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This thesis presents a class of narrow-stencil finite difference methods for

approximating the viscosity solution of second-order linear elliptic Dirichlet boundary

value problems. The methods are simple to motivate and implement. This thesis

proves admissibility and stability results for the simple narrow-stencil finite difference

methods as well as optimal convergence rates when the underlying solution to the

partial differential equation (PDE) is sufficiently smooth. The results in this thesis

extend the analytic techniques first developed by Feng and Lewis when approximating

viscosity solutions of fully nonlinear elliptic PDEs using the Lax-Friedrich’s-like method.

Numerical tests are presented to gauge the performance of the methods and to validate

the convergence results of the thesis.
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CHAPTER 1: INTRODUCTION

In this thesis we develop and analyze various narrow-stencil finite difference

(FD) methods for approximating the solution to the following linear elliptic second-

order Dirichlet boundary value problem

L[u] ≡ −A : D2u+ cu = f in Ω, (1.1a)

u = g on ∂Ω, (1.1b)

where Ω ⊂ R2 is a bounded domain, ∂Ω denotes its boundary, and Ω∪∂Ω = Ω denotes

the domain and boundary together. Notationally, D2v denotes the Hessian matrix of

the function v, A ∈
[
L∞(Ω)

]2×2 is a symmetric negative-definite matrix, c ∈ L∞(Ω)

is non-negative, and g ∈ C0(∂Ω). For transparency, we assume Ω is a rectangle, i.e.,

Ω = (a, b)× (c, d).

This thesis proves admissibility and stability results for a class of simple narrow-

stencil FD methods for approximating the solution u. Convergence rates will follow

when u is sufficiently smooth. In the more general case, the approximations are

guaranteed to converge locally uniformly to the viscosity solution u when (1.1) satisfies

a comparison principle using the results in [6].

Since (1.1) is linear, more specialized methods have been developed and analyzed

based on the properties of the coefficient matrix A. Problem (1.1) is a special case

of the more generally fully nonlinear problem F [u] = F (D2u,∇u, u, x) = 0. See [4]

and [13] for recent survey papers that consider the state of the art for approximating

viscosity solutions of fully nonlinear problems.
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If A is differentiable, then (1.1) can be rewritten in divergence form since

div(A∇u) = div(A) · ∇u + A : D2u giving A : D2u = div(A∇u) + b · ∇u for

b = div(A). As such, standard Galerkin-based approximation methods can be used.

If A is continuous, then some finite element-based methods can be used such as the

methods of Feng, Neilan, and Schnake [8]. An indirect vanishing moment approach

paired with a conforming method can also be used based on the results of Feng, Lewis,

and Schnake [7].

When A is not continuous, viscosity solution theory must be used unless A

satisfies stronger assumptions such as a Cordés condition. When A does satisfy the

Cordés condition, methods such as [19] can be used. Monotone methods are the

standard approach for approximating viscosity solutions using the convergence theory

of Barles and Souganidis [1]. There are many monotone schemes that follow this

framework, such as semi-Lagrangian methods [3,5], meshless methods [10,15], two-scale

methods [14], and those in [11,16,18,19]. Unfortunately, by [12], for a fixed grid it can

be shown that there exist problems of the form (1.1) where the matrix A is chosen

such that no monotone method exists. Furthermore, when monotone methods can be

constructed, they often require the use of wide stencils.

In order to construct narrow-stencil schemes, we must abandon the monotone

framework of Barles and Souganidis. Feng and Lewis recently proposed a Lax-

Friedrich’s-like narrow-stencil FD scheme that was proven to converge to the viscosity

solution of fully nonlinear elliptic problems [6]. The narrow-stencil scheme, as shown

in Figure 1.1b, is highly practical due to the fact that it is much easier to formulate

and implement than wide-stencil schemes as illustrated in Figure 1.1a. A wide-stencil

FD scheme must locally resolve radial directions using “nearest” neighbors to form

three-point difference operators along all (relevant) radial directions. The 2D Lax-

2



Friedrich’s-like narrow-stencil FD scheme simply incorporates the 2h nodes in the

Cartesian directions to form a stabilization term that helps overcome the lack of

monotonicity.

(a) Wide-Stencil Scheme (b) Narrow-Stencil Scheme

Figure 1.1. Comparison of local stencils for wide-stencil methods versus the Lax-
Friedrich’s-like method

3



CHAPTER 2: PRELIMINARIES

In this chapter, we introduce the notation that will be used, the assumptions

used to define solutions to (1.1), and introduce the notation for defining meshes/grids

of the domain Ω.

Standard function and space notation as in [2] and [9] will be adopted in this

thesis. Let S2×2 ⊂ R2×2 denote the set of symmetric real-valued matrices. For any

bounded function v ∈ B(Ω), we define the upper and lower semicontinuous envelopes

of v, respectively, by

v∗(x) ≡ lim sup
y→x

v(y), v∗(x) ≡ lim inf
y→x

v(y).

2.1. Definitions

Definition 2.1. For matrices A and B, the Frobenius Inner Product, A : B, is

defined as

A : B =

[
a11 a12

a21 a22

]
:

[
b11 b12

b21 b22

]
= a11b11 + a12b12 + a21b21 + a22b22.

Definition 2.2. An n× n symmetric real matrix is said to be

(i) Positive-Definite (SPD) if xTAx > 0 ∀x ∈ Rn for x 6= ~0.

(ii) Non-negative-Definite if xTAx ≥ 0 ∀x ∈ Rn.

Definition 2.3. Assume c ≥ 0. Then the PDE operator in (1.1) is Uniformly

Elliptic if A is symmetric positive-definite, and it is Degenerate Elliptic if A is

symmetric non-negative-definite.
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Definition 2.4. For a domain Ω ∈ R2, we define the Hessian Matrix of u as

D2u =

[
uxx uxy

uyx uyy

]
.

2.2. Solution Concepts

There have been three main theories for the existence and uniqueness of

solutions to (1.1): classical, strong, and viscosity solution theory. Due to the weaker

assumptions of A, we cannot use strong or weak solution theory.

Classical solution theory assumes D2u(x) is defined for all x ∈ Ω so that (1.1a)

is satisfied pointwise with u = g on ∂Ω. Strong and viscosity solution theory focuses

on what it means to satisfy a second-order PDE when a classical solution u does not

exist due to a lack of two classical derivatives. Strong solutions are solutions in H2(Ω)

that satisfy the PDE almost everywhere. All classical solutions are viscosity solutions,

but the only way a viscosity solution would be considered a classical solution is if

it is in C2. In general, viscosity solutions are defined in C(Ω) or B(Ω). Note that

weak solution theory for defining solutions in H1(Ω) does not apply when A is not

differentiable because the PDE cannot be written in divergence form.

As long as A, c, f , and g are sufficiently smooth and ∂Ω is sufficiently nice,

then classical solutions exist in C2(Ω). However, when the coefficient matrix A is less

smooth, A may only have viscosity solutions. For A ∈ C(Ω) and Ω sufficiently smooth,

there exists a unique strong solution. However, since we only assume A ∈ L∞(Ω), we

cannot ensure the existence of a strong solution. Thus, we focus on viscosity solution

theory, where a viscosity solution is defined as follows.

Definition 2.5. A locally bounded function u : Ω→ R is called a

(i) Viscosity Subsolution of (1.1) if ∀ϕ ∈ C2(Ω), when u∗ − ϕ has a local

5



maximum at x0 ∈ Ω with ϕ(x0) = u∗(x0), there holds L[ϕ](x0) ≤ 0.

(ii) Viscosity Supersolution of (1.1) if ∀ϕ ∈ C2(Ω), when u∗ − ϕ has a local

minimum at x0 ∈ Ω with ϕ(x0) = u∗(x0), there holds L[ϕ](x0) ≥ 0.

(iii) Viscosity Solution of (1.1) if u is both a viscosity subsolution and a viscosity

supersolution of (1.1).

To guarantee uniqueness of the viscosity solution to (1.1), we assume that the

comparison principle holds. Note that the comparison principle is guaranteed to hold

if c ≥ k0 > 0 for some k0 ∈ R. If c = 0, then there are examples where (1.1) does not

have a unique solution. See [17] for more details.

Definition 2.6. Problem (1.1) is said to satisfy a Comparison Principle if for any

upper semicontinuous function u and lower semicontinuous function v on Ω such that

u is a viscosity subsolution and v is a viscosity supersolution of (1.1), then u ≤ v on

Ω.

2.3. Defining a Grid/Mesh

Throughout this thesis, we are assuming Ω is a 2-rectangle meaning Ω =

(ax, bx)× (ay, by). Only grids that are uniform in each (x, y) coordinate are considered.

Define h = (hx, hy) ∈ R2 such that

hx =
bx − ax
Nx − 1

, hy =
by − ay
Ny − 1

, h = max{hx, hy}

for integers Nx ≥ 2 and Ny ≥ 2, and let

N = NxNy, NN = {α = (αx, αy) | 1 ≤ αx ≤ Nx, 1 ≤ αy ≤ Ny}.
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Key:
T̊h ∪ Th ∩ Ω

Th ∩ ∂Ω ∪ ∪ Th

Ghost Points ∪ ∪ ∪ T ′
h

Ω ∂Ω Ω

Figure 2.1. Illustration of the mesh/grid

Then, |NN | = N . We partition Ω into (Nx − 1)(Ny − 1) sub-2-rectangles with grid

points xα =
(
ax + hx(αx − 1), ay + hy(αy − 1)

)
for each multi-index α ∈ NN .

We call Th = {xα}α∈NN
a mesh (set of nodes) for Ω, and we introduce an

extended mesh T ′h which extends Th by a collection of ghost grid points that are

at most one layer exterior to Ω in each coordinate direction. In particular, for

(x0, y0) ∈ Th ∩ Ω, we choose grid points (x1, y0) or (x0, y1) adjacent to the boundary

such that

(x1, y0) = (x0 ± 2hx, y0) or (x0, y1) = (x0, y0 ± 2hy).

We set N ′x = Nx + 2 and N ′y = Ny + 2, and then we define N′N by replacing Nx by

N ′x and Ny by N ′y in the definition of NN while removing the extra multi-indices that

would correspond to ghost grid points that are not in the set T ′h to ensure |N′N | = |T ′h|.

Lastly, we define an interior mesh T̊h that removes a single boundary layer from Th.

Figure 2.1 is a visual representation of meshes and nodes with Nx = 4 and

Ny = 3. The points are determined by an auxiliary boundary condition involving

δ2
xi,hi

Uα for adjacent nodes xα ∈ Th ∩ ∂Ω.
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CHAPTER 3: DIFFERENCE OPERATORS

Now, we introduce several difference operators for approximating first and

second-order partial derivatives. The multiple difference operators will be used to

motivate and define our simple narrow-stencil finite difference methods.

3.1. First-Order Difference Operators

The following first-order difference operators are used to approximate first-order

derivatives. They will also serve as building blocks for approximating second-order

derivatives. We call (3.1a) the forward difference operator and (3.1b) the backward

difference operator.

δ+
x,hx

v(x, y) ≡ v(x+ hx, y)− v(x, y)

hx
(3.1a)

δ−x,hxv(x, y) ≡ v(x, y)− v(x− hx, y)

hx
(3.1b)

δ+
y,hy

v(x, y) ≡ v(x, y + hy)− v(x, y)

hy
(3.1c)

δ−y,hyv(x, y) ≡ v(x, y)− v(x, y − hy)
hy

(3.1d)

The central difference operator below is found by averaging the forward and backward

operators.

δx,hxv(x, y) ≡ 1

2
δ+
x,hx

v(x, y) +
1

2
δ−x,hxv(x, y) =

v(x+ hx, y)− v(x− hx, y)

2hx
(3.2a)

δy,hyv(x, y) ≡ 1

2
δ+
y,hy

v(x, y) +
1

2
δ−y,hyv(x, y) =

v(x, y + hy)− v(x, y − hy)
2hy

(3.2b)

Note that the central difference operators are second-order accurate while the forward

and backward difference operators are only first-order accurate.
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3.2. Second-Order Difference Operators

Using the first-order difference operators defined in the previous section, we can

naturally build four difference operators for approximating second-order derivatives

using composition. Thus, we can naturally define four discrete Hessian operators by

Dµν
h =

[
δνx,hxδ

µ
x,hx

δνx,hxδ
µ
y,hy

δνy,hyδ
µ
x,hx

δνy,hyδ
µ
y,hy

]
for µ, ν ∈ {+,−}.

To build symmetric second-order accurate discrete Hessian operators, we

introduce the following second-order difference operators. The various components

of the discrete Hessian operators will be denoted using δ2. In particular, we use the

following conventions:

D̃2
h ≡

1

2

(
D−−h +D++

h

)
=
[
δ̃2
xi,xj ;hi,hj

]2

i,j=1
(3.3a)

D̂2
h ≡

1

2

(
D+−

h +D−+
h

)
=
[
δ̂2
xi,xj ;hi,hj

]2

i,j=1
(3.3b)

D
2

h ≡
1

2

(
D̂2

h + D̃2
h

)
=

1

4

(
D++

h +D+−
h +D−+

h +D−−h

)
=
[
δ

2

xi,xj ;hi,hj

]2

i,j=1
(3.3c)

[
D

2

h

]
ij
≡


[
D̂2

h

]
ij
, i = j[

D
2

h

]
ij
, i 6= j

=


[
δ̂2
xi,xj ;hi,hj

]2

i,j=1
, i = j[

δ
2

xi,xj ;hi,hj

]2

i,j=1
, i 6= j

(3.3d)

For notation brevity, we use the following convention:

δ2
x,hx ≡ δ2

x1,x1;h1,h1
= δ2

x,x;hx,hx (3.4a)

δ̃2
x,hx ≡ δ̃2

x,x;hx,hx , δ̂2
x,hx ≡ δ̂2

x,x;hx,hx , δ
2

x,hx ≡ δ
2

x,x;hx,hx

δ2
y,hy ≡ δ2

x2,x2;h2,h2
= δ2

y,y;hy ,hy (3.4b)

δ̃2
y,hy ≡ δ̃2

y,y;hy ,hy , δ̂2
y,hy ≡ δ̂2

y,y;hy ,hy , δ
2

y,hy ≡ δ
2

y,y;hy ,hy

9



δ2
x,y;h ≡ δ2

x1,x2;h1,h2
= δ2

x2,x1;h2,h1
= δ2

x,y;hx,hy (3.4c)

δ̃2
x,y;h ≡ δ̃2

x,y;hx,hy , δ̂2
x,y;h ≡ δ̂2

x,y;hx,hy , δ
2

x,y;h ≡ δ
2

x,y;hx,hy

A simple computation shows the operators correspond to

δ̃2
x,y;hv(x, y) =

1

2hxhy

[
v(x+ hx, y + hy)− v(x+ hx, y)− v(x, y + hy) + 2v(x, y)

+ v(x− hx, y − hy)− v(x− hx, y)− v(x, y − hy)
]

(3.5a)

δ̂2
x,y;hv(x, y) =

1

2hxhy

[
− v(x+ hx, y − hy) + v(x+ hx, y) + v(x, y − hy)− 2v(x, y)

− v(x− hx, y + hy) + v(x− hx, y) + v(x, y + hy)

]
(3.5b)

δ
2
x,y;hv(x, y) =

1

4hxhy

[
v(x+ hx, y + hy)− v(x+ hx, y − hy)− v(x− hx, y + hy)

+ v(x− hx, y − hy)
]

(3.5c)

for approximating mixed partial derivatives,

δ̃2x,hx
v(x, y) =

v(x+ 2hx, y)− 2v(x+ hx, y) + 2v(x, y) + v(x− 2hx, y)− 2v(x− hx, y)
2h2x

(3.6a)

δ̂2x,hx
v(x, y) =

v(x+ hx, y)− 2v(x, y) + v(x− hx, y)
h2x

(3.6b)

δ
2

x,hx
v(x, y) =

v(x+ 2hx, y)− 2v(x, y) + v(x− 2hx, y)

4h2x
(3.6c)

for approximating non-mixed partial derivatives with respect to x, and

δ̃2y,hy
v(x, y) =

v(x, y + 2hy)− 2v(x, y + hy) + 2v(x, y) + v(x, y − 2hy)− 2v(x, y − hy)
2h2y

(3.7a)

δ̂2y,hy
v(x, y) =

v(x, y + hy)− 2v(x, y) + v(x, y − hy)
h2y

(3.7b)

δ
2

y,hy
v(x, y) =

v(x, y + 2hy)− 2v(x, y) + v(x, y − 2hy)

4h2y
(3.7c)

for approximating non-mixed partial derivatives with respect to y.
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Figure 3.1 is a visual representation of the local stencils for the various discrete

Hessians. Note that the operators are all symmetric. Also note that ghost points may

be needed when using δ̃2
xx or δ2

xx since they involve nodes two steps away.

D̂2
h D̃2

h D
2
h D

2

h

uxx uyy uxy

Figure 3.1. Illustration of the discrete difference operators

3.3. Verifying the Accuracy of the Discrete Hessians

In the following section, we verify the second-order accuracy of the discrete

Hessian operators defined by (3.3a) and (3.3b). We first define the following expansions

below for each type of shift used in the discrete operators. The expansion follows from

Taylor’s remainder theorem. Depending on the shift,

ξi ∈ (x− 2hx, x) or (x, x+ 2hx) and ηi ∈ (y − 2hy, y) or (y, y + 2hy).

The remainder terms are all based on D4u.

