  (10)
O,y = = [ . —n,—k;—1/|ax") (mn=12,---) (
' vn! n! = ]\.U o ‘ ’ s
with the coherent state
1 . 2 fy - I:"k” i
10, r, 0) = exp(—|a|*/2) Z] y Fl”’ (11)
=l

and the generalized hypergeometric series [13]

(- et Fn+1I(k+1) ﬁ
oFa2(0; —n, —k;z) —JZ_{:' Fn+1—3Ck+1—3) 717 (12)

o

which reduces to a polynomial since both n and k are positive integers.
Similarly, one can generate the more complex state (n + 1)-photon squeezed coherent state
from knowledge of the n-photon squeezed coherent state as follows

|, ,m+ 1) = ._|f, a,ny =Y o k) (13)
b

—0
and so
[m+1) 1 (7)) {m) * Im)
cp L) — {x E+1 1sinh(r)e” (".If.'—ll + v@crtjﬂklfr:uf;i,;l — ' ) (14)
vn+1
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For instance, one can generate the two-photon squeezed coherent state |¢. ., 2} from the one-
photon squeezed coherent state |¢. e, 1) since

s ] i 2 —ip 2 e = .t
ﬁ—|,|-:1 —e” ¥ tanhr) /2 e—iw/2 e/ 2
[ o, 1) = — = (— ——Hp 1 (——— =)
E{. ' 2% K! cosh(r) V2 cosh(r) tanh'/?(r) N v/ 2sinh(r) cosh(r) (15)
,—iig =2 s
+( fre 0" Hi(— 'rm I')r
tanh(r) +/ 2sinh(r) cosh(r)
where Hy(x) is the Hermite polynomial [13] and so
. > tanh*/?(r)e—a” (1—tanh(r))/2 atanh(r) a .
a2y =Y (- S Hji (= —)
= 3 28+ 1k cosh(r) +/ 2sinh(r) cosh(r) +/2sinh(r) cosh(r) (16
k . 1. o
+ (= == + tanh(r) + a*(1 — ———)2) Hj(——et ):
sinh(r) cosh(r) ' tanh(r) 3/ 2sinh(r) cosh(r)
where we have chosen ¢ = 26 and discarded an overall phase factor.
Theset |(,a,n),n=0,1,2, -, forms a basis since
(n', o, C|¢, a0, m) = (0| D(—a)S(—)S(C)D(a)|n) = b, (17)
and
Z ¢, a,n){n, o= Z .él_'t,]“_lﬁ'(r.r}|.‘ra}f_n|ﬁ?{—f.r“_|.§|:—ﬁ} = 1. (18)

n=0 n=0
with the aid of (n'|n) =d.n  and 307 |nj(n| = 1. Accordingly, the set is complete and
orthonormal. Finally, one has for the mean number of photons in the n-photon squeezed coherent
state that

et s / W s 1.2 v I i/ . g .
{n,a, (la@"al¢, o, m) = (n+ 1) sinh”(r) + uc‘o:‘:hz{rj + |ae~"/% cosh(r) — a*e™/? sinh(r)|?. (19)

3. Photon variance

The photon variance in the n-photon squeezed coherent state is obtained with the aid first of
(n,a, C|(@ta)*|¢, a.n) = Z (n,a,Clafal¢, a,n'Vn', o, ¢)dta|C, o, n), (20)
n'=0
where we have used the completeness relation (18). One obtains, with the aid of (3), (4), and (9),
that

(n’, e, ¢|a'a|¢, a,n) = Abprn + Blnmyr + Conm_1D8nm sz + Ebpin_a, (21)
where
A =(n + 1) sinh*(r) + ncosh®(r) + |w|?,
B =v/n + 1(w* cosh(r) — we'¥ sinh(r)),
C =vn(wcosh(r) — w*e ¥ sinh(r)), (22)

D =— e %y/(n+ 1)(n + 2) sinh(r) cosh(r),

E=— f.=“'*:1¥.-"'1t{1t — 1) sinh(r) cosh(r],
and w = a* cosh(r) — ce " sinh(r).Therefor, we have, for n > 2, that
(n, a,C|(610)2IC, ayn) = A + B[ + |C + |DJ? + |EJ? (23)

with the variance
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An® = (a?) — (a)* = |B* + |C)* + |D|* + |[E|*. (24)
where A=a'a.