∗ Center Point (No Shift)

u(x, y) = u(x, y)

∗ Horizontal Shifts

u(x+ hx, y) = u(x, y) + hxux(x, y) +
h2x
2
uxx(x, y) +

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ1, y)

u(x− hx, y) = u(x, y)− hxux(x, y) +
h2x
2
uxx(x, y)−

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ2, y)
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∗ Two-Step Horizontal Shifts

u(x+ 2hx, y) = u(x, y) + 2hxux(x, y) + 2h2xuxx(x, y) +
4h3x
3
uxxx(x, y) +

2h4x
3
uxxxx(ξ3, y)

u(x− 2hx, y) = u(x, y)− 2hxux(x, y) + 2h2xuxx(x, y)−
4h3x
3
uxxx(x, y) +

2h4x
3
uxxxx(ξ4, y)

∗ Vertical Shifts

u(x, y + hy) = u(x, y) + hyuy(x, y) +
h2y
2
uyy(x, y) +

h3y
6
uyyy(x, y) +

h4y
24
uyyyy(x, η1)

u(x, y − hy) = u(x, y)− hyuy(x, y) +
h2y
2
uyy(x, y)−

h3y
6
uyyy(x, y) +

h4y
24
uyyyy(x, η2)

∗ Diagonal Shifts

u(x+ hx, y − hy) = u(x, y) + hxux(x, y)− hyuy(x, y) +
h2x
2
uxx(x, y)− hxhyuxy(x, y)

+
h2y
2
uyy(x, y) +

h3x
6
uxxx(x, y)−

h2xhy
2

uxxy(x, y) +
hxh

2
y

2
uxyy(x, y)

−
h3y
6
uyyy(x, y) +

h4x
24
uxxxx(ξ5, y)−

h3xhy
6

uxxxy(ξ6, η3)

+
h2xh

2
y

4
uxxyy(ξ7, η4)−

hxh
3
y

6
uxyyy(ξ8, η5) +

h4y
24
uyyyy(x, η6)

u(x− hx, y + hy) = u(x, y)− hxux(x, y) + hyuy(x, y) +
h2x
2
uxx(x, y)− hxhyuxy(x, y)

+
h2y
2
uyy(x, y)−

h3x
6
uxxx(x, y) +

h2xhy
2

uxxy(x, y)−
hxh

2
y

2
uxyy(x, y)

+
h3y
6
uyyy(x, y) +

h4x
24
uxxxx(ξ9, y)−

h3xhy
6

uxxxy(ξ10, η7)

+
h2xh

2
y

4
uxxyy(ξ11, η8)−

hxh
3
y

6
uxyyy(ξ12, η9) +

h4y
24
uyyyy(x, η10)

u(x+ hx, y + hy) = u(x, y) + hxux(x, y) + hyuy(x, y) +
h2x
2
uxx(x, y) + hxhyuxy(x, y)

+
h2y
2
uyy(x, y) +

h3x
6
uxxx(x, y) +

h2xhy
2

uxxy(x, y) +
hxh

2
y

2
uxyy(x, y)

+
h2y
6
uyyy(x, y) +

h4x
24
uxxxx(ξ13, y) +

h3xhy
6

uxxxy(ξ14, η11)

+
h2xh

2
y

4
uxxyy(ξ15, η12) +

hxh
3
y

6
uxyyy(ξ16, η13) +

h4y
24
uyyyy(x, η14)

u(x− hx, y − hy) = u(x, y)− hxux(x, y)− hyuy(x, y) +
h2x
2
uxx(x, y) + hxhyuxy(x, y)

+
h2y
2
uyy(x, y)−

h3x
6
uxxx(x, y)−

h2xhy
2

uxxy(x, y)−
hxh

2
y

2
uxyy(x, y)

−
h3y
6
uyyy(x, y) +

h4x
24
uxxxx(ξ17, y) +

h3xhy
6

uxxxy(ξ18, η15)

+
h2xh

2
y

4
uxxyy(ξ19, η16) +

hxh
3
y

6
uxyyy(ξ20, η17) +

h4y
24
uyyyy(x, η18)
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We now use the above relationships to verify the accuracy of the various discrete

operators.

∗ Expansion 1: δ̃2
x,hx

δ̃2x,hx
u(x, y)

=
u(x+ 2hx, y)− 2u(x+ hx, y) + 2u(x, y) + u(x− 2hx, y)− 2u(x− hx, y)

2h2x

=
1

2h2x

[(
u(x, y) + 2hxux(x, y) + 2h2xuxx(x, y) +

4h3x
3
uxxx(x, y) +

2h4x
3
uxxxx(ξ3, y)

)
− 2

(
u(x, y) + hxux(x, y) +

h2x
2
uxx(x, y) +

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ1, y)

)
+ 2

(
u(x, y)

)
+

(
u(x, y)− 2hxux(x, y) + 2h2xuxx(x, y)−

4h3x
3
uxxx(x, y) +

2h4x
3
uxxxx(ξ4, y)

)
− 2

(
u(x, y)− hxux(x, y) +

h2x
2
uxx(x, y)−

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ2, y)

)]
=

1

2h2x

[
u(x, y) + 2hxux(x, y) + 2h2xuxx(x, y) +

4h3x
3
uxxx(x, y) +

2h4x
3
uxxxx(ξ3, y)

− 2u(x, y)− 2hxux(x, y)− h2xuxx(x, y)−
h3x
3
uxxx(x, y)−

h4x
12
uxxxx(ξ1, y)

+ 2u(x, y) + u(x, y)− 2hxux(x, y) + 2h2xuxx(x, y)−
4h3x
3
uxxx(x, y)

+
2h4x
3
uxxxx(ξ4, y)− 2u(x, y) + 2hxux(x, y)− h2xuxx(x, y) +

h3x
3
uxxx(x, y)

− h4x
12
uxxxx(ξ2, y)

]
=

1

2h2x

[
2h2xuxx(x, y)−

h4x
12
uxxxx(ξ1, y)−

h4x
12
uxxxx(ξ2, y) +

2h4x
3
uxxxx(ξ3, y)

+
2h4x
3
uxxxx(ξ4, y)

]
= uxx(x, y)−

h2x
24
uxxxx(ξ1, y)−

h2x
24
uxxxx(ξ2, y) +

h2x
3
uxxxx(ξ3, y) +

h2x
3
uxxxx(ξ4, y)

Thus δ̃2
x,hx

u is a second-order accurate approximation of uxx.
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∗ Expansion 2: δ̂2
x,hx

δ̂2x,hx
u(x, y)

=
u(x+ hx, y)− 2u(x, y) + u(x− hx, y)

h2x

=
1

h2x

[(
u(x, y) + hxux(x, y) +

h2x
2
uxx(x, y) +

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ1, y)

)
− 2

(
u(x, y)

)
+

(
u(x, y)− hxux(x, y) +

h2x
2
uxx(x, y)−

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ2, y)

)]
=

1

h2x

[
u(x, y) + hxux(x, y) +

h2x
2
uxx(x, y) +

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ1, y)− 2u(x, y)

+ u(x, y)− hxux(x, y) +
h2x
2
uxx(x, y)−

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ2, y)

]
=

1

h2x

[
h2xuxx(x, y) +

h4x
24
uxxxx(ξ1, y) +

h4x
24
uxxxx(ξ2, y)

]
= uxx(x, y) +

h2x
24
uxxxx(ξ1, y) +

h2x
24
uxxxx(ξ2, y)

Thus δ̂2
x,hx

u is a second-order accurate approximation of uxx.

Similarly, δ̃2
y,hy

u and δ̂2
y,hy

u are second-order accurate approximations of uyy.

∗ Expansion 3: δ̃2
x,y;h

δ̃2x,y;hu(x, y)

=
1

2hxhy

[
u(x+ hx, y + hy)− u(x+ hx, y)− u(x, y + hy) + 2u(x)

+ u(x− hx, y − hy)− u(x− hx, y)− u(x, y − hy)
]

=
1

2hxhy

[(
u(x, y) + hxux(x, y) + hyuy(x, y) +

h2x
2
uxx(x, y) + hxhyuxy(x, y)

+
h2y
2
uyy(x, y) +

h3x
6
uxxx(x, y) +

h2xhy
2

uxxy(x, y) +
hxh

2
y

2
uxyy(x, y)

+
h2y
6
uyyy(x, y) +

h4x
24
uxxxx(ξ13, y) +

h3xhy
6

uxxxy(ξ14, η11)

+
h2xh

2
y

4
uxxyy(ξ15, η12) +

hxh
3
y

6
uxyyy(ξ16, η13) +

h4y
24
uyyyy(x, η14)

)
−
(
u(x, y) + hxux(x, y) +

h2x
2
uxx(x, y) +

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ1, y)

)
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−
(
u(x, y) + hyuy(x, y) +

h2y
2
uyy(x, y) +

h3y
6
uyyy(x, y) +

h4y
24
uyyyy(x, η1)

)
+ 2

(
u(x, y)

)
+

(
u(x, y)− hxux(x, y)− hyuy(x, y) +

h2x
2
uxx(x, y) + hxhyuxy(x, y)

+
h2y
2
uyy(x, y)−

h3x
6
uxxx(x, y)−

h2xhy
2

uxxy(x, y)−
hxh

2
y

2
uxyy(x, y)

−
h3y
6
uyyy(x, y) +

h4x
24
uxxxx(ξ17, y) +

h3xhy
6

uxxxy(ξ18, η15)

+
h2xh

2
y

4
uxxyy(ξ19, η16) +

hxh
3
y

6
uxyyy(ξ20, η17) +

h4y
24
uyyyy(x, η18)

)
−
(
u(x, y)− hxux(x, y) +

h2x
2
uxx(x, y)−

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ2, y)

)
−
(
u(x, y)− hyuy(x, y) +

h2y
2
uyy(x, y)−

h3y
6
uyyy(x, y) +

h4y
24
uyyyy(x, η2)

)]
=

1

2hxhy

[
u(x, y) + hxux(x, y) + hyuy(x, y) +

h2x
2
uxx(x, y) + hxhyuxy(x, y) +

h2y
2
uyy(x, y)

+
h3x
6
uxxx(x, y) +

h2xhy
2

uxxy(x, y) +
hxh

2
y

2
uxyy(x, y) +

h2y
6
uyyy(x, y)

+
h4x
24
uxxxx(ξ13, y) +

h3xhy
6

uxxxy(ξ14, η11) +
h2xh

2
y

4
uxxyy(ξ15, η12)

+
hxh

3
y

6
uxyyy(ξ16, η13) +

h4y
24
uyyyy(x, η14)− u(x, y)− hxux(x, y)

− h2x
2
uxx(x, y)−

h3x
6
uxxx(x, y)−

h4x
24
uxxxx(ξ1, y)− u(x, y)− hyuy(x, y)

−
h2y
2
uyy(x, y)−

h3y
6
uyyy(x, y)−

h4y
24
uyyyy(x, η1) + 2u(x, y) + u(x, y)

− hxux(x, y)− hyuy(x, y) +
h2x
2
uxx(x, y) + hxhyuxy(x, y) +

h2y
2
uyy(x, y)

− h3x
6
uxxx(x, y)−

h2xhy
2

uxxy(x, y)−
hxh

2
y

2
uxyy(x, y)−

h3y
6
uyyy(x, y)

+
h4x
24
uxxxx(ξ17, y) +

h3xhy
6

uxxxy(ξ18, η15) +
h2xh

2
y

4
uxxyy(ξ19, η16)

+
hxh

3
y

6
uxyyy(ξ20, η17) +

h4y
24
uyyyy(x, η18)− u(x, y) + hxux(x, y)

− h2x
2
uxx(x, y) +

h3x
6
uxxx(x, y)−

h4x
24
uxxxx(ξ2, y)− u(x, y) + hyuy(x, y)

−
h2y
2
uyy(x, y) +

h3y
6
uyyy(x, y)−

h4y
24
uyyyy(x, η2)

]
=

1

2hxhy

[
2hxhyuxy(x, y)−

h4x
24
uxxxx(ξ1, y)−

h4y
24
uyyyy(x, η1)−

h4x
24
uxxxx(ξ2, y)
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−
h4y
24
uyyyy(x, η2) +

h4x
24
uxxxx(ξ13, y) +

h3xhy
6

uxxxy(ξ14, η11)

+
h2xh

2
y

4
uxxyy(ξ15, η12) +

hxh
3
y

6
uxyyy(ξ16, η13) +

h4y
24
uyyyy(x, η14)

+
h4x
24
uxxxx(ξ17, y) +

h3xhy
6

uxxxy(ξ18, η15) +
h2xh

2
y

4
uxxyy(ξ19, η16)

+
hxh

3
y

6
uxyyy(ξ20, η17) +

h4y
24
uyyyy(x, η18)

]
= uxy(x, y)−

h3x
48hy

uxxxx(ξ1, y)−
h3y

48hx
uyyyy(x, η1)−

h3x
48hy

uxxxx(ξ2, y)

−
h3y

48hx
uyyyy(x, η2) +

h3x
48hy

uxxxx(ξ13, y) +
h2x
12
uxxxy(ξ14, η11)

+
hxhy
8

uxxyy(ξ15, η12) +
h2y
12
uxyyy(ξ16, η13) +

h3y
48hx

uyyyy(x, η14)

+
h3x
48hy

uxxxx(ξ17, y) +
h2x
12
uxxxy(ξ18, η15) +

hxhy
8

uxxyy(ξ19, η16)

+
h2y
12
uxyyy(ξ20, η17) +

h3y
48hx

uyyyy(x, η18)

Thus δ̃2
x,y;hu is a second-order accurate approximation of uxy.

∗ Expansion 4: δ̂2
x,y;h

δ̂2x,y;hu(x, y)

=
1

2hxhy

[
− u(x+ hx, y − hy) + u(x+ hx, y) + u(x, y − hy)− 2u(x, y)

− u(x− hx, y + hy) + u(x− hx, y) + u(x, y + hy)

]
=

1

2hxhy

[
−
(
u(x, y) + hxux(x, y)− hyuy(x, y) +

h2x
2
uxx(x, y)− hxhyuxy(x, y)

+
h2y
2
uyy(x, y) +

h3x
6
uxxx(x, y)−

h2xhy
2

uxxy(x, y) +
hxh

2
y

2
uxyy(x, y)

−
h3y
6
uyyy(x, y) +

h4x
24
uxxxx(ξ5, y)−

h3xhy
6

uxxxy(ξ6, η3)

+
h2xh

2
y

4
uxxyy(ξ7, η4)−

hxh
3
y

6
uxyyy(ξ8, η5) +

h4y
24
uyyyy(x, η6)

)
+

(
u(x, y) + hxux(x, y) +

h2x
2
uxx(x, y) +

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ1, y)

)
+

(
u(x, y)− hyuy(x, y) +

h2y
2
uyy(x, y)−

h3y
6
uyyy(x, y) +

h4y
24
uyyyy(x, η2)

)
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− 2

(
u(x, y)

)
−
(
u(x, y)− hxux(x, y) + hyuy(x, y) +

h2x
2
uxx(x, y)− hxhyuxy(x, y)

+
h2y
2
uyy(x, y)−

h3x
6
uxxx(x, y) +

h2xhy
2

uxxy(x, y)−
hxh

2
y

2
uxyy(x, y)

+
h3y
6
uyyy(x, y) +

h4x
24
uxxxx(ξ9, y)−

h3xhy
6

uxxxy(ξ10, η7)

+
h2xh

2
y

4
uxxyy(ξ11, η8)−

hxh
3
y

6
uxyyy(ξ12, η9) +

h4y
24
uyyyy(x, η10)

)
+

(
u(x, y)− hxux(x, y) +

h2x
2
uxx(x, y)−

h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ2, y)

)
+

(
u(x, y) + hyuy(x, y) +

h2y
2
uyy(x, y) +

h3y
6
uyyy(x, y) +

h4y
24
uyyyy(x, η1)

)]
=

1

2hxhy

[
− u(x, y)− hxux(x, y) + hyuy(x, y)−

h2x
2
uxx(x, y) + hxhyuxy(x, y)

−
h2y
2
uyy(x, y)−

h3x
6
uxxx(x, y) +

h2xhy
2

uxxy(x, y)−
hxh

2
y

2
uxyy(x, y)

+
h3y
6
uyyy(x, y)−

h4x
24
uxxxx(ξ5, y) +

h3xhy
6

uxxxy(ξ6, η3)−
h2xh

2
y

4
uxxyy(ξ7, η4)

+
hxh

3
y

6
uxyyy(ξ8, η5)−

h4y
24
uyyyy(x, η6) + u(x, y) + hxux(x, y) +

h2x
2
uxx(x, y)

+
h3x
6
uxxx(x, y) +

h4x
24
uxxxx(ξ1, y) + u(x, y)− hyuy(x, y) +

h2y
2
uyy(x, y)

−
h3y
6
uyyy(x, y) +

h4y
24
uyyyy(x, η2)− 2u(x, y)− u(x, y) + hxux(x, y)

− hyuy(x, y)−
h2x
2
uxx(x, y) + hxhyuxy(x, y)−

h2y
2
uyy(x, y) +

h3x
6
uxxx(x, y)

− h2xhy
2

uxxy(x, y) +
hxh

2
y

2
uxyy(x, y)−

h3y
6
uyyy(x, y)−

h4x
24
uxxxx(ξ9, y)

+
h3xhy
6

uxxxy(ξ10, η7)−
h2xh

2
y

4
uxxyy(ξ11, η8) +

hxh
3
y

6
uxyyy(ξ12, η9)

−
h4y
24
uyyyy(x, η10) + u(x, y)− hxux(x, y) +

h2x
2
uxx(x, y)−

h3x
6
uxxx(x, y)

+
h4x
24
uxxxx(ξ2, y) + u(x, y) + hyuy(x, y) +

h2y
2
uyy(x, y) +

h3y
6
uyyy(x, y)

+
h4y
24
uyyyy(x, η1)

]
=

1

2hxhy

[
2hxhyuxy(x, y) +

h4x
24
uxxxx(ξ1, y) +

h4y
24
uyyyy(x, η2) +

h4y
24
uyyyy(x, η1)

+
h4x
24
uxxxx(ξ2, y) +

h4x
24
uxxxx(ξ5, y)−

h3xhy
6

uxxxy(ξ6, η3)
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+
h2xh

2
y

4
uxxyy(ξ7, η4)−

hxh
3
y

6
uxyyy(ξ8, η5) +

h4y
24
uyyyy(x, η6)

− h4x
24
uxxxx(ξ9, y) +

h3xhy
6

uxxxy(ξ10, η7)−
h2xh

2
y

4
uxxyy(ξ11, η8)

+
hxh

3
y

6
uxyyy(ξ12, η9)−

h4y
24
uyyyy(x, η10)

]
= uxy(x, y) +

h3x
48hy

uxxxx(ξ1, y) +
h3y

48hx
uyyyy(x, η2) +

h3y
48hx

uyyyy(x, η1)

+
h3x
48hy

uxxxx(ξ2, y) +
h3x
48hy

uxxxx(ξ5, y)−
h2x
12
uxxxy(ξ6, η3)

+
hxhy
8

uxxyy(ξ7, η4)−
h2y
12
uxyyy(ξ8, η5) +

h3y
48hx

uyyyy(x, η6)

− h3x
48hy

uxxxx(ξ9, y) +
h2x
12
uxxxy(ξ10, η7)−

hxhy
8

uxxyy(ξ11, η8)

+
h2y
12
uxyyy(ξ12, η9)−

h3y
48hx

uyyyy(x, η10)

Thus δ̂2
x,y;hu is a second-order accurate approximation of uxy.

Combining the above results, we can see that the discrete Hessians D̃2
h, D̂

2
h, D

2

h, D
2

h

are all second-order accurate since they are all defined in terms of δ̃2
xx, δ̂

2
xx, δ̃

2
yy, δ̂

2
yy, δ̃

2
xy, δ̂

2
xy.
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CHAPTER 4: NUMERICAL METHODS

This chapter formulates a class of narrow-stencil methods as well as a more

general class of methods inspired by the generalized monotone methods of Feng and

Lewis in [6]. In total, we are going to consider five different methods for approximating

solutions to (1.1).

4.1. A Particular Class of Narrow-Stencil Methods

The first class of methods corresponds to simply replacing the Hessian with a

discrete Hessian in (1.1). In particular, we seek a grid function Uα : N′N → R such

that

LhUα ≡ −A(xα) : D2
hUα + c(xα)Uα = f(xα) for xα ∈ Th ∩ Ω, (4.1a)

Uα = g(xα) for xα ∈ Th ∩ ∂Ω, (4.1b)

δ2
xi,hi

Uα = 0 for xα ∈ Shi ⊂ Th ∩ ∂Ω, (4.1c)

where D2
h ∈

{
D̂2

h, D
2

h, D
2

h

}
and the set Shi is defined by

Shi ≡
{
xα ∈ Th ∩ ∂Ω |xα + hiei ∈ Th ∩ Ω or xα − hiei ∈ Th ∩ Ω

}
(4.2)

for all i ∈ {1, 2}. The auxiliary boundary condition (4.1c) is used to define ghost

values when choosing D2
h = D

2

h. We can also use (5.1b), discussed in the next chapter,

to attempt to partially eliminate the boundary layer error associated with (4.1c)

whenever uxixi 6= 0 along ∂Ω.
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∗ Method 1: Choose D2
h = D̂2

h, defined by (3.5b).

∗ Method 2: Choose D2
h = D

2

h, defined by (3.5c).

∗ Method 3: Choose D2
h = D

2

h defined by (3.3d), which is built using the

operator δ̂2
xi,hi

on the diagonal and δ2

x,y;h otherwise.

4.2. A General Class of Narrow-Stencil Methods

For more generality, we will also consider schemes with Lh defined by

LhUα ≡ −A(xα) : D2
hUα + c(xα)Uα +M(xα) :

(
D̃2

h − D̂2
h

)
Uα, (4.3)

where M : Ω→ R2×2 is a symmetric matrix with non-negative components. The term

M(xα) :
(
D̃2

h − D̂2
h

)
Uα is called a numerical moment, and it acts as a stabilization

term. We apply this to our last two methods.

∗ Method 4: Choose D2
h ≡ Ď2

h, for Ď2
h defined by

[
Ď2

h

]
ij

(xα) ≡


[
D̃2

h

]
ij

(xα), if aij > 0,[
D̂2

h

]
ij

(xα), if aij ≤ 0

∀xα ∈ Th ∩ Ω.

We refer to this method as Godunov-like. Note that this method also corresponds

to choosing D2
h = D

2

h and M(xα) = max
∣∣Aij(xα)

∣∣ in (4.3). This method

naturally fits into the generalized monotone framework of Feng and Lewis in [6].

∗ Method 5: Choose D2
h = D

2

h and the numerical moment with

M = γ12×2, where γ ≥ 1

2
sup

(x,y)∈Ω

‖Aij(x, y)‖max.

This method corresponds to the Lax-Friedrich’s-like method of Feng and Lewis

in [6].
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CHAPTER 5: NUMERICAL TESTS

We seek to test the accuracy of the various proposed methods. We will use

two auxiliary boundary conditions in our numerical tests to see how much of an effect

the potential boundary layer error has on the interior when using D2

h and defining

the required ghost values. To this end, we assume one of the two following boundary

conditions for all xα ∈ Shi ,

δ2
xi,hi

Uα = 0, or (5.1a)

δ2
xi,hi

Uα = δ2
xi,hi

Uα′ , (5.1b)

where xα′ is the immediate neighbor in the xi direction with xα′ ∈ Th ∩ Ω. We will

refer to (5.1a) as BC 1, and (5.1b) as BC 2. Since we cannot set δ2
xi,hi

Uα = uxi,xi(xα),

the boundary conditions can create a boundary layer error that propagates into the

interior. We will measure errors on Th ∩ Ω, as well as the restricted mesh T̊h to see if

the increased error mostly restricts itself towards the boundary. As shown in Section

8.5, BC 2 yields smaller truncation errors than BC 1. Note that the D̂2
h and D

2

h

operators on their own do not require any ghost points; thus, an auxiliary boundary

condition is not required.

We consider the norm ‖ · ‖2 defined by

‖V ‖2 ≡
(
hxhy

) 1
2 ‖V ‖`2(Th∩Ω) (5.2)

for any grid function V . We also consider the error when removing nodes adjacent to
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the boundary by measuring

‖V ‖̊2 ≡
(
hxhy

) 1
2 ‖V ‖`2(T̊h∩Ω) . (5.3)

All tests will correspond to Ω = (−1, 1) × (−1, 1) and c = 0. We choose various

solutions and various coefficient matrices A. We form a non-singular linear system

MU = F that is solved using MATLAB’s backslash command. The matrix M is

formed using sparse storage. We measure the rate of convergence in ‖ ·‖2 by increasing

Nx = Ny. We also consider the truncation errors for the various difference operators.

We mention the five different exact solutions we will consider in Section 5.1 and the

various matrices A in Sections 5.2 – 5.5. Test results can be found in Chapter 8.

Overall, we observe optimal or near optimal performance when A is SPD.

5.1. Solutions

In this section we mention the five different solutions we will consider in the

numerical tests.

∗ Solution 1: u(x, y) = sin

(
π

2
(x+ y)2

)
Using this solution, the methods based on D̂2

h are of (or very close to) order 2,

while methods based on D2

h have reduced order because of the boundary issues.

BC 2 for methods based on D
2

h gives us a rate that is much closer to being

second-order. Truncation error results for this solution can be found in Section

8.5.

∗ Solution 2: u(x, y) = x2 + 3xy +
1

2
y2 + 3

Since u is quadratic, we see that all methods based on D̂2
h are exact, whereas the

methods based on D2

h only achieve exact results when using BC 2. Truncation

error results for this solution can be found in Section 8.5.
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∗ Solution 3: u(x, y) = exy+2y

This solution gives the same general results as found for Solution 1. Truncation

error results for this solution can be found in Section 8.5.

∗ Solution 4: u(x, y) =
x3

18

(
3 log(x2)− 11

)
+

(
y − 1

2

) 8
3

√∣∣∣∣x+
1

5

∣∣∣∣5
This solution has less regularity due to the third derivative blow-up, and thus

does not achieve second-order convergence. Truncation error results for this

solution can be found in Section 8.5.

∗ Solution 5: u(x, y) = x
4
3 − y

4
3

The solution is not C2 and must be understood in the viscosity sense. The solu-

tion is only used for one particular test problem. As expected, the convergence

rates are sub-optimal. See Section 5.5 for more information.

5.2. Test 1: Degenerate Matrix

A =

[
1 1

1 1

]
A is chosen so that it is symmetric non-negative-definite. Further, plugging A

into (1.1), this test corresponds to solving

−uxx − 2uxy − uyy = f.

We consider using solutions 1–4 as our choices for the exact solution u. The results

for this test can be found in Section 8.1. Note that the analysis in Chapter 6 does not

fully apply since A is not strictly positive-definite. However, the problem is elliptic

since it corresponds to solving −uηη = f for η in the direction x+ y.
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5.3. Test 2: Discontinuous Matrix

A(x, y) =

 2 +
∣∣ sin(6πx)∣∣ −

∣∣xy∣∣− ∣∣x+ y
∣∣−√∣∣x− y∣∣

−
∣∣xy∣∣− ∣∣x+ y

∣∣−√∣∣x− y∣∣ 4 + 4
(
ex + ey + e−x + e−y

)
− sign

(
cos
(
6π(x+ y)

))


Each component of this matrix is non-differentiable, and there are several points where

the A22 component is discontinuous. Because this matrix varies so much, when using

method 5 we set γ = 18. The results for this test using solutions 1-4 can be found in

Section 8.2.

5.4. Test 3: Wide-Stencil Problem

We choose a matrix A = QΛQT that does not align with any of our test grids.

Define Λ by

Λ(x, y) =

2− sin (ex) cos (e−y) 0

0 2− sign
(

cos (6πx) sin (6πy)
)
 ,

where sign
(

cos (6πx) sin (6πy)
)
∈ {−1, 0, 1}.

Based on our finest mesh, with Nx = Ny = 140, we choose hx = hy = 2
141

.

Define

v1 =

 1

hy
2

 , v2 =

 hx
5hy

 , v3 =

10hx

hy

 , v4 =

hx2
2

 ,
and let q

(i)
1 =

vi
‖vi‖2

for i = 1, 2, 3, 4. Note that v1 and v4 do not align with grid

points while v2 requires nodes five layers away and v3 requires nodes ten layers away.

Choose q (i)
2 to be unit length and orthogonal to vi, and define the orthogonal matrices

24



Qi = [q
(i)
1 ,q

(i)
2 ] for i = 1, 2, 3, 4. Finally, we define

A(x, y) =



Q1 Λ(x, y)QT
1 , for x ≥ 0, y ≥ 0,

Q2 Λ(x, y)QT
2 , for x < 0, y ≥ 0,

Q3 Λ(x, y)QT
3 , for x < 0, y < 0,

Q4 Λ(x, y)QT
4 , otherwise .

By the choice of Q1 or Q4 no monotone method exists for this problem. The results

for this test can be found in Section 8.3 where we observe optimal performance for

our narrow-stencil methods.

5.5. Test 4: Low Regularity Solution

A(x, y) =
16

9

 x2/3 −x1/3y1/3

−x1/3y1/3 y2/3


and f(x) and Dirichlet boundary data are chosen such that the solution is given by

solution 5, i.e. u(x, y) = x4/3 − y4/3. Even values for Nx = Ny are used in order to

avoid x = 0, y = 0 as grid components so that A is not the zero matrix. The problem

is degenerate elliptic, and the exact solution is not in C2(Ω). Note that the auxiliary

boundary condition has little to no effect on the performance. The results for this

test can be found in Section 8.4.
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CHAPTER 6: ANALYSIS OF THE SCHEMES

6.1. Admissibility

The goal of this chapter is to show that the proposed narrow-stencil schemes

(4.1) and (4.3) have a unique uniformly bounded solution in a weighted `2-norm. The

idea for proving the well-posedness and stability of the methods is to equivalently

reformulate the proposed schemes as a fixed point problem and to prove the mapping

is contractive in the `2-norm. To this end, let S(T ′h) denote the space of all grid

functions on T ′h, and introduce the mappingMρ : S(T ′h)→ S(T ′h) defined by

Û ≡MρU, (6.1)

where the grid function Û ∈ S(T ′h) is defined by

Ûα = Uα − ρ [LhUα − f(xα)] , if xα ∈ Th ∩ Ω, (6.2a)

Ûα = g(xα), if xα ∈ Th ∩ ∂Ω, (6.2b)

δ2
xi,hi

Ûα = 0 if xα ∈ Shi ⊂ Th ∩ ∂Ω (6.2c)

for ρ > 0 an undetermined constant. The fixed-point technique is used to account for

the lack of symmetry caused by the coefficient matrix A when it is not constant-valued.

The technique will also yield an immediate stability result. For transparency, we will

only consider the auxiliary boundary condition (5.1a). The result in this chapter can

be extended to the alternate auxiliary boundary condition (5.1b).
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6.1.1. Admissibility for Constant-Valued Coefficient Matrices

Assume A in (1.1) is constant-valued over Ω. We show that the scheme is

equivalent to solving a linear system MU = F where the matrix M is symmetric

positive-definite. Notationally, we define the partial ordering for symmetric matrices

by M1 ≥M2 if M1 −M2 is non-negative-definite for any symmetric matrices M1,M2.

Let λ0 > 0 denote the smallest eigenvalue of A. Define A0 ≡ A− λ0I. Then,

A0 is symmetric non-negative-definite. Thus, there exists an eigenvalue decomposition

A0 = QΛQT = λ1q1q
T
1 + λ2q2q

T
2 , where λk ≥ 0 for k ∈ {1, 2} and Q = [q1,q2] for

{q1,q2} an orthonormal basis for R2. Define qk =
∑2

i=1 b
(k)
i ei, and observe that

qkq
T
k =

2∑
i=1

(
b

(k)
i

)2

eie
T
i +

2∑
i=1

2∑
j=1
j 6=i

b
(k)
i b

(k)
j eie

T
j .

Thus,

A0 =
2∑

k=1

λk

 2∑
i=1

(
b

(k)
i

)2

eie
T
i +

2∑
i=1

2∑
j=1
j 6=i

b
(k)
i b

(i)
j eie

T
j


=

2∑
i=1

[
2∑

k=1

λk

(
b

(k)
i

)2
]
eie

T
i +

2∑
i=1

2∑
j=1
j 6=i

[
2∑

k=1

λkb
(k)
i b

(k)
j

]
eie

T
j ,

and it follows that

[A0]ii = aii − λ0 =
2∑

k=1

λk

(
b

(k)
i

)2

, [A0]ij = aij =
2∑

k=1

λkb
(k)
i b

(k)
j

for all i, j ∈ {1, 2} with j 6= i.

Let N0 = |Th ∩ Ω|, Di ∈ RN0×N0 denote the matrix representation of δxi,hi ,

D±i ∈ RN0×N0 denote the matrix representation of δ±xi,hi , L1 ∈ RN0×N0 denote the

matrix representation of −
∑2

i=1 δ
2
xi,hi

, L2 ∈ RN0×N0 denote the matrix representation

of −
∑2

i=1 δ
2
xi,2hi

, and C ∈ RN0×N0 denote the matrix representation of c(xα) ≥ 0.
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Then
(
D±i
)T

= −D∓i , (Di)
T = −Di, and C is a diagonal matrix with non-negative

entries. Furthermore, there exists diagonal matrices B(1)
i , B

(2)
i ∈ RN0×N0 for i ∈ {1, 2}

with non-negative components such that

L1 = −
2∑
i=1

[
1

2

(
D+
i D

−
i +D−i D

+
i

)
−B(1)

i

]

≥ −
2∑
i=1

1

2

(
D+
i D

−
i +D−i D

+
i

)
=

2∑
i=1

1

2

((
D−i
)T
D−i +

(
D+
i

)T
D+
i

)
and

L2 = −
2∑
i=1

(
DiDi −B(2)

i

)
≥ −

2∑
i=1

DiDi =
2∑
i=1

(Di)
T Di.

The positive components of B(1)
i and B

(2)
i correspond to nodes xα near the

boundary. Such corrections are needed in the matrix form to account for the values of

δ±xi,hiUα′ when xα′ ∈ Th ∩ ∂Ω. For example, suppose xα − hiei ∈ ∂Ω. Then

δ+
xi,hi

δ−xi,hiUα =
1

hi
δ+
xi,hi

(Uα − Uα−ei) =
1

hi
δ+
xi,hi

Uα −
1

hi
δ+
xi,hi

Uα−ei

=
1

hi
δ+
xi,hi

Uα −
1

h2
i

Uα +
1

h2
i

u(xα − hiei).

However, when computing using the matrix representation, D−i treats the boundary

value Uα−ei as a known value in its representation and removes it when calculating

D−i U . Consequently, D+
i does not act on the boundary node leading to a smaller

coefficient for the adjacent interior node involved in the calculation of δ+
xi,hi

Uα−ei .

Thus, L1 would contain the contribution 1
h2
i
to the coefficient for Uα, while −D+

i D
−
i

would not. The representation for L2 has a similar issue when accounting for the

boundary values defined by (4.1b) and ghost values defined by (4.1c). Indeed, (4.1c)

28



ensures that the ghost value Uα±2ei satisfies

1

2h2
i

Uα±2ei =
1

h2
i

u(xα±ei)−
1

2h2
i

Uα

for xα±ei ∈ Th∩∂Ω, where 1
2h2

i
Uα±2ei is directly involved in the computation of δ̃2

xi,hi
Uα.

Lastly, note that correction terms are not needed when considering the relationship of

δ±xi,hiδ
∓
xj ,hj

to D±i D
∓
j for i 6= j since the computation of δ±xi,hiUα′ would only include

boundary nodes whenever xα ± hjej ∈ Th ∩ ∂Ω.

Suppose D2
h is chosen to be D2

h in (4.1). Observe that

−A0 : D
2

h = −
2∑
i=1

2∑
j=1

[A0]ijδxi,hiδxj ,hj

= −
2∑
i=1

(aii − λ0)δxi,hiδxi,hi −
2∑
i=1

2∑
j=1
j 6=i

aijδxi,hiδxj ,hj

= −
2∑
i=1

2∑
k=1

λk

(
b

(k)
i

)2

δxi,hiδxi,hi −
2∑
i=1

2∑
j=1
j 6=i

[
2∑

k=1

λkb
(k)
i b

(k)
j

]
δxi,hiδxj ,hj

= −
2∑

k=1

λk

 2∑
i=1

(
b

(k)
i

)2

δxi,hiδxi,hi +
2∑
i=1

2∑
j=1
j 6=i

b
(k)
i b

(k)
j δxi,hiδxj ,hj


= −

2∑
k=1

λk

([
2∑
i=1

b
(k)
i δxi,hi

][
2∑
i=1

b
(k)
i δxi,hi

])
,

and it follows that

0N0×N0 ≤
2∑

k=1

λk

[ 2∑
i=1

b
(k)
i Di

]T [ 2∑
i=1

b
(k)
i Di

]
=

2∑
i=1

2∑
k=1

λk

(
b

(k)
i

)2

DT
i Di +

2∑
i=1

2∑
j=1
j 6=i

[
2∑

k=1

λkb
(k)
i b

(k)
j

]
DT
i Dj

=
2∑
i=1

(aii − λ0)DT
i Di +

2∑
i=1

2∑
j=1
j 6=i

aijD
T
i Dj =

2∑
i=1

2∑
j=1

[A0]ijD
T
i Dj.
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Using the fact that DT
i = −Di, there holds

M ≡ −
2∑
i=1

2∑
j=1

aijDiDj +
2∑
i=1

aiiB
(2)
i + C (6.3)

= −λ0

2∑
i=1

(
D2
i −B

(2)
i

)
−

2∑
i=1

2∑
j=1

[A0]ijDiDj +
2∑
i=1

(aii − λ0)B
(2)
i + C

= λ0L2 +
2∑
i=1

2∑
j=1

[A0]ijD
T
i Dj +

2∑
i=1

(aii − λ0)B
(2)
i + C

≥ λ0L2 > 0N0×N0 .