4. Jaynes-Cummings model

We suppose the dynamics is governed by the Jaynes-Cummings model with Hamiltonian [1]

H; = %UH — ihA(G a — até_ (25)

where N = afa + 6.6 is a constant of the motion and represents the number of quanta and the
detuning A = w, — w;, with hw;, hw, are the energies of the uncoupled states |1) and [2),
respectively, and w is the frequency of the field mode. The system can be in two possible states |[i},
i =1, 2 with |1) being the ground state of the system and |2) being the excited state, respectively.
The four Paul operators are

1= (2)(2] + |1)(1]
2 = [2)(2] — [1)(1]
9 8 (26)
a, = |2){1 s
a_ = |1){2].
Consider the initial state with the system in the ground state, viz.,

o
vr(0)) =Y an|l)[n) (27)

n=>0

The initial state evolves with time according to

[y (t)) = Z [e1.0(t)|1) |0} + c2.0(t)[2)|m)]. (28)
n=(0

where [14]

c1nlt) = an(cos[Qp(n)t/2] +1 sin[Q2p(n)t/2])

N E-!HI:H-] (90)
Y 2A/n s

"Qn(n)
and ;(n) = A7+ IXZn. We are interested in the probability of the system being in the ground
state |1) at time t = O for the resonant case (A = 0) and so

Can(t) = sin[0g(n)t/2],

(=] oo

. 1 . .
Pt) = 1 alt)f == e 05 2M./nt)]. (30
3 §:|n_r”| 2“23 an |*[1 + cos(2A/nt)] (30)
5. Collapse and revival
We consider the collapse and revival of initial states with one or more coherent or squeezed
coherent photons. The dynamics is governed by the Hamiltonian (25). Consider first the initial
states with coherent photons.

A.n-photon coherent initial states

The following n-photon coherent states, n =1, 2, 3, follow from (10),
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(= ]

0,a,1) = -“"J-""'zzlﬂln_lf “)[n) (31)
o, 1) =e i (n — |a|”)|n), (31)

3 0 e |{_1-|“_2 .
0,c,2) = e lal/2 (?1{?1 — 1) — Qn|ﬂ|‘2 + | ’) |}, (32)
' Er v 2n! .
and
Y P Lt .
0,a,3) = e 1ol/2 %(n{n —1)(n—2) —3n(n — 1)|a|* + 3n|a|* - |n|‘:)|n}_ (33)
n—p ¥V &TE

We compare the collapse and revival of the three-photon coherent state (33) with that of the
zero-photon coherent state (11). We plot in Fig. 1 the collapse and revival of the zero-photon
coherent state for |a| = 2, that is, the state with four photons. It is clear that we are considering states
with low number of photons in order to compare their behavior with the three-photon coherent state
(33), that is, seven photons. Fig. 2 shows the collapse and revival for the three-photon coherent
state. Note the sharpening of the collapse and revival in Fig. 2 as contrasted to that of Fig. 1.
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Fig. 1. Plot for the probability pcono(t) for the collapse and revival given in Eq. (30) with |a| = 2 in (11),
that is, the zero-photon coherent state with four photons.
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Fig. 2. Plot for the probability pons(t) for the collapse and revival of the three-photon coherent state given by Eq. (33)
with |a| = 2 and seven photons.
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On the other hand, one would expect that for a large number of photons, the collapse and
revival behavior of the zero-photon coherent and the three-photon coherent states would be rather
similar. However, that seems not to be the case. Fig. 3 show the probability of collapse and revival
for the zero-photo coherent state given by (11) for |a| = 10, that is, one hundred photons. The plot in
Fig. 4 represents the collapse and survival of the three-photon coherent state with |a| = 10 and one
hundred and three photons. Therefore, the effect of a mere three photons in the three-photon
coherent state is quite significant even for a difference of only 3% in the numbers of photons
between the two states.
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Fig. 3. Plot for the probability pno(t) for the collapse and revival given in Eq. (11) with |a| = 10, that is, the zero-
photon coherent state with one hundred photons.
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Fig. 4. Plot for the probability p..ns(t) for the collapse and revival for the three-photon coherent state given in Eq. (33)
with |a| = 10, that is, one hundred and three photons.