Similarly, for D2
h = D̂2

h in (4.1), there holds

−A0 : D̂2
h = −1

2

2∑
i=1

2∑
j=1

[A0]ijδ
+
xi,hi

δ−xj ,hj −
1

2

2∑
i=1

2∑
j=1

[A0]ijδ
−
xi,hi

δ+
xj ,hj

= −1

2

2∑
k=1

λk

([
2∑
i=1

b
(k)
i δ−xi,hi

][
2∑
i=1

b
(k)
i δ+

xi,hi

])

− 1

2

2∑
k=1

λk

([
2∑
i=1

b
(k)
i δ+

xi,hi

][
2∑
i=1

b
(k)
i δ−xi,hi

])
.

Then

0N0×N0 ≤
2∑

k=1

λk

[ 2∑
i=1

b
(k)
i (D±i )

]T [ 2∑
i=1

b
(k)
i D±i

]
=

2∑
i=1

2∑
k=1

λk

(
b

(k)
i

)2

(D±i )TD±i +
2∑
i=1

2∑
j=1
j 6=i

[
2∑

k=1

λkb
(k)
i b

(k)
j

]
(D±i )TD±j

=
2∑
i=1

(aii − λ0)(D±i )TD±i +
2∑
i=1

2∑
j=1
j 6=i

aij(D
±
i )TD±j =

2∑
i=1

2∑
j=1

[A0]ij(D
±
i )TD±j ,

and it follows that

M ≡ −
2∑
i=1

2∑
j=1

aij
1

2

(
D−i D

+
j +D+

i D
−
j

)
+

2∑
i=1

aiiB
(1)
i + C (6.4)
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= −λ0

2∑
i=1

[
1

2

(
D−i D

+
i +D+

i D
−
i

)
−B(1)

i

]
+

2∑
i=1

(aii − λ0)B
(1)
i

− 1

2

2∑
i=1

2∑
j=1

[A0]ij

(
D−i D

+
j +D+

i D
−
j

)
+ C

= λ0L1 +
2∑
i=1

(aii − λ0)B
(1)
i

+
1

2

2∑
i=1

2∑
j=1

[A0]ij

[(
D+
i

)T
D+
j +

(
D−i
)T
D−j

]
+ C

≥ λ0L1 > 0N0×N0

using the fact that (D±i )T = −D∓i .

Lastly, we consider the choice D2
h = D

2

h. By [6], there holds

−1

2

(
D−i D

+
i +D+

i D
−
i

)
> −1

2

(
D+
i D

+
i +D−i D

−
i

)
.

Thus,

−
(
D−i D

+
i +D+

i D
−
i

)
> −1

2

(
D+
i D

+
i +D−i D

+
i +D+

i D
−
i +D−i D

−
i

)
= −2D2

i ,

and it follows that −1
2

(
D−i D

+
i +D+

i D
−
i

)
> −D2

i . Combining this with (6.3), we have

M ≡ −
2∑
i=1

2∑
j=1

aij

[
D

2

h

]
ij

+ C (6.5)

= λ0L1 −
1

2

2∑
i=1

[A0]ii

(
D−i D

+
i +D+

i D
−
i − 2B

(1)
i

)
−

2∑
i=1

2∑
j=1
j 6=i

[A0]ijDiDj + C

≥ λ0L1 +
2∑
i=1

(aii − λ0)B
(1)
i −

2∑
i=1

[A0]iiD
2
i −

2∑
i=1

2∑
j=1
j 6=i

[A0]ijDiDj + C

= λ0L1 +
2∑
i=1

(aii − λ0)B
(1)
i +

2∑
i=1

2∑
j=1

[A0]ij (Di)
T Dj + C
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≥ λ0L1 > 0N0×N0 .

Therefore, (4.1) has a unique solution whenever A is constant-valued, and the matrix

representation MU = F yields a symmetric positive-definite matrix M .

Remark. The operators D̂2
h and D2

h naturally appear when decomposing A : D2
h in

terms of difference operators only defined along Cartesian directions to show

2∑
i=1

2∑
j=1

AijD
T
i Dj ≥ 0N0×N0

and
1

2

2∑
i=1

2∑
j=1

Aij
(
(D+

i )TD+
j + (D−i )TD−j

)
≥ 0N0×N0

for a constant matrix A that is symmetric non-negative-definite. In contrast, a wide-

stencil method tries to directly approximate the central difference operators along the

various qk directions.

6.1.2. Proving Mρ is a Contraction

To show that the mapping Mρ has a unique fixed point in S(T ′h), we first

establish a lemma that specifies conditions under which Mρ is a contraction in `2.

The result will utilize the following result found in [6]:

Lemma 6.1. Let B,F ∈ RN×N such that B is symmetric non-negative-definite and

F is symmetric positive-definite. Define R ∈ RN×N such that R is upper triangular

and F = RTR. Then

‖σI − FB‖2 ≤ σ

for all positive constants σ such that σI > RBRT .

Lemma 6.2. Assume D2
h = D̂2

h in Lh defined by (4.3). Suppose the operator A ∈

[L∞(Ω)]2×2 in (1.1) is uniformly elliptic with 0 < λ~ξ · ~ξ ≤ ~ξ · A(x)~ξ ≤ Λ~ξ · ~ξ for all
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~ξ 6= ~0 and x ∈ Ω and c ≥ k0 ≥ 0 is uniformly bounded. Choose U, V ∈ S(T ′h), and let

Û =MρU and V̂ =MρV forMρ defined by (6.1) and (6.2). Then there holds

‖Û − V̂ ‖`2(Th) ≤
(

1− ρλκ
4
− ρk0

4

)
‖U − V ‖`2(Th)

for all ρ > 0 sufficiently small, where κ > 0 denotes the minimal eigenvalue of the

matrix representation of −
∑2

i=1 δ
2
xi,hi

and 1− ρλκ
4
− ρk0

4
> 0.

Proof. Let W ≡ V − U and Ŵ ≡ V̂ − Û . Then, by (6.2b), we can assume Ŵα = 0

for all xα ∈ Th ∩ ∂Ω. By the linearity of Lh and (6.2a), there holds

Ŵα = Wα − ρLhWα (6.6)

= Wα − ρ
[
−A(xα) : D̂2

hWα + c(xα)Wα +M(xα) :
(
D̃2

h − D̂2
h

)
Wα

]
= Wα − ρ

[
−
(
A(xα)− λ

2
I2×2

)
: D̂2

hWα −
λ

2
I2×2 : D̂2

hWα + c(xα)Wα

+M(xα) :
(
D̃2

h − D̂2
h

)
Wα

]
=
(
1− ρc(xα)

)
Wα + ρ

λ

2

2∑
i=1

δ2
xi,hi

Wα

− ρ
[
−
(
A(xα)− λ

2
I2×2

)
: D̂2

hWα +M(xα) :
(
D̃2

h − D̂2
h

)
Wα

]
for all xα ∈ Th ∩ Ω.

LetN0 = |Th∩Ω|, L1 ∈ RN0×N0 denote the matrix representation of−
∑2

i=1 δ
2
xi,hi

,

and C ∈ RN0×N0 denote the matrix representation of c(xα) ≥ 0. Then L1 ≥ κI and

C ≥ k0I.

We next utilize the frozen coefficient technique. Define the matrices Aα,Mα ∈

RN0×N0 as the matrix representations of−
(
A(xα)− λ

2
I2×2

)
: D̂2

h andM(xα) :
(
D̃2

h − D̂2
h

)
,

respectively. Then Aα and Mα are symmetric non-negative-definite, where the proper-

ties of Aα follow from Section 6.1.1 and the properties of Mα follow from [6] which
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shows that each component of
(
D̃2

h − D̂2
h

)
corresponds to a symmetric positive-

definite operator as well as the assumption that the coefficient matrix M(xα) has all

non-negative components.

Define Ek ∈ RN0×N0 by [Ek]ij = 1 only if i = j = k and 0 otherwise. Notation-

ally, we let α(k) be the multi-index corresponding to the single-index k. Then, (6.6)

can be written in matrix form by

Ŵ = (I − ρC)W − ρλ
2
L1W − ρ

N0∑
k=1

Ek
(
Aα(k) +Mα(k)

)
W = GW

for the iteration matrix G ∈ RN0×N0 defined by

G ≡ (I − ρC)− ρλ
2
L1 − ρ

N0∑
k=1

Ek
(
Aα(k) +Mα(k)

)
.

Choose ε > 0. Let N ′ = 2 + 2N0. Observe that Ek + εI is symmetric positive-

definite for all k. Choose K such that 0N0×N0 ≤
∑N0

k=1

(
Aα(k) +Mα(k)

)
≤ KI using

the fact that Aα(k) and Mα(k) are symmetric non-negative-definite for all indices k.

Then, by Lemma 6.1, there holds

‖G‖2 ≤
1

2
+

∥∥∥∥ 1

2N ′
I − ρC

∥∥∥∥
2

+

∥∥∥∥ 1

2N ′
I − ρλ

2
L1

∥∥∥∥
2

+

N0∑
k=1

∥∥∥∥ 1

2N ′
I − ρ(Ek + εI)Aα(k)

∥∥∥∥
2

+

N0∑
k=1

∥∥∥∥ 1

2N ′
I − ρ(Ek + εI)Mα(k)

∥∥∥∥
2

+ ρε

N0∑
k=1

∥∥Aα(k) +Mα(k)

∥∥
2

≤ 1

2
+

1

2N ′
− ρk0 +

1

2N ′
− ρλ

2
κ+ 2

N0∑
k=1

1

2N ′
+ ρεK

=
1

2
+

2 + 2N0

2N ′
− ρk0 − ρ

λ

2
κ+ ρεK

<
1

2
+

1

2
− ρ

(
k0 +

λκ

2
− k0 + λκ

4

)
< 1− ρ3

4
k0 − ρ

1

4
λκ
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for all ρ > 0 sufficiently small and ε < k0+λκ
4K

chosen independently of ρ. The bound

‖Ŵ‖`2(Th∩Ω) ≤
(

1− ρλκ
4
− ρk0

4

)
‖W‖`2(Th∩Ω)

follows since ‖Ŵ‖2 ≤ ‖G‖2‖W‖2, and the bound over Th follows since Wα = 0 over

Th ∩ ∂Ω. The proof is complete.

Remark. The proof can trivially be extended to the choices D2
h = D

2

h and D2
h = D

2

h.

When choosing D2
h = D

2

h, the value for κ is determined by the minimal eigenvalue of

the matrix representation of −
∑2

i=1 δ
2
xi,2hi

.

6.2. Stability

6.2.1. Existence, Uniqueness, and Stability

We now use the result in Section 6.1.2 to show that the simple finite difference

scheme has a unique solution that is uniformly bounded in the weighted `2-norm. As

an immediate corollary to Lemma 6.2, we have the following well-posedness result by

the Contractive Mapping Theorem.

Theorem 6.3. Suppose the operator A ∈ [L∞(Ω)]2×2 in (1.1) is uniformly elliptic

with 0 < λ~ξ · ~ξ ≤ −~ξ · A(x)~ξ ≤ Λ~ξ · ~ξ for all ~ξ 6= ~0 and x ∈ Ω and c ≥ k0 ≥ 0 is

uniformly bounded. The scheme (4.1) with Lh defined by either (4.1a) or (4.3) for

approximating problem (1.1) has a unique solution.

Remark. We emphasize that the scheme has a unique solution whenever k0 > 0 or

λ > 0.

Using the analogous proof to Theorem 4.3 in [6], we have the following stability

result that also follows from Lemma 6.2.
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Theorem 6.4. Suppose the operator A ∈ [L∞(Ω)]2×2 in (1.1) is uniformly elliptic

with 0 < λ~ξ · ~ξ ≤ −~ξ · A(x)~ξ ≤ Λ~ξ · ~ξ for all ~ξ 6= ~0 and x ∈ Ω, and suppose that

c ≥ k0 ≥ 0 is uniformly bounded. If g = 0, then the solution U to the scheme (4.1)

with Lh defined by either (4.1a) or (4.3) for approximating problem (1.1) satisfies the

uniform bound

‖U‖`2(Th∩Ω) ≤
4d

λκ+ k0

‖f(·)‖`2(Th∩Ω).

If f is uniformly bounded over Ω, then there holds

(
hxhy

) 1
2∥∥U∥∥

`2(Th∩Ω)
≤ 4d

λκ+ k0

(
hxhy

) 1
2‖f(·)‖`2(Th∩Ω)

≤ 4d|Ω|2

λκ+ k0

sup
x∈Ω
|f(x)|.

Remark. The weighting
(
hxhy

) 1
2 is consistent with using the L2-norm for f in the

limit as h→ 0.

We now extend Theorem 6.4 to account for g 6= 0.

Theorem 6.5. Suppose the operator A ∈ [L∞(Ω)]2×2 in (1.1) is uniformly elliptic

with 0 < λ~ξ · ~ξ ≤ −~ξ · A(x)~ξ ≤ Λ~ξ · ~ξ for all ~ξ 6= ~0 and x ∈ Ω, and suppose that

c ≥ k0 ≥ 0 is uniformly bounded. Then the solution U to the scheme (4.1) with Lh

defined by either (4.1a) or (4.3) for approximating problem (1.1) satisfies the uniform

bound (
hxhy

) 1
2 ‖U‖`2(Th∩Ω) ≤ C,

where C is a positive h-independent constant which depends on Ω, the lower (proper)

ellipticity constants λ and k0, ‖f(·)‖C0(Ω), and ‖g‖C0(∂Ω).

Proof. Define the function v ∈ C0(Ω) ∩H2(Ω) to be the solution to

−∆v = 0 in Ω, (6.7a)
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v = g on ∂Ω, (6.7b)

and define V : T ′h → R by Vα = v(xα) for all xα ∈ Th ∩ Ω and introduce ghost values

so that the auxiliary boundary condition holds for V . Then, there holds

Lh(Uα − Vα) = f(xα)− Lh(Vα) ≡ f̃(xα)

for all xα ∈ Th ∩ Ω with Uα − Vα = 0 for all xα ∈ Th ∩ ∂Ω. Thus, by Theorem 6.5,

there holds

(
hxhy

) 1
2 ‖U − V ‖`2(Th∩Ω) ≤

4d

λκ+ k0

(
hxhy

) 1
2‖f̃(·)‖`2(Th∩Ω),

and it follows that

(
hxhy

) 1
2 ‖U‖`2(Th∩Ω) ≤

(
hxhy

) 1
2 ‖V ‖`2(Th∩Ω)

+
4d

λκ+ k0

(
hxhy

) 1
2‖f(·)‖`2(Th∩Ω)

+
4d

λκ+ k0

(
hxhy

) 1
2‖LhV ‖`2(Th∩Ω)

≤ C‖v‖L2(Ω) + C
2∑
i=1

2∑
j=1

‖aijvxixj‖L2(Ω) + C‖f‖L2(Ω)

for some constant C > 0 independent of h. The result follows by the assumptions for

f , the boundedness of A, and the regularity of v. The proof is complete.

6.2.2. `∞-Stability

Using the techniques in [6], it can be shown that δ2
xi,hi

Uα and δ2
xi,2hi

Uα are

`2-stable for all i ∈ {1, 2} for U the solution to (4.1). Consequently, by the discrete

Sobolev embedding result in Theorem 5.4 of [6], the approximation U is `∞-stable.

37



6.3. Convergence

We first apply the results in [6] to guarantee convergence to the underlying

viscosity solution. We then apply the stability result in Section 6.2.1 to derive optimal

rates of convergence when the solution to (1.1) is sufficiently smooth.

Let uh denote the piecewise constant extension for U the solution to (4.1).

Then, the proof technique in [6] can be adapted to yield the following convergence

result.

Theorem 6.6. Suppose the operator A ∈
[
L∞(Ω)

]2×2 in (1.1) is uniformly elliptic

with 0 < λ~ξ · ~ξ ≤ −~ξ · A(x)~ξ ≤ Λ~ξ · ~ξ for all ~ξ 6= ~0 and x ∈ Ω, and suppose that

c ≥ k0 ≥ 0 is uniformly bounded. Also suppose that g is continuous on ∂Ω and f is

bounded over Ω. If problem (1.1) satisfies the comparison principle of Definition 2.6,

then uh converges to u locally uniformly as h→ 0+, where u is the unique continuous

viscosity solution of (1.1).

Suppose u ∈ C4(Ω) is the unique solution to (1.1). Then, we can prove optimal

rates of convergence for the approximation (4.1).

Theorem 6.7. Suppose the operator A ∈ [L∞(Ω)]2×2 in (1.1) is uniformly elliptic

with 0 < λ~ξ · ~ξ ≤ −~ξ · A(x)~ξ ≤ Λ~ξ · ~ξ for all ~ξ 6= ~0 and x ∈ Ω, and suppose that

c ≥ k0 ≥ 0 is uniformly bounded. If problem (1.1) has a unique solution u ∈ C4(Ω)

and Th is quasiuniform, then

(
hxhy

) 1
2∥∥eh∥∥`2(Th∩Ω)

≤ Ch2

for eh(xα) ≡ Uα − u(xα) and C independent of h.
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Proof. We have the error eh satisfies

Lheh(xα) = f(xα)− Lhu(xα)

= f(xα)− Lu(xα) + Lu(xα)− Lhu(xα)

= f(xα)− f(xα) + Lu(xα)− Lhu(xα)

= Lu(xα)− Lhu(xα).

Furthermore, eh(xα) = 0 for all xα ∈ Th ∩ ∂Ω. Thus, by Theorem 6.4, there holds

(
hxhy

) 1
2 ‖eh‖`2(Th∩Ω) ≤

4d

λκ+ k0

(
hxhy

) 1
2‖Lu− Lhu‖`2(Th∩Ω).

The result follows since all of the second-order difference operators in Section 3 have

second-order local truncation errors for u ∈ C4(Ω) and quasiuniform meshes. The

proof is complete.