B. n-photon squeezed coherent initial states

Here we consider the two-photon squeezed coherent states and minimize the quotient of the
photon number variance (24) to the mean number of photons (19), viz., An? /(7). This is done in
order to obtain optimal squeezing of the coherent state [12]. One obtains for the value of ||

. BT 21 g 4l

; S, 1y . S . . . 5 -
lee]* = _'2'_[J+%(M_E(:h +§f=" +E\,-’441r=”"“ — 5488e!2" + 5606107 4 3150265 — 131205 + 13206 — 34406%" + 1849,
: - (34)
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It should be remarked that one has to be sure that the number of photons obtained from
Eq. (19) turns out to be an integer. Accordingly, one has to choose the proper r so that together with
the |a| given by Eq. (34) gives rise to a whole number when substituted in Eq. (19).

As done previously for the n-photon coherent states in analyzing the collapse and revival, we
now do the same for the n-photon squeezed coherent states. Figs. 5 and 6 consider the case of low
photon numbers whereas Figs. 7 and 8 deal with high photon numbers. We observe precisely the
same behavior as for the n-photon coherent states. Again, it is interesting that the effect in this case
of two extra photons in the two-photon squeezed coherent state has a significant effect in the
collapse and revival for both low and high number of photons.
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Fig. 5. Plot for the probability ps..no(t) for the collapse and revival of the zero-photon squeezed coherent state
with |a| = 2.56230 and r = 0.424875 with three photons with the aid of (19).
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Fig. 6. Plot for the probability ps.on2(t) for the collapse and revival of the two-photon squeezed coherent state
given in Eq. (37) with |a| = 2.18536 and r = 0.424875 and so by (19), five photons.
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Fig. 7. Plot for the probability ps.ono(t) for the collapse and revival of the zero-photon squeezed coherent state given by
Eq. (35) with |a| = 24.4485 and r = 0.8992 and so by (19), one hundred photons.
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Fig. 8. Plot for the probability ps.on2(t) for the collapse and reveal of the two-photon squeezed coherent state given by
Eq. (37) with |a| =23.92344 and r = 0.8992 and so by (19), one hundred and two photons.

[= ) i = {
. a1 —tanhl V) (tanh(r))m/= _ i or
¢, 0) = e—e—tanhryy2 3 (GmBE)E )in) (35)
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— /270! cosh(r) /2 sinh(r) cosh(r)
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T (tanh(r))™/2 1 ) a )
|":.-'n- 1} =e ot LHHh-"‘..:—’Z (_ o .Hli—|:, )
i - v/ 2mn!l cosh(r) +/2sinh(r) cosh(r) +/2sinh(r) cosh(r) (36)
= ) ) |
e ) a )
+ a(l/tanh(r) — 1) Hy( —) |72}
3/ 2sinh(r) cosh(r)

where Hp(x) are the Hermite polynomials [13] and we have set ¢ = 26 and discarded an overall
phase factor and

ia

» —a?(1—tanh(r))/2 jx: tE’lIl].lI:?'] n/2 a f oo . f o f \
|{;J’l.‘2‘; =€ . R ( = = (?— rﬂl'lh:\i‘,l — I.I." l'i-'ll'lh:\i‘JlJH”_ll‘:}
i +/ 2sinh(r) cosh(r) 3/ 2sinh(r) cosh(r)

v2+/27n! cosh(r)

n=>0

+ {Ji:lt‘rll'lll[’?'] — 1/ tanh(r)) + tanh{r) + uz:"l..f' tanh(r) — L]sz,,f_:;—;:) |}
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6. Conclusions

We have introduced what we believe may be a new basis of the Hilbert space of photons, viz.,
the n-photon squeezed coherent states. We consider such states as initial conditions for the
dynamics generated by the Jaynes-Cummings model in order to study the collapse and revival of
these new states. It is curious that the difference in behavior between the zero-photon coherent state
and the three-photon coherent state are quite significant for both low and high number of photons.
The surprising case, of course, is that of the high number of photons where one would expect
similar collapse and revival. This is also the case for the zero-squeezed coherent states and the two-
photon squeezed coherent states.
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