Remark. Note that the approximation U defined by (4.1) with D2
h = D

2

h may have a

boundary layer error due to the auxiliary boundary condition that creates an O(1)

error in Lu−Lhu for the nodes adjacent to the boundary. The error could be reduced

using interpolation to specify a more accurate auxiliary boundary condition. In

Chapter 8 we observe optimal rates of convergence for tests using D2

h and the simple

auxiliary boundary condition (4.1c).
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CHAPTER 7: CONCLUSION

In this thesis we presented a narrow-stencil finite difference method for ap-

proximating the viscosity solution of second-order linear elliptic Dirichlet boundary

problems. We considered the Lax-Friedrich’s-like method of Feng and Lewis as well

as several other simple narrow-stencil methods. We have proven admissibility and

stability results for simple narrow-stencil finite difference methods for approximating

the solution. Numerical tests were presented to gauge the performance of the methods

and to validate the convergence results of the thesis. Going further, we would like to

extend results to fully nonlinear problems, study degenerate elliptic problems more sys-

tematically, and extend the results to the more general PDE A : D2u+b ·∇u+ cu = f

that includes first-order terms.
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CHAPTER 8: NUMERICAL TEST RESULTS

In this chapter, we record results for the tests mentioned in Chapter 5. In

particular, we consider the four different tests based on Sections 5.2 – 5.5, for the five

solutions introduced in Section 5.1 and the five methods introduced in Sections 4.1

and 4.2. Each table will be labeled as Test a.b, where a refers to the test number,

and b refers to solution number. We record the errors measured in ‖ · ‖ defined by

(5.2) and ‖ · ‖̊2 defined by (5.3), as well as rates. We record truncation errors for the

various solutions in Section 8.5.
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8.1. Test 1 Results

Solution 1: u(x, y) = sin
(
π
2
(x+ y)2

)
Method 1

Test 1.1
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 7.60e-02 — 5.39e-01 — 4.81e-01 — 5.39e-01 —

20 9.52e-02 2.39e-02 1.79 2.26e-01 1.35 2.05e-01 1.32 2.26e-01 1.35

40 4.88e-02 6.63e-03 1.91 9.06e-02 1.37 8.39e-02 1.34 9.06e-02 1.37

60 3.28e-02 3.02e-03 1.98 5.21e-02 1.39 4.94e-02 1.33 5.21e-02 1.39

80 2.47e-02 1.72e-03 1.99 3.51e-02 1.39 3.38e-02 1.34 3.51e-02 1.39

100 1.98e-02 1.11e-03 1.99 2.58e-02 1.40 2.50e-02 1.36 2.58e-02 1.40

120 1.65e-02 7.74e-04 1.99 1.99e-02 1.42 1.94e-02 1.39 1.99e-02 1.42

140 1.42e-02 5.71e-04 1.99 1.60e-02 1.45 1.56e-02 1.42 1.60e-02 1.45

Method 2 Using Boundary Condition 1

Test 1.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.35e-01 — 4.42e+00 — 4.25e+00 — 3.20e+00 —

20 9.52e-02 6.34e-02 2.58 1.21e+00 2.01 1.04e+00 2.17 8.35e-01 2.08

40 4.88e-02 1.57e-02 2.09 4.60e-01 1.44 4.16e-01 1.37 4.12e-01 1.06

60 3.28e-02 7.03e-03 2.02 2.69e-01 1.35 2.51e-01 1.27 2.55e-01 1.21

80 2.47e-02 3.98e-03 2.01 1.90e-01 1.22 1.82e-01 1.14 1.84e-01 1.14

100 1.98e-02 2.55e-03 2.01 1.50e-01 1.08 1.45e-01 1.02 1.47e-01 1.03

120 1.65e-02 1.78e-03 2.00 1.26e-01 0.96 1.23e-01 0.91 1.24e-01 0.93

140 1.42e-02 1.31e-03 2.00 1.11e-01 0.86 1.09e-01 0.82 1.09e-01 0.84

42



Method 2 Using Boundary Condition 2

Test 1.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.87e-01 — 4.62e+00 — 4.54e+00 — 4.62e+00 —

20 9.52e-02 1.10e-01 1.95 1.81e+00 1.45 1.80e+00 1.43 1.81e+00 1.45

40 4.88e-02 2.81e-02 2.04 1.03e+00 0.84 1.03e+00 0.84 1.03e+00 0.84

60 3.28e-02 1.26e-02 2.02 6.32e-01 1.23 6.31e-01 1.22 6.32e-01 1.23

80 2.47e-02 7.13e-03 2.01 4.31e-01 1.35 4.31e-01 1.35 4.31e-01 1.35

100 1.98e-02 4.58e-03 2.01 3.16e-01 1.40 3.16e-01 1.40 3.16e-01 1.40

120 1.65e-02 3.19e-03 2.00 2.44e-01 1.43 2.44e-01 1.43 2.44e-01 1.43

140 1.42e-02 2.35e-03 2.00 1.96e-01 1.45 1.96e-01 1.44 1.96e-01 1.45

Method 3

Test 1.1
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.13e-01 — 2.31e+00 — 2.25e+00 — 2.31e+00 —

20 9.52e-02 6.27e-02 1.89 9.05e-01 1.45 8.72e-01 1.47 9.05e-01 1.45

40 4.88e-02 1.68e-02 1.97 3.27e-01 1.52 3.16e-01 1.52 3.27e-01 1.52

60 3.28e-02 7.60e-03 1.99 1.79e-01 1.51 1.75e-01 1.49 1.79e-01 1.51

80 2.47e-02 4.32e-03 1.99 1.17e-01 1.51 1.15e-01 1.49 1.17e-01 1.51

100 1.98e-02 2.79e-03 1.99 8.36e-02 1.52 8.24e-02 1.50 8.36e-02 1.52

120 1.65e-02 1.95e-03 1.99 6.34e-02 1.53 6.26e-02 1.52 6.34e-02 1.53

140 1.42e-02 1.44e-03 1.99 5.01e-02 1.55 4.95e-02 1.54 5.01e-02 1.55
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Method 4

Test 1.1
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 7.60e-02 — 5.39e-01 — 4.81e-01 — 5.39e-01 —

20 9.52e-02 2.39e-02 1.79 2.26e-01 1.35 2.05e-01 1.32 2.26e-01 1.35

40 4.88e-02 6.63e-03 1.91 9.06e-02 1.37 8.39e-02 1.34 9.06e-02 1.37

60 3.28e-02 3.02e-03 1.98 5.21e-02 1.39 4.94e-02 1.33 5.21e-02 1.39

80 2.47e-02 1.72e-03 1.99 3.51e-02 1.39 3.38e-02 1.34 3.51e-02 1.39

100 1.98e-02 1.11e-03 1.99 2.58e-02 1.40 2.50e-02 1.36 2.58e-02 1.40

120 1.65e-02 7.74e-04 1.99 1.99e-02 1.42 1.94e-02 1.39 1.99e-02 1.42

140 1.42e-02 5.71e-04 1.99 1.60e-02 1.45 1.56e-02 1.42 1.60e-02 1.45

Method 5 Using Boundary Condition 1

Test 1.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.38e-01 — 6.01e+00 — 3.65e+00 — 2.92e+00 —

20 9.52e-02 8.72e-02 1.56 4.51e+00 0.44 1.94e+00 0.98 1.89e+00 0.67

40 4.88e-02 2.38e-02 1.94 2.95e+00 0.64 8.63e-01 1.21 1.23e+00 0.64

60 3.28e-02 1.11e-02 1.91 2.29e+00 0.63 5.01e-01 1.37 8.96e-01 0.80

80 2.47e-02 6.49e-03 1.89 1.94e+00 0.58 3.30e-01 1.48 7.18e-01 0.78

100 1.98e-02 4.26e-03 1.91 1.72e+00 0.55 2.35e-01 1.54 6.14e-01 0.71

120 1.65e-02 3.00e-03 1.94 1.56e+00 0.53 1.77e-01 1.56 5.46e-01 0.65

140 1.42e-02 2.22e-03 1.96 1.44e+00 0.52 1.39e-01 1.57 4.97e-01 0.61

44



Method 5 Using Boundary Condition 2

Test 1.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.13e-01 — 4.75e+00 — 3.62e+00 — 4.75e+00 —

20 9.52e-02 9.73e-02 1.21 2.55e+00 0.96 1.90e+00 1.00 2.55e+00 0.96

40 4.88e-02 3.90e-02 1.37 1.04e+00 1.34 7.46e-01 1.39 1.04e+00 1.34

60 3.28e-02 2.07e-02 1.60 5.72e-01 1.51 3.97e-01 1.59 5.72e-01 1.51

80 2.47e-02 1.26e-02 1.75 3.71e-01 1.53 2.48e-01 1.65 3.71e-01 1.53

100 1.98e-02 8.39e-03 1.84 2.66e-01 1.50 1.72e-01 1.65 2.66e-01 1.50

120 1.65e-02 5.96e-03 1.89 2.04e-01 1.47 1.28e-01 1.63 2.04e-01 1.47

140 1.42e-02 4.44e-03 1.93 1.64e-01 1.45 1.00e-01 1.60 1.64e-01 1.45

Solution 2: u(x, y) = x2 + 3xy + 1
2
y2 + 3

Method 1

Test 1.2
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 9.01e-15 — 8.89e-14 — 4.26e-14 — 9.10e-14 —

20 9.52e-02 4.29e-14 -2.41 4.81e-13 -2.61 2.24e-13 -2.57 4.80e-13 -2.57

40 4.88e-02 4.20e-13 -3.41 3.13e-12 -2.80 2.22e-12 -3.43 3.17e-12 -2.82

60 3.28e-02 2.69e-13 1.12 3.85e-12 -0.53 2.20e-12 0.03 3.73e-12 -0.41

80 2.47e-02 1.96e-13 1.11 6.64e-12 -1.92 4.01e-12 -2.12 6.93e-12 -2.18

100 1.98e-02 5.59e-13 -4.74 1.32e-11 -3.10 9.08e-12 -3.70 1.29e-11 -2.82

120 1.65e-02 2.67e-13 4.09 1.52e-11 -0.78 1.01e-11 -0.57 1.78e-11 -1.77

140 1.42e-02 7.54e-13 -6.79 2.28e-11 -2.66 1.56e-11 -2.87 2.48e-11 -2.18

45



Method 2 Using Boundary Condition 1

Test 1.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.12e-02 — 1.53e-01 — 1.50e-01 — 1.33e-01 —

20 9.52e-02 8.80e-03 1.96 1.15e-01 0.44 1.14e-01 0.42 1.08e-01 0.31

40 4.88e-02 2.34e-03 1.98 8.42e-02 0.47 8.39e-02 0.46 8.19e-02 0.42

60 3.28e-02 1.06e-03 1.99 6.95e-02 0.48 6.94e-02 0.48 6.83e-02 0.46

80 2.47e-02 6.05e-04 1.99 6.06e-02 0.49 6.05e-02 0.48 5.98e-02 0.47

100 1.98e-02 3.90e-04 1.99 5.44e-02 0.49 5.43e-02 0.49 5.38e-02 0.48

120 1.65e-02 2.72e-04 1.99 4.97e-02 0.49 4.97e-02 0.49 4.93e-02 0.48

140 1.42e-02 2.00e-04 2.00 4.61e-02 0.49 4.61e-02 0.49 4.58e-02 0.48

Method 2 Using Boundary Condition 2

Test 1.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.98e-15 — 1.26e-13 — 1.18e-13 — 1.24e-13 —

20 9.52e-02 2.33e-14 -2.39 2.45e-12 -4.59 2.43e-12 -4.68 2.43e-12 -4.61

40 4.88e-02 1.85e-13 -3.09 7.60e-11 -5.14 7.61e-11 -5.15 7.62e-11 -5.15

60 3.28e-02 1.47e-12 -5.22 1.36e-09 -7.26 1.36e-09 -7.26 1.36e-09 -7.26

80 2.47e-02 1.27e-12 0.53 2.06e-09 -1.46 2.06e-09 -1.46 2.06e-09 -1.46

100 1.98e-02 2.58e-12 -3.23 6.56e-09 -5.25 6.56e-09 -5.25 6.57e-09 -5.25

120 1.65e-02 9.44e-12 -7.17 3.45e-08 -9.18 3.45e-08 -9.18 3.45e-08 -9.18

140 1.42e-02 7.20e-12 1.77 3.57e-08 -0.23 3.57e-08 -0.23 3.57e-08 -0.23

46



Method 3

Test 1.2
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.22e-15 — 8.93e-14 — 3.02e-14 — 8.72e-14 —

20 9.52e-02 8.62e-15 -1.52 4.29e-13 -2.43 2.31e-13 -3.15 4.34e-13 -2.48

40 4.88e-02 1.16e-13 -3.89 2.36e-12 -2.55 1.19e-12 -2.45 2.35e-12 -2.53

60 3.28e-02 1.40e-13 -0.46 3.68e-12 -1.12 2.09e-12 -1.41 3.71e-12 -1.14

80 2.47e-02 2.10e-13 -1.43 6.37e-12 -1.93 3.46e-12 -1.78 6.07e-12 -1.74

100 1.98e-02 4.18e-14 7.32 1.02e-11 -2.15 5.65e-12 -2.23 1.01e-11 -2.31

120 1.65e-02 8.46e-13 -16.64 1.65e-11 -2.64 1.20e-11 -4.15 1.70e-11 -2.89

140 1.42e-02 1.17e-12 -2.11 2.41e-11 -2.49 1.58e-11 -1.82 2.22e-11 -1.74

Method 4

Test 1.2
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 9.01e-15 — 8.89e-14 — 4.26e-14 — 9.10e-14 —

20 9.52e-02 4.29e-14 -2.41 4.81e-13 -2.61 2.24e-13 -2.57 4.80e-13 -2.57

40 4.88e-02 4.20e-13 -3.41 3.13e-12 -2.80 2.22e-12 -3.43 3.17e-12 -2.82

60 3.28e-02 2.69e-13 1.12 3.85e-12 -0.53 2.20e-12 0.03 3.73e-12 -0.41

80 2.47e-02 1.96e-13 1.11 6.64e-12 -1.92 4.01e-12 -2.12 6.93e-12 -2.18

100 1.98e-02 5.59e-13 -4.74 1.32e-11 -3.10 9.08e-12 -3.70 1.29e-11 -2.82

120 1.65e-02 2.67e-13 4.09 1.52e-11 -0.78 1.01e-11 -0.57 1.78e-11 -1.77

140 1.42e-02 7.54e-13 -6.79 2.28e-11 -2.66 1.56e-11 -2.87 2.48e-11 -2.18

47



Method 5 Using Boundary Condition 1

Test 1.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 5.68e-02 — 7.04e-01 — 9.54e-02 — 1.91e-01 —

20 9.52e-02 1.82e-02 1.76 5.45e-01 0.40 5.11e-02 0.97 1.67e-01 0.21

40 4.88e-02 5.10e-03 1.90 4.03e-01 0.45 2.66e-02 0.97 1.29e-01 0.38

60 3.28e-02 2.35e-03 1.94 3.34e-01 0.47 1.80e-02 0.98 1.09e-01 0.44

80 2.47e-02 1.35e-03 1.96 2.92e-01 0.48 1.36e-02 0.99 9.54e-02 0.46

100 1.98e-02 8.74e-04 1.97 2.62e-01 0.49 1.09e-02 0.99 8.61e-02 0.47

120 1.65e-02 6.12e-04 1.98 2.40e-01 0.49 9.15e-03 0.99 7.90e-02 0.47

140 1.42e-02 4.52e-04 1.98 2.23e-01 0.49 7.86e-03 0.99 7.34e-02 0.48

Method 5 Using Boundary Condition 2

Test 1.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 5.79e-15 — 4.91e-14 — 3.04e-14 — 5.13e-14 —

20 9.52e-02 1.88e-14 -1.82 2.09e-13 -2.24 1.52e-13 -2.49 2.19e-13 -2.24

40 4.88e-02 4.49e-14 -1.30 1.43e-12 -2.87 8.28e-13 -2.54 1.15e-12 -2.48

60 3.28e-02 5.42e-14 -0.48 2.73e-12 -1.63 1.71e-12 -1.82 2.28e-12 -1.73

80 2.47e-02 5.90e-14 -0.30 5.44e-12 -2.43 4.01e-12 -3.01 5.01e-12 -2.77

100 1.98e-02 2.73e-13 -6.94 1.05e-11 -2.99 9.28e-12 -3.80 1.11e-11 -3.62

120 1.65e-02 1.97e-13 1.80 1.34e-11 -1.33 1.18e-11 -1.31 1.49e-11 -1.62

140 1.42e-02 2.62e-13 -1.86 1.92e-11 -2.38 1.54e-11 -1.75 1.87e-11 -1.50

48



Solution 3: u(x, y) = exy+2y

Method 1

Test 1.3
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.22e-01 — 7.77e-01 — 5.36e-01 — 4.63e-01 —

20 9.52e-02 3.96e-02 1.74 3.34e-01 1.31 2.61e-01 1.11 2.43e-01 1.00

40 4.88e-02 1.14e-02 1.86 1.24e-01 1.48 1.06e-01 1.35 1.02e-01 1.30

60 3.28e-02 5.32e-03 1.92 6.66e-02 1.56 5.89e-02 1.47 5.74e-02 1.45

80 2.47e-02 3.07e-03 1.94 4.23e-02 1.60 3.82e-02 1.53 3.74e-02 1.51

100 1.98e-02 1.99e-03 1.96 2.96e-02 1.62 2.70e-02 1.56 2.66e-02 1.55

120 1.65e-02 1.40e-03 1.97 2.20e-02 1.64 2.03e-02 1.58 2.00e-02 1.57

140 1.42e-02 1.03e-03 1.97 1.71e-02 1.65 1.59e-02 1.60 1.57e-02 1.59

Method 2 Using Boundary Condition 1

Test 1.3
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.63e-01 — 4.88e+00 — 4.20e+00 — 3.60e+00 —

20 9.52e-02 1.16e-01 1.76 3.95e+00 0.33 3.54e+00 0.27 3.26e+00 0.15

40 4.88e-02 3.25e-02 1.90 2.87e+00 0.48 2.68e+00 0.41 2.57e+00 0.35

60 3.28e-02 1.50e-02 1.95 2.34e+00 0.51 2.23e+00 0.46 2.17e+00 0.43

80 2.47e-02 8.58e-03 1.97 2.02e+00 0.51 1.95e+00 0.48 1.91e+00 0.45

100 1.98e-02 5.55e-03 1.98 1.81e+00 0.51 1.75e+00 0.48 1.72e+00 0.46

120 1.65e-02 3.88e-03 1.98 1.65e+00 0.51 1.60e+00 0.49 1.58e+00 0.47

140 1.42e-02 2.86e-03 1.98 1.52e+00 0.51 1.49e+00 0.49 1.47e+00 0.48

49



Method 2 Using Boundary Condition 2

Test 1.3
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.42e-01 — 2.72e+00 — 2.50e+00 — 2.63e+00 —

20 9.52e-02 1.12e-01 1.73 1.48e+00 0.94 1.42e+00 0.88 1.45e+00 0.91

40 4.88e-02 3.19e-02 1.88 6.65e-01 1.20 6.50e-01 1.16 6.59e-01 1.18

60 3.28e-02 1.48e-02 1.93 3.93e-01 1.32 3.87e-01 1.30 3.91e-01 1.31

80 2.47e-02 8.51e-03 1.95 2.66e-01 1.37 2.63e-01 1.36 2.65e-01 1.37

100 1.98e-02 5.51e-03 1.97 1.96e-01 1.40 1.94e-01 1.39 1.95e-01 1.40

120 1.65e-02 3.86e-03 1.97 1.51e-01 1.42 1.50e-01 1.41 1.51e-01 1.42

140 1.42e-02 2.85e-03 1.98 1.22e-01 1.43 1.21e-01 1.42 1.21e-01 1.43

Method 3

Test 1.3
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.16e-01 — 1.42e+00 — 1.32e+00 — 1.40e+00 —

20 9.52e-02 6.66e-02 1.82 5.94e-01 1.35 5.67e-01 1.31 5.98e-01 1.32

40 4.88e-02 1.86e-02 1.91 2.19e-01 1.49 2.12e-01 1.47 2.21e-01 1.49

60 3.28e-02 8.58e-03 1.95 1.18e-01 1.56 1.15e-01 1.55 1.19e-01 1.57

80 2.47e-02 4.92e-03 1.96 7.48e-02 1.60 7.33e-02 1.58 7.54e-02 1.60

100 1.98e-02 3.18e-03 1.97 5.23e-02 1.62 5.14e-02 1.61 5.27e-02 1.62

120 1.65e-02 2.22e-03 1.98 3.90e-02 1.63 3.84e-02 1.62 3.93e-02 1.63

140 1.42e-02 1.64e-03 1.98 3.03e-02 1.64 2.99e-02 1.63 3.05e-02 1.64

50



Method 4

Test 1.3
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.22e-01 — 7.77e-01 — 5.36e-01 — 4.63e-01 —

20 9.52e-02 3.96e-02 1.74 3.34e-01 1.31 2.61e-01 1.11 2.43e-01 1.00

40 4.88e-02 1.14e-02 1.86 1.24e-01 1.48 1.06e-01 1.35 1.02e-01 1.30

60 3.28e-02 5.32e-03 1.92 6.66e-02 1.56 5.89e-02 1.47 5.74e-02 1.45

80 2.47e-02 3.07e-03 1.94 4.23e-02 1.60 3.82e-02 1.53 3.74e-02 1.51

100 1.98e-02 1.99e-03 1.96 2.96e-02 1.62 2.70e-02 1.56 2.66e-02 1.55

120 1.65e-02 1.40e-03 1.97 2.20e-02 1.64 2.03e-02 1.58 2.00e-02 1.57

140 1.42e-02 1.03e-03 1.97 1.71e-02 1.65 1.59e-02 1.60 1.57e-02 1.59

Method 5 Using Boundary Condition 1

Test 1.3
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.47e-01 — 1.81e+00 — 1.49e+00 — 7.07e-01 —

20 9.52e-02 1.27e-01 1.04 1.63e+00 0.17 1.25e+00 0.27 8.13e-01 -0.22

40 4.88e-02 5.01e-02 1.39 1.16e+00 0.51 9.33e-01 0.44 6.49e-01 0.34

60 3.28e-02 2.67e-02 1.59 8.90e-01 0.66 7.26e-01 0.63 5.10e-01 0.61

80 2.47e-02 1.66e-02 1.68 7.28e-01 0.71 5.91e-01 0.73 4.16e-01 0.72

100 1.98e-02 1.13e-02 1.74 6.20e-01 0.72 4.97e-01 0.79 3.51e-01 0.77

120 1.65e-02 8.20e-03 1.77 5.44e-01 0.72 4.28e-01 0.82 3.04e-01 0.80

140 1.42e-02 6.23e-03 1.80 4.88e-01 0.72 3.76e-01 0.85 2.68e-01 0.82

51



Method 5 Using Boundary Condition 2

Test 1.3
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.05e-01 — 9.13e-01 — 8.54e-01 — 3.33e+00 —

20 9.52e-02 9.16e-02 1.24 5.82e-01 0.70 4.46e-01 1.00 2.34e+00 0.54

40 4.88e-02 3.38e-02 1.49 2.87e-01 1.06 2.34e-01 0.96 1.27e+00 0.92

60 3.28e-02 1.76e-02 1.65 1.74e-01 1.26 1.49e-01 1.13 8.11e-01 1.13

80 2.47e-02 1.07e-02 1.73 1.19e-01 1.36 1.05e-01 1.25 5.73e-01 1.22

100 1.98e-02 7.24e-03 1.78 8.68e-02 1.41 7.82e-02 1.32 4.32e-01 1.28

120 1.65e-02 5.22e-03 1.82 6.68e-02 1.45 6.10e-02 1.38 3.40e-01 1.32

140 1.42e-02 3.93e-03 1.84 5.33e-02 1.48 4.91e-02 1.41 2.77e-01 1.35

Solution 4: u(x, y) = x3

18

(
3 log(x2)− 11

)
+
(
y − 1

2

) 8
3

√∣∣∣x+ 1
5

∣∣∣5
Method 1

Test 1.4
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.60e-02 — 2.37e-01 — 1.94e-01 — 2.20e-01 —

20 9.52e-02 1.36e-02 1.88 8.10e-02 1.66 6.53e-02 1.68 7.73e-02 1.62

40 4.88e-02 3.86e-03 1.88 2.52e-02 1.75 2.04e-02 1.74 2.49e-02 1.69

60 3.28e-02 1.83e-03 1.87 1.26e-02 1.74 1.03e-02 1.71 1.28e-02 1.68

80 2.47e-02 1.08e-03 1.86 7.78e-03 1.70 6.44e-03 1.66 8.00e-03 1.65

100 1.98e-02 7.19e-04 1.85 5.40e-03 1.66 4.52e-03 1.61 5.60e-03 1.62

120 1.65e-02 5.16e-04 1.84 4.03e-03 1.62 3.41e-03 1.56 4.21e-03 1.58

140 1.42e-02 3.90e-04 1.83 3.17e-03 1.58 2.70e-03 1.52 3.32e-03 1.55
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Method 2 Using Boundary Condition 1

Test 1.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 6.59e-02 — 9.76e-01 — 9.31e-01 — 8.80e-01 —

20 9.52e-02 1.88e-02 1.94 6.42e-01 0.65 6.34e-01 0.59 6.06e-01 0.58

40 4.88e-02 4.99e-03 1.99 4.43e-01 0.56 4.41e-01 0.55 4.30e-01 0.51

60 3.28e-02 2.31e-03 1.94 4.01e-01 0.25 4.00e-01 0.24 3.94e-01 0.22

80 2.47e-02 1.31e-03 2.00 3.43e-01 0.55 3.43e-01 0.54 3.39e-01 0.53

100 1.98e-02 8.61e-04 1.91 2.97e-01 0.65 2.97e-01 0.65 2.94e-01 0.65

120 1.65e-02 5.98e-04 2.02 2.61e-01 0.72 2.60e-01 0.72 2.58e-01 0.72

140 1.42e-02 4.51e-04 1.85 2.57e-01 0.09 2.57e-01 0.08 2.56e-01 0.07

Method 2 Using Boundary Condition 2

Test 1.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.89e-02 — 3.85e-01 — 3.37e-01 — 3.21e-01 —

20 9.52e-02 7.37e-03 2.11 2.44e-01 0.70 2.36e-01 0.55 2.35e-01 0.48

40 4.88e-02 1.80e-03 2.10 1.40e-01 0.83 1.39e-01 0.80 1.39e-01 0.79

60 3.28e-02 8.15e-04 2.00 1.33e-01 0.12 1.33e-01 0.10 1.33e-01 0.10

80 2.47e-02 4.67e-04 1.96 1.17e-01 0.46 1.17e-01 0.46 1.17e-01 0.46

100 1.98e-02 3.08e-04 1.89 9.55e-02 0.92 9.54e-02 0.92 9.54e-02 0.92

120 1.65e-02 2.20e-04 1.85 7.43e-02 1.39 7.42e-02 1.39 7.42e-02 1.39

140 1.42e-02 1.68e-04 1.76 8.07e-02 -0.55 8.07e-02 -0.55 8.07e-02 -0.55
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Method 3

Test 1.4
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.48e-02 — 1.75e-01 — 1.39e-01 — 1.44e-01 —

20 9.52e-02 4.92e-03 1.70 6.83e-02 1.45 5.58e-02 1.41 5.93e-02 1.37

40 4.88e-02 1.52e-03 1.76 2.36e-02 1.59 1.97e-02 1.55 2.14e-02 1.52

60 3.28e-02 7.58e-04 1.75 1.24e-02 1.62 1.05e-02 1.59 1.15e-02 1.56

80 2.47e-02 4.65e-04 1.72 7.83e-03 1.62 6.67e-03 1.59 7.39e-03 1.57

100 1.98e-02 3.19e-04 1.70 5.49e-03 1.61 4.71e-03 1.58 5.24e-03 1.56

120 1.65e-02 2.36e-04 1.68 4.13e-03 1.59 3.56e-03 1.55 3.97e-03 1.54

140 1.42e-02 1.83e-04 1.67 3.25e-03 1.56 2.82e-03 1.52 3.15e-03 1.51

Method 4

Test 1.4
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.60e-02 — 2.37e-01 — 1.94e-01 — 2.20e-01 —

20 9.52e-02 1.36e-02 1.88 8.10e-02 1.66 6.53e-02 1.68 7.73e-02 1.62

40 4.88e-02 3.86e-03 1.88 2.52e-02 1.75 2.04e-02 1.74 2.49e-02 1.69

60 3.28e-02 1.83e-03 1.87 1.26e-02 1.74 1.03e-02 1.71 1.28e-02 1.68

80 2.47e-02 1.08e-03 1.86 7.78e-03 1.70 6.44e-03 1.66 8.00e-03 1.65

100 1.98e-02 7.19e-04 1.85 5.40e-03 1.66 4.52e-03 1.61 5.60e-03 1.62

120 1.65e-02 5.16e-04 1.84 4.03e-03 1.62 3.41e-03 1.56 4.21e-03 1.58

140 1.42e-02 3.90e-04 1.83 3.17e-03 1.58 2.70e-03 1.52 3.32e-03 1.55
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Method 5 Using Boundary Condition 1

Test 1.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.26e-01 — 1.34e+00 — 3.75e-01 — 6.31e-01 —

20 9.52e-02 4.55e-02 1.57 1.06e+00 0.37 2.27e-01 0.78 4.01e-01 0.70

40 4.88e-02 1.42e-02 1.74 8.07e-01 0.40 1.20e-01 0.95 2.79e-01 0.54

60 3.28e-02 6.83e-03 1.84 6.78e-01 0.44 8.20e-02 0.96 2.30e-01 0.48

80 2.47e-02 4.02e-03 1.87 5.96e-01 0.45 6.23e-02 0.97 2.01e-01 0.48

100 1.98e-02 2.65e-03 1.89 5.38e-01 0.46 5.03e-02 0.97 1.81e-01 0.48

120 1.65e-02 1.88e-03 1.90 4.94e-01 0.47 4.22e-02 0.98 1.66e-01 0.48

140 1.42e-02 1.40e-03 1.90 4.60e-01 0.48 3.63e-02 0.98 1.54e-01 0.48

Method 5 Using Boundary Condition 2

Test 1.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.65e-01 — 6.91e-01 — 3.58e-01 — 6.34e-01 —

20 9.52e-02 5.24e-02 1.77 2.92e-01 1.33 1.57e-01 1.28 2.55e-01 1.41

40 4.88e-02 1.50e-02 1.87 1.31e-01 1.19 5.98e-02 1.44 9.50e-02 1.47

60 3.28e-02 7.03e-03 1.91 8.50e-02 1.10 3.33e-02 1.47 5.42e-02 1.41

80 2.47e-02 4.08e-03 1.92 6.28e-02 1.07 2.20e-02 1.47 3.69e-02 1.36

100 1.98e-02 2.66e-03 1.93 4.98e-02 1.05 1.59e-02 1.46 2.76e-02 1.32

120 1.65e-02 1.88e-03 1.93 4.13e-02 1.04 1.22e-02 1.45 2.18e-02 1.29

140 1.42e-02 1.40e-03 1.93 3.53e-02 1.03 9.83e-03 1.44 1.80e-02 1.27
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8.2. Test 2 Results

Solution 1: u(x, y) = sin
(
π
2
(x+ y)2

)
Method 1

Test 2.1
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.72e-02 — 8.33e-01 — 3.18e-01 — 8.91e-02 —

20 9.52e-02 1.24e-02 2.06 3.44e-01 1.37 1.30e-01 1.39 4.02e-02 1.23

40 4.88e-02 3.24e-03 2.01 1.45e-01 1.29 5.32e-02 1.33 1.60e-02 1.38

60 3.28e-02 1.47e-03 2.00 8.15e-02 1.45 2.85e-02 1.57 8.48e-03 1.60

80 2.47e-02 8.31e-04 2.00 5.23e-02 1.57 1.77e-02 1.67 5.23e-03 1.70

100 1.98e-02 5.35e-04 2.00 3.62e-02 1.67 1.21e-02 1.74 3.55e-03 1.75

120 1.65e-02 3.73e-04 2.00 2.66e-02 1.71 8.76e-03 1.78 2.57e-03 1.80

140 1.42e-02 2.74e-04 2.00 2.03e-02 1.75 6.64e-03 1.81 1.94e-03 1.83

Method 2 Using Boundary Condition 1

Test 2.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.14e-01 — 2.94e+00 — 1.54e+00 — 1.22e+00 —

20 9.52e-02 5.43e-02 2.12 1.17e+00 1.43 6.23e-01 1.40 7.64e-01 0.73

40 4.88e-02 1.40e-02 2.02 4.52e-01 1.42 2.08e-01 1.64 3.43e-01 1.20

60 3.28e-02 6.34e-03 2.00 2.56e-01 1.43 1.04e-01 1.75 2.00e-01 1.36

80 2.47e-02 3.60e-03 2.00 1.68e-01 1.48 6.21e-02 1.80 1.34e-01 1.41

100 1.98e-02 2.31e-03 2.00 1.20e-01 1.53 4.14e-02 1.84 9.70e-02 1.46

120 1.65e-02 1.61e-03 2.00 9.05e-02 1.56 2.97e-02 1.85 7.40e-02 1.50

140 1.42e-02 1.19e-03 2.00 7.10e-02 1.59 2.23e-02 1.87 5.85e-02 1.54
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Method 2 Using Boundary Condition 2

Test 2.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.73e-01 — 3.62e+00 — 1.50e+00 — 3.73e-01 —

20 9.52e-02 4.71e-02 2.02 1.15e+00 1.78 6.08e-01 1.39 1.38e-01 1.54

40 4.88e-02 1.25e-02 1.98 5.43e-01 1.12 2.22e-01 1.51 6.06e-02 1.23

60 3.28e-02 5.73e-03 1.97 3.21e-01 1.32 1.16e-01 1.63 3.36e-02 1.49

80 2.47e-02 3.26e-03 1.98 2.09e-01 1.51 7.20e-02 1.69 2.10e-02 1.65

100 1.98e-02 2.11e-03 1.98 1.46e-01 1.63 4.90e-02 1.75 1.43e-02 1.73

120 1.65e-02 1.47e-03 1.99 1.08e-01 1.70 3.55e-02 1.78 1.04e-02 1.79

140 1.42e-02 1.09e-03 1.99 8.23e-02 1.75 2.69e-02 1.81 7.84e-03 1.83

Method 3

Test 2.1
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.51e-02 — 7.87e-01 — 2.22e+00 — 9.90e-02 —

20 9.52e-02 1.19e-02 2.07 3.22e-01 1.38 8.64e-01 1.46 4.47e-02 1.23

40 4.88e-02 3.09e-03 2.01 1.35e-01 1.29 2.67e-01 1.75 1.72e-02 1.43

60 3.28e-02 1.40e-03 2.00 7.59e-02 1.45 1.27e-01 1.87 8.99e-03 1.63

80 2.47e-02 7.93e-04 2.00 4.87e-02 1.57 7.41e-02 1.91 5.51e-03 1.73

100 1.98e-02 5.10e-04 2.00 3.37e-02 1.67 4.84e-02 1.93 3.72e-03 1.77

120 1.65e-02 3.55e-04 2.00 2.48e-02 1.71 3.41e-02 1.94 2.68e-03 1.82

140 1.42e-02 2.62e-04 2.00 1.90e-02 1.75 2.53e-02 1.95 2.02e-03 1.84
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Method 4

Test 2.1
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.31e-02 — 7.43e-01 — 4.23e+00 — 1.17e-01 —

20 9.52e-02 1.13e-02 2.07 3.00e-01 1.40 1.63e+00 1.48 5.20e-02 1.26

40 4.88e-02 2.94e-03 2.01 1.26e-01 1.30 4.95e-01 1.78 1.91e-02 1.50

60 3.28e-02 1.33e-03 2.00 7.05e-02 1.45 2.34e-01 1.88 9.81e-03 1.67

80 2.47e-02 7.54e-04 2.00 4.52e-02 1.57 1.36e-01 1.92 5.96e-03 1.76

100 1.98e-02 4.85e-04 2.00 3.13e-02 1.67 8.86e-02 1.94 4.01e-03 1.80

120 1.65e-02 3.38e-04 2.00 2.30e-02 1.70 6.23e-02 1.95 2.87e-03 1.84

140 1.42e-02 2.49e-04 2.00 1.76e-02 1.75 4.62e-02 1.96 2.16e-03 1.86

Method 5 Using Boundary Condition 1

Test 2.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.38e-01 — 8.29e+00 — 4.99e+00 — 5.11e+00 —

20 9.52e-02 2.09e-01 1.15 6.79e+00 0.31 3.26e+00 0.66 4.30e+00 0.27

40 4.88e-02 7.74e-02 1.48 4.87e+00 0.49 1.71e+00 0.97 3.05e+00 0.51

60 3.28e-02 3.91e-02 1.72 4.00e+00 0.50 1.07e+00 1.17 2.49e+00 0.51

80 2.47e-02 2.35e-02 1.79 3.51e+00 0.46 7.53e-01 1.24 2.19e+00 0.45

100 1.98e-02 1.57e-02 1.84 3.19e+00 0.43 5.72e-01 1.25 2.01e+00 0.39

120 1.65e-02 1.12e-02 1.84 2.95e+00 0.42 4.57e-01 1.25 1.88e+00 0.37

140 1.42e-02 8.44e-03 1.87 2.77e+00 0.42 3.78e-01 1.23 1.78e+00 0.35
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Method 5 Using Boundary Condition 2

Test 2.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.60e-01 — 8.45e+00 — 5.02e+00 — 6.80e+00 —

20 9.52e-02 2.17e-01 1.16 5.65e+00 0.62 3.10e+00 0.74 3.98e+00 0.83

40 4.88e-02 7.78e-02 1.53 3.01e+00 0.94 1.41e+00 1.18 1.68e+00 1.29

60 3.28e-02 3.84e-02 1.78 1.91e+00 1.15 7.83e-01 1.48 8.92e-01 1.59

80 2.47e-02 2.27e-02 1.85 1.33e+00 1.27 4.94e-01 1.63 5.50e-01 1.70

100 1.98e-02 1.49e-02 1.90 9.93e-01 1.33 3.39e-01 1.71 3.75e-01 1.74

120 1.65e-02 1.06e-02 1.91 7.74e-01 1.38 2.46e-01 1.76 2.73e-01 1.76

140 1.42e-02 7.87e-03 1.94 6.25e-01 1.40 1.87e-01 1.80 2.08e-01 1.77

Solution 2: u(x, y) = x2 + 3xy + 1
2
y2 + 3

Method 1

Test 2.2
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 8.09e-15 — 1.08e-13 — 3.91e-14 — 5.98e-14 —

20 9.52e-02 3.73e-15 1.20 4.30e-13 -2.14 1.29e-13 -1.84 1.91e-13 -1.79

40 4.88e-02 1.74e-14 -2.30 1.96e-12 -2.27 4.86e-13 -1.99 7.04e-13 -1.95

60 3.28e-02 2.44e-14 -0.85 4.01e-12 -1.80 1.15e-12 -2.17 1.62e-12 -2.10

80 2.47e-02 2.52e-14 -0.12 7.71e-12 -2.30 2.13e-12 -2.16 2.98e-12 -2.15

100 1.98e-02 2.09e-14 0.86 1.14e-11 -1.79 3.21e-12 -1.87 4.44e-12 -1.81

120 1.65e-02 1.88e-14 0.58 1.72e-11 -2.27 4.56e-12 -1.95 6.36e-12 -1.99

140 1.42e-02 3.02e-14 -3.11 2.27e-11 -1.81 6.30e-12 -2.10 8.66e-12 -2.02
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Method 2 Using Boundary Condition 1

Test 2.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.12e-02 — 1.86e-01 — 2.59e-02 — 3.88e-02 —

20 9.52e-02 6.34e-03 1.87 8.77e-02 1.16 1.48e-02 0.87 2.92e-02 0.44

40 4.88e-02 1.70e-03 1.97 4.61e-02 0.96 7.21e-03 1.07 1.57e-02 0.93

60 3.28e-02 7.73e-04 1.98 3.19e-02 0.93 4.66e-03 1.10 1.01e-02 1.11

80 2.47e-02 4.40e-04 1.99 2.44e-02 0.95 3.44e-03 1.06 7.52e-03 1.04

100 1.98e-02 2.84e-04 1.99 1.98e-02 0.94 2.73e-03 1.06 6.07e-03 0.97

120 1.65e-02 1.98e-04 1.99 1.66e-02 0.96 2.27e-03 1.03 5.12e-03 0.94

140 1.42e-02 1.46e-04 2.00 1.44e-02 0.95 1.93e-03 1.03 4.45e-03 0.92

Method 2 Using Boundary Condition 2

Test 2.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.78e-15 — 3.55e-14 — 1.13e-14 — 1.93e-14 —

20 9.52e-02 3.57e-15 -1.08 1.37e-13 -2.08 4.30e-14 -2.07 5.77e-14 -1.69

40 4.88e-02 8.31e-15 -1.26 6.02e-13 -2.21 1.59e-13 -1.95 2.14e-13 -1.96

60 3.28e-02 1.16e-14 -0.83 1.26e-12 -1.87 3.87e-13 -2.24 4.57e-13 -1.91

80 2.47e-02 2.29e-14 -2.42 2.52e-12 -2.43 6.55e-13 -1.86 7.39e-13 -1.69

100 1.98e-02 1.22e-14 2.85 3.22e-12 -1.12 1.06e-12 -2.18 1.21e-12 -2.22

120 1.65e-02 1.75e-14 -2.00 6.07e-12 -3.50 1.46e-12 -1.75 1.61e-12 -1.60

140 1.42e-02 3.25e-14 -4.04 6.84e-12 -0.78 2.10e-12 -2.40 2.25e-12 -2.19
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Method 3

Test 2.2
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.85e-15 — 1.20e-13 — 2.24e-14 — 4.04e-14 —

20 9.52e-02 6.20e-15 -0.74 7.07e-13 -2.75 8.89e-14 -2.13 1.78e-13 -2.29

40 4.88e-02 2.65e-14 -2.17 2.51e-12 -1.89 2.49e-13 -1.54 6.46e-13 -1.93

60 3.28e-02 3.88e-14 -0.96 5.34e-12 -1.90 6.64e-13 -2.47 1.46e-12 -2.05

80 2.47e-02 6.12e-14 -1.61 1.07e-11 -2.46 1.08e-12 -1.71 2.54e-12 -1.96

100 1.98e-02 3.33e-14 2.76 1.35e-11 -1.03 1.86e-12 -2.48 4.15e-12 -2.22

120 1.65e-02 7.08e-14 -4.18 2.40e-11 -3.19 2.48e-12 -1.59 5.71e-12 -1.77

140 1.42e-02 8.95e-14 -1.54 2.75e-11 -0.90 3.56e-12 -2.35 8.06e-12 -2.25

Method 4

Test 2.2
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 5.86e-15 — 1.61e-13 — 3.92e-14 — 5.35e-14 —

20 9.52e-02 5.43e-15 0.12 4.53e-13 -1.60 1.33e-13 -1.89 1.75e-13 -1.83

40 4.88e-02 8.58e-15 -0.68 2.04e-12 -2.25 5.13e-13 -2.02 7.15e-13 -2.11

60 3.28e-02 2.83e-14 -3.00 4.35e-12 -1.90 1.14e-12 -2.01 1.55e-12 -1.95

80 2.47e-02 2.97e-14 -0.17 7.37e-12 -1.86 2.02e-12 -2.01 2.86e-12 -2.16

100 1.98e-02 1.94e-14 1.92 1.17e-11 -2.08 3.13e-12 -2.00 4.39e-12 -1.94

120 1.65e-02 2.84e-14 -2.10 1.72e-11 -2.15 4.49e-12 -1.99 6.26e-12 -1.97

140 1.42e-02 2.22e-14 1.61 2.20e-11 -1.62 5.96e-12 -1.85 8.39e-12 -1.91
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Method 5 Using Boundary Condition 1

Test 2.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 8.98e-02 — 9.57e-01 — 1.67e-01 — 3.86e-01 —

20 9.52e-02 3.23e-02 1.58 8.53e-01 0.18 1.21e-01 0.50 4.51e-01 -0.24

40 4.88e-02 1.12e-02 1.59 7.01e-01 0.29 7.56e-02 0.71 4.17e-01 0.11

60 3.28e-02 5.75e-03 1.67 6.07e-01 0.36 5.36e-02 0.86 3.76e-01 0.26

80 2.47e-02 3.50e-03 1.75 5.44e-01 0.39 4.13e-02 0.92 3.43e-01 0.32

100 1.98e-02 2.37e-03 1.77 4.98e-01 0.39 3.36e-02 0.93 3.19e-01 0.33

120 1.65e-02 1.72e-03 1.79 4.64e-01 0.40 2.85e-02 0.93 3.00e-01 0.34

140 1.42e-02 1.31e-03 1.79 4.36e-01 0.41 2.47e-02 0.93 2.85e-01 0.34

Method 5 Using Boundary Condition 2

Test 2.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 7.98e-15 — 1.43e-13 — 4.79e-14 — 1.03e-13 —

20 9.52e-02 2.30e-13 -5.20 7.82e-13 -2.63 5.27e-13 -3.71 6.24e-13 -2.79

40 4.88e-02 6.17e-14 1.97 2.04e-12 -1.43 7.22e-13 -0.47 8.60e-13 -0.48

60 3.28e-02 1.55e-13 -2.32 1.22e-11 -4.50 2.17e-12 -2.77 2.08e-12 -2.22

80 2.47e-02 6.75e-13 -5.18 2.42e-11 -2.41 4.08e-12 -2.23 4.26e-12 -2.53

100 1.98e-02 1.47e-12 -3.51 1.92e-11 1.05 6.17e-12 -1.88 6.65e-12 -2.02

120 1.65e-02 5.64e-13 5.29 4.93e-11 -5.23 9.80e-12 -2.56 8.75e-12 -1.52

140 1.42e-02 2.89e-13 4.37 3.90e-11 1.53 9.19e-12 0.42 1.03e-11 -1.06
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Solution 3: u(x, y) = exy+2y

Method 1

Test 2.3
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 7.83e-02 — 1.21e+00 — 3.93e-01 — 1.21e-01 —

20 9.52e-02 2.15e-02 2.00 4.42e-01 1.56 1.64e-01 1.36 5.30e-02 1.28

40 4.88e-02 5.70e-03 1.98 1.52e-01 1.60 5.53e-02 1.62 1.74e-02 1.67

60 3.28e-02 2.59e-03 1.99 7.80e-02 1.68 2.76e-02 1.75 8.52e-03 1.79

80 2.47e-02 1.47e-03 2.00 4.75e-02 1.75 1.65e-02 1.81 5.06e-03 1.84

100 1.98e-02 9.45e-04 2.00 3.19e-02 1.80 1.10e-02 1.85 3.35e-03 1.86

120 1.65e-02 6.59e-04 2.00 2.30e-02 1.81 7.85e-03 1.86 2.38e-03 1.89

140 1.42e-02 4.85e-04 2.00 1.73e-02 1.84 5.88e-03 1.88 1.78e-03 1.90

Method 2 Using Boundary Condition 1

Test 2.3
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.71e-01 — 5.32e+00 — 1.59e+00 — 1.43e+00 —

20 9.52e-02 1.41e-01 1.86 3.43e+00 0.68 8.47e-01 0.97 1.15e+00 0.33

40 4.88e-02 3.85e-02 1.94 2.01e+00 0.80 4.14e-01 1.07 7.20e-01 0.70

60 3.28e-02 1.76e-02 1.98 1.43e+00 0.86 2.68e-01 1.10 5.29e-01 0.78

80 2.47e-02 9.98e-03 1.99 1.12e+00 0.87 1.96e-01 1.10 4.24e-01 0.78

100 1.98e-02 6.43e-03 1.99 9.13e-01 0.91 1.54e-01 1.08 3.58e-01 0.77

120 1.65e-02 4.49e-03 1.99 7.74e-01 0.91 1.27e-01 1.07 3.08e-01 0.83

140 1.42e-02 3.30e-03 2.00 6.73e-01 0.92 1.08e-01 1.07 2.72e-01 0.81
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Method 2 Using Boundary Condition 2

Test 2.3
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.40e-01 — 3.46e+00 — 1.21e+00 — 3.43e-01 —

20 9.52e-02 7.46e-02 1.81 1.47e+00 1.32 5.17e-01 1.32 1.73e-01 1.06

40 4.88e-02 2.12e-02 1.88 5.51e-01 1.47 1.77e-01 1.60 6.21e-02 1.53

60 3.28e-02 9.88e-03 1.92 2.91e-01 1.60 8.94e-02 1.72 3.15e-02 1.71

80 2.47e-02 5.68e-03 1.95 1.81e-01 1.69 5.39e-02 1.78 1.90e-02 1.78

100 1.98e-02 3.68e-03 1.96 1.23e-01 1.75 3.61e-02 1.82 1.27e-02 1.82

120 1.65e-02 2.58e-03 1.97 8.92e-02 1.77 2.59e-02 1.84 9.12e-03 1.85

140 1.42e-02 1.91e-03 1.98 6.77e-02 1.80 1.94e-02 1.87 6.85e-03 1.87

Method 3

Test 2.3
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 7.73e-02 — 1.20e+00 — 8.88e-01 — 1.25e-01 —

20 9.52e-02 2.12e-02 2.00 4.37e-01 1.56 3.19e-01 1.58 5.41e-02 1.29

40 4.88e-02 5.64e-03 1.98 1.50e-01 1.60 9.83e-02 1.76 1.76e-02 1.68

60 3.28e-02 2.56e-03 1.99 7.70e-02 1.68 4.73e-02 1.84 8.64e-03 1.79

80 2.47e-02 1.45e-03 2.00 4.69e-02 1.75 2.77e-02 1.88 5.13e-03 1.84

100 1.98e-02 9.34e-04 2.00 3.15e-02 1.80 1.82e-02 1.90 3.40e-03 1.87

120 1.65e-02 6.51e-04 2.00 2.27e-02 1.81 1.29e-02 1.92 2.41e-03 1.89

140 1.42e-02 4.80e-04 2.00 1.71e-02 1.84 9.59e-03 1.93 1.80e-03 1.91
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Method 4

Test 2.3
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 7.64e-02 — 1.18e+00 — 1.41e+00 — 1.29e-01 —

20 9.52e-02 2.10e-02 2.00 4.31e-01 1.56 4.88e-01 1.64 5.53e-02 1.31

40 4.88e-02 5.57e-03 1.98 1.48e-01 1.60 1.46e-01 1.80 1.79e-02 1.68

60 3.28e-02 2.53e-03 1.99 7.60e-02 1.68 6.94e-02 1.88 8.77e-03 1.80

80 2.47e-02 1.44e-03 2.00 4.63e-02 1.75 4.04e-02 1.91 5.20e-03 1.84

100 1.98e-02 9.24e-04 2.00 3.11e-02 1.80 2.64e-02 1.92 3.44e-03 1.87

120 1.65e-02 6.44e-04 2.00 2.24e-02 1.82 1.86e-02 1.94 2.45e-03 1.90

140 1.42e-02 4.74e-04 2.00 1.69e-02 1.84 1.38e-02 1.94 1.83e-03 1.91

Method 5 Using Boundary Condition 1

Test 2.3
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.57e-01 — 1.51e+00 — 1.10e+00 — 4.81e-01 —

20 9.52e-02 7.15e-02 1.22 1.47e+00 0.04 7.95e-01 0.51 6.43e-01 -0.45

40 4.88e-02 2.49e-02 1.58 1.14e+00 0.38 5.24e-01 0.62 5.85e-01 0.14

60 3.28e-02 1.24e-02 1.75 9.86e-01 0.37 3.90e-01 0.74 5.31e-01 0.24

80 2.47e-02 7.39e-03 1.83 8.90e-01 0.36 3.15e-01 0.76 5.02e-01 0.19

100 1.98e-02 4.94e-03 1.83 8.15e-01 0.40 2.67e-01 0.74 4.78e-01 0.22

120 1.65e-02 3.51e-03 1.88 7.55e-01 0.42 2.33e-01 0.75 4.56e-01 0.26

140 1.42e-02 2.63e-03 1.90 7.03e-01 0.47 2.04e-01 0.87 4.31e-01 0.38
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Method 5 Using Boundary Condition 2

Test 2.3
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.39e-01 — 2.11e+00 — 1.02e+00 — 3.21e+00 —

20 9.52e-02 1.63e-01 1.54 1.33e+00 0.72 5.12e-01 1.07 2.03e+00 0.71

40 4.88e-02 4.99e-02 1.77 6.32e-01 1.11 2.17e-01 1.28 1.02e+00 1.03

60 3.28e-02 2.35e-02 1.90 3.61e-01 1.41 1.18e-01 1.53 6.32e-01 1.20

80 2.47e-02 1.35e-02 1.94 2.33e-01 1.55 7.44e-02 1.64 4.39e-01 1.29

100 1.98e-02 8.83e-03 1.94 1.63e-01 1.60 5.15e-02 1.67 3.28e-01 1.32

120 1.65e-02 6.21e-03 1.95 1.20e-01 1.68 3.76e-02 1.74 2.57e-01 1.36

140 1.42e-02 4.60e-03 1.97 9.29e-02 1.70 2.86e-02 1.78 2.08e-01 1.39

Solution 4: u(x, y) = x3

18

(
3 log(x2)− 11

)
+
(
y − 1

2

) 8
3

√∣∣∣x+ 1
5

∣∣∣5
Method 1

Test 2.4
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.47e-03 — 5.46e-02 — 1.79e-01 — 6.00e-03 —

20 9.52e-02 5.47e-04 2.33 2.20e-02 1.41 5.42e-02 1.85 2.46e-03 1.38

40 4.88e-02 1.52e-04 1.91 8.94e-03 1.34 1.51e-02 1.91 9.51e-04 1.42

60 3.28e-02 7.58e-05 1.75 5.22e-03 1.36 7.01e-03 1.94 5.51e-04 1.37

80 2.47e-02 4.72e-05 1.67 3.58e-03 1.33 4.04e-03 1.95 3.71e-04 1.40

100 1.98e-02 3.33e-05 1.58 2.67e-03 1.33 2.63e-03 1.95 2.75e-04 1.35

120 1.65e-02 2.53e-05 1.52 2.10e-03 1.34 1.85e-03 1.95 2.17e-04 1.32

140 1.42e-02 2.01e-05 1.52 1.71e-03 1.33 1.37e-03 1.95 1.77e-04 1.33
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Method 2 Using Boundary Condition 1

Test 2.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.08e-02 — 5.78e-01 — 1.33e-01 — 1.74e-01 —

20 9.52e-02 9.28e-03 1.85 3.33e-01 0.85 6.80e-02 1.04 1.13e-01 0.67

40 4.88e-02 2.61e-03 1.89 1.97e-01 0.78 3.27e-02 1.09 6.86e-02 0.75

60 3.28e-02 1.23e-03 1.90 1.38e-01 0.90 2.15e-02 1.05 4.48e-02 1.07

80 2.47e-02 7.10e-04 1.93 1.07e-01 0.87 1.59e-02 1.08 3.60e-02 0.77

100 1.98e-02 4.67e-04 1.89 8.72e-02 0.95 1.27e-02 1.02 2.86e-02 1.05

120 1.65e-02 3.29e-04 1.94 7.38e-02 0.92 1.05e-02 1.06 2.49e-02 0.76

140 1.42e-02 2.47e-04 1.87 6.38e-02 0.96 8.96e-03 1.01 2.13e-02 1.03

Method 2 Using Boundary Condition 2

Test 2.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.23e-02 — 2.66e-01 — 1.13e-01 — 2.90e-02 —

20 9.52e-02 3.37e-03 2.00 1.22e-01 1.21 4.66e-02 1.37 1.43e-02 1.09

40 4.88e-02 1.09e-03 1.69 5.36e-02 1.23 1.76e-02 1.46 6.03e-03 1.29

60 3.28e-02 5.25e-04 1.84 3.08e-02 1.40 9.74e-03 1.48 3.31e-03 1.51

80 2.47e-02 3.26e-04 1.68 2.09e-02 1.37 6.37e-03 1.50 2.17e-03 1.49

100 1.98e-02 2.19e-04 1.81 1.51e-02 1.45 4.57e-03 1.50 1.54e-03 1.54

120 1.65e-02 1.62e-04 1.66 1.17e-02 1.43 3.48e-03 1.50 1.17e-03 1.51

140 1.42e-02 1.23e-04 1.79 9.34e-03 1.47 2.77e-03 1.51 9.27e-04 1.55
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Method 3

Test 2.4
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.28e-03 — 5.26e-02 — 9.52e-02 — 6.18e-03 —

20 9.52e-02 5.32e-04 2.25 2.18e-02 1.36 3.05e-02 1.76 2.53e-03 1.38

40 4.88e-02 1.55e-04 1.84 8.94e-03 1.34 8.86e-03 1.85 9.74e-04 1.42

60 3.28e-02 7.90e-05 1.70 5.23e-03 1.35 4.18e-03 1.89 5.62e-04 1.38

80 2.47e-02 4.97e-05 1.63 3.59e-03 1.33 2.44e-03 1.90 3.77e-04 1.41

100 1.98e-02 3.52e-05 1.56 2.68e-03 1.33 1.60e-03 1.91 2.79e-04 1.36

120 1.65e-02 2.68e-05 1.52 2.10e-03 1.34 1.13e-03 1.90 2.20e-04 1.33

140 1.42e-02 2.12e-05 1.52 1.71e-03 1.33 8.49e-04 1.90 1.79e-04 1.34

Method 4

Test 2.4
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.16e-03 — 5.13e-02 — 1.37e-01 — 6.73e-03 —

20 9.52e-02 5.42e-04 2.14 2.19e-02 1.32 4.34e-02 1.78 2.67e-03 1.43

40 4.88e-02 1.64e-04 1.79 8.98e-03 1.33 1.23e-02 1.88 1.01e-03 1.45

60 3.28e-02 8.45e-05 1.67 5.25e-03 1.35 5.76e-03 1.92 5.80e-04 1.41

80 2.47e-02 5.33e-05 1.62 3.60e-03 1.33 3.33e-03 1.93 3.87e-04 1.43

100 1.98e-02 3.78e-05 1.56 2.69e-03 1.33 2.18e-03 1.93 2.85e-04 1.38

120 1.65e-02 2.87e-05 1.53 2.11e-03 1.34 1.53e-03 1.93 2.24e-04 1.34

140 1.42e-02 2.27e-05 1.53 1.72e-03 1.33 1.14e-03 1.93 1.82e-04 1.36
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Method 5 Using Boundary Condition 1

Test 2.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.52e-01 — 1.61e+00 — 4.29e-01 — 8.34e-01 —

20 9.52e-02 5.80e-02 1.49 1.37e+00 0.25 2.68e-01 0.73 6.43e-01 0.40

40 4.88e-02 1.88e-02 1.69 1.20e+00 0.20 1.71e-01 0.67 6.31e-01 0.03

60 3.28e-02 9.31e-03 1.76 1.08e+00 0.25 1.33e-01 0.63 6.10e-01 0.09

80 2.47e-02 5.60e-03 1.79 9.97e-01 0.29 1.10e-01 0.66 5.83e-01 0.16

100 1.98e-02 3.77e-03 1.79 9.31e-01 0.31 9.51e-02 0.68 5.58e-01 0.19

120 1.65e-02 2.72e-03 1.80 8.77e-01 0.33 8.37e-02 0.70 5.37e-01 0.22

140 1.42e-02 2.06e-03 1.81 8.33e-01 0.34 7.49e-02 0.73 5.17e-01 0.24

Method 5 Using Boundary Condition 2

Test 2.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.17e-01 — 9.37e-01 — 4.15e-01 — 6.51e-01 —

20 9.52e-02 6.70e-02 1.82 4.34e-01 1.19 1.70e-01 1.38 2.28e-01 1.63

40 4.88e-02 1.84e-02 1.93 2.11e-01 1.08 6.29e-02 1.49 7.87e-02 1.59

60 3.28e-02 8.38e-03 1.98 1.49e-01 0.87 3.62e-02 1.39 4.43e-02 1.44

80 2.47e-02 4.76e-03 1.99 1.19e-01 0.80 2.51e-02 1.30 3.01e-02 1.36

100 1.98e-02 3.09e-03 1.97 9.98e-02 0.79 1.91e-02 1.25 2.26e-02 1.31

120 1.65e-02 2.16e-03 1.98 8.62e-02 0.81 1.52e-02 1.24 1.79e-02 1.28

140 1.42e-02 1.59e-03 1.99 7.59e-02 0.83 1.26e-02 1.25 1.47e-02 1.28
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8.3. Test 3 Results

Solution 1: u(x, y) = sin
(
π
2
(x+ y)2

)
Method 1

Test 3.1
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.60e-02 — 2.82e-01 — 3.42e-01 — 2.69e-01 —

20 9.52e-02 9.62e-03 2.04 1.24e-01 1.27 1.45e-01 1.32 1.19e-01 1.26

40 4.88e-02 2.51e-03 2.01 4.36e-02 1.56 5.53e-02 1.44 4.22e-02 1.55

60 3.28e-02 1.13e-03 2.01 2.19e-02 1.74 2.84e-02 1.68 2.11e-02 1.74

80 2.47e-02 6.42e-04 2.00 1.29e-02 1.86 1.71e-02 1.78 1.27e-02 1.80

100 1.98e-02 4.12e-04 2.00 8.59e-03 1.85 1.14e-02 1.83 8.45e-03 1.84

120 1.65e-02 2.87e-04 2.00 6.12e-03 1.88 8.18e-03 1.86 6.01e-03 1.88

140 1.42e-02 2.11e-04 2.00 4.57e-03 1.90 6.13e-03 1.88 4.48e-03 1.92

Method 2 Using Boundary Condition 1

Test 3.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.85e-01 — 1.31e+00 — 1.61e+00 — 4.92e-01 —

20 9.52e-02 4.93e-02 2.05 5.50e-01 1.35 6.35e-01 1.44 3.38e-01 0.58

40 4.88e-02 1.29e-02 2.01 1.80e-01 1.67 1.96e-01 1.76 1.44e-01 1.28

60 3.28e-02 5.80e-03 2.00 9.43e-02 1.63 9.35e-02 1.87 7.98e-02 1.48

80 2.47e-02 3.29e-03 2.00 5.71e-02 1.77 5.44e-02 1.91 4.97e-02 1.67

100 1.98e-02 2.11e-03 2.00 3.86e-02 1.77 3.57e-02 1.91 3.37e-02 1.76

120 1.65e-02 1.47e-03 2.00 2.82e-02 1.73 2.52e-02 1.92 2.46e-02 1.74

140 1.42e-02 1.09e-03 2.00 2.16e-02 1.75 1.89e-02 1.90 1.87e-02 1.80
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Method 2 Using Boundary Condition 2

Test 3.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.31e-01 — 1.24e+00 — 1.60e+00 — 1.22e+00 —

20 9.52e-02 3.60e-02 2.00 4.33e-01 1.63 6.48e-01 1.39 4.20e-01 1.65

40 4.88e-02 9.62e-03 1.97 1.71e-01 1.39 2.31e-01 1.54 1.68e-01 1.36

60 3.28e-02 4.39e-03 1.98 8.84e-02 1.66 1.17e-01 1.71 8.74e-02 1.65

80 2.47e-02 2.51e-03 1.98 5.27e-02 1.82 7.04e-02 1.80 5.24e-02 1.80

100 1.98e-02 1.62e-03 1.98 3.51e-02 1.85 4.69e-02 1.84 3.53e-02 1.80

120 1.65e-02 1.13e-03 1.98 2.50e-02 1.87 3.34e-02 1.87 2.50e-02 1.90

140 1.42e-02 8.34e-04 1.99 1.87e-02 1.91 2.50e-02 1.89 1.86e-02 1.93

Method 3

Test 3.1
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.67e-02 — 3.12e-01 — 2.25e+00 — 2.97e-01 —

20 9.52e-02 9.81e-03 2.04 1.31e-01 1.34 8.79e-01 1.45 1.24e-01 1.35

40 4.88e-02 2.56e-03 2.01 4.59e-02 1.57 2.72e-01 1.75 4.45e-02 1.53

60 3.28e-02 1.16e-03 2.01 2.31e-02 1.72 1.29e-01 1.87 2.23e-02 1.73

80 2.47e-02 6.55e-04 2.00 1.36e-02 1.88 7.52e-02 1.91 1.35e-02 1.79

100 1.98e-02 4.21e-04 2.00 9.06e-03 1.83 4.91e-02 1.93 8.98e-03 1.83

120 1.65e-02 2.93e-04 2.00 6.44e-03 1.88 3.45e-02 1.95 6.40e-03 1.88

140 1.42e-02 2.16e-04 2.01 4.78e-03 1.95 2.56e-02 1.95 4.75e-03 1.94
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Method 4

Test 3.1
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.36e-02 — 2.85e-01 — 3.00e+00 — 2.66e-01 —

20 9.52e-02 8.94e-03 2.05 1.25e-01 1.28 1.16e+00 1.47 1.14e-01 1.31

40 4.88e-02 2.33e-03 2.01 4.24e-02 1.61 3.56e-01 1.77 4.08e-02 1.53

60 3.28e-02 1.05e-03 2.00 2.13e-02 1.73 1.69e-01 1.88 2.04e-02 1.75

80 2.47e-02 5.96e-04 2.00 1.25e-02 1.89 9.79e-02 1.92 1.22e-02 1.79

100 1.98e-02 3.83e-04 2.00 8.33e-03 1.83 6.38e-02 1.94 8.14e-03 1.85

120 1.65e-02 2.67e-04 2.00 5.93e-03 1.89 4.49e-02 1.95 5.80e-03 1.88

140 1.42e-02 1.96e-04 2.01 4.41e-03 1.93 3.33e-02 1.96 4.32e-03 1.92

Method 5 Using Boundary Condition 1

Test 3.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.58e-01 — 8.11e+00 — 5.12e+00 — 4.92e+00 —

20 9.52e-02 2.11e-01 1.20 6.39e+00 0.37 3.39e+00 0.64 3.83e+00 0.39

40 4.88e-02 7.32e-02 1.58 4.23e+00 0.61 1.79e+00 0.95 2.54e+00 0.61

60 3.28e-02 3.65e-02 1.75 3.19e+00 0.72 1.10e+00 1.23 1.83e+00 0.82

80 2.47e-02 2.17e-02 1.83 2.61e+00 0.71 7.48e-01 1.36 1.42e+00 0.91

100 1.98e-02 1.44e-02 1.85 2.25e+00 0.66 5.45e-01 1.43 1.17e+00 0.87

120 1.65e-02 1.02e-02 1.89 2.01e+00 0.63 4.20e-01 1.44 1.01e+00 0.82

140 1.42e-02 7.65e-03 1.91 1.83e+00 0.60 3.38e-01 1.43 8.98e-01 0.77
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Method 5 Using Boundary Condition 2

Test 3.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.77e-01 — 7.76e+00 — 5.16e+00 — 7.66e+00 —

20 9.52e-02 2.14e-01 1.24 4.88e+00 0.72 3.22e+00 0.73 4.77e+00 0.73

40 4.88e-02 7.39e-02 1.59 2.34e+00 1.10 1.47e+00 1.17 2.27e+00 1.11

60 3.28e-02 3.67e-02 1.76 1.33e+00 1.42 8.16e-01 1.48 1.28e+00 1.44

80 2.47e-02 2.18e-02 1.84 8.51e-01 1.58 5.16e-01 1.62 8.30e-01 1.53

100 1.98e-02 1.45e-02 1.86 5.93e-01 1.64 3.55e-01 1.69 5.82e-01 1.61

120 1.65e-02 1.03e-02 1.89 4.38e-01 1.67 2.60e-01 1.73 4.34e-01 1.62

140 1.42e-02 7.67e-03 1.91 3.39e-01 1.68 1.98e-01 1.77 3.39e-01 1.62

Solution 2: u(x, y) = x2 + 3xy + 1
2
y2 + 3

Method 1

Test 3.2
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.60e-15 — 6.79e-14 — 3.47e-14 — 7.15e-14 —

20 9.52e-02 4.59e-15 -0.88 2.14e-13 -1.78 1.13e-13 -1.82 2.06e-13 -1.64

40 4.88e-02 8.39e-15 -0.90 7.91e-13 -1.95 4.50e-13 -2.07 8.06e-13 -2.04

60 3.28e-02 2.42e-14 -2.67 1.81e-12 -2.09 1.01e-12 -2.03 1.77e-12 -1.97

80 2.47e-02 7.63e-15 4.07 3.24e-12 -2.05 1.77e-12 -1.99 3.10e-12 -1.98

100 1.98e-02 1.53e-14 -3.15 4.98e-12 -1.95 2.69e-12 -1.91 4.89e-12 -2.08

120 1.65e-02 1.65e-14 -0.43 7.27e-12 -2.10 4.01e-12 -2.19 7.06e-12 -2.02

140 1.42e-02 2.99e-14 -3.89 9.65e-12 -1.85 5.37e-12 -1.92 9.56e-12 -1.98
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Method 2 Using Boundary Condition 1

Test 3.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.93e-02 — 6.76e-02 — 3.71e-02 — 2.18e-02 —

20 9.52e-02 8.19e-03 1.97 3.68e-02 0.94 1.91e-02 1.03 1.37e-02 0.72

40 4.88e-02 2.17e-03 1.98 1.92e-02 0.97 9.61e-03 1.02 7.08e-03 0.99

60 3.28e-02 9.83e-04 1.99 1.34e-02 0.91 6.26e-03 1.08 4.88e-03 0.94

80 2.47e-02 5.58e-04 2.00 9.99e-03 1.03 4.68e-03 1.03 3.76e-03 0.92

100 1.98e-02 3.59e-04 2.00 8.03e-03 0.99 3.72e-03 1.03 3.05e-03 0.95

120 1.65e-02 2.50e-04 2.00 6.68e-03 1.02 3.08e-03 1.05 2.52e-03 1.06

140 1.42e-02 1.84e-04 2.00 5.73e-03 1.00 2.64e-03 1.01 2.17e-03 0.99

Method 2 Using Boundary Condition 2

Test 3.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.11e-15 — 1.55e-14 — 9.43e-15 — 1.81e-14 —

20 9.52e-02 1.85e-15 -0.79 6.54e-14 -2.23 3.44e-14 -2.00 6.34e-14 -1.94

40 4.88e-02 3.77e-15 -1.06 2.21e-13 -1.82 1.39e-13 -2.08 2.31e-13 -1.93

60 3.28e-02 4.16e-15 -0.25 4.92e-13 -2.02 3.30e-13 -2.19 4.99e-13 -1.94

80 2.47e-02 6.41e-15 -1.52 8.66e-13 -1.99 5.67e-13 -1.91 8.61e-13 -1.93

100 1.98e-02 5.83e-15 0.43 1.37e-12 -2.09 9.02e-13 -2.10 1.33e-12 -1.97

120 1.65e-02 9.63e-15 -2.78 1.91e-12 -1.82 1.28e-12 -1.94 1.87e-12 -1.88

140 1.42e-02 9.07e-15 0.39 2.55e-12 -1.91 1.72e-12 -1.91 2.47e-12 -1.82
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Method 3

Test 3.2
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.16e-15 — 7.16e-14 — 1.82e-14 — 7.61e-14 —

20 9.52e-02 2.26e-15 -0.07 2.07e-13 -1.64 5.38e-14 -1.68 2.07e-13 -1.55

40 4.88e-02 5.47e-15 -1.32 7.64e-13 -1.95 2.05e-13 -2.00 7.75e-13 -1.97

60 3.28e-02 6.84e-15 -0.56 1.72e-12 -2.04 4.69e-13 -2.09 1.68e-12 -1.95

80 2.47e-02 1.50e-14 -2.77 3.15e-12 -2.14 8.03e-13 -1.90 2.98e-12 -2.03

100 1.98e-02 1.02e-14 1.76 4.92e-12 -2.02 1.32e-12 -2.25 4.75e-12 -2.11

120 1.65e-02 8.49e-15 1.00 6.99e-12 -1.95 1.88e-12 -1.95 6.76e-12 -1.95

140 1.42e-02 1.62e-14 -4.24 9.56e-12 -2.05 2.56e-12 -2.02 9.28e-12 -2.07

Method 4

Test 3.2
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.74e-15 — 4.60e-14 — 2.65e-14 — 5.17e-14 —

20 9.52e-02 3.62e-15 -1.13 2.02e-13 -2.29 1.16e-13 -2.29 2.09e-13 -2.16

40 4.88e-02 5.81e-15 -0.71 8.19e-13 -2.09 4.41e-13 -2.00 7.80e-13 -1.97

60 3.28e-02 1.01e-14 -1.39 1.80e-12 -1.99 9.78e-13 -2.00 1.78e-12 -2.07

80 2.47e-02 7.52e-15 1.04 3.12e-12 -1.93 1.73e-12 -2.01 3.06e-12 -1.92

100 1.98e-02 1.04e-14 -1.47 4.86e-12 -2.01 2.66e-12 -1.94 4.67e-12 -1.92

120 1.65e-02 1.26e-14 -1.05 7.13e-12 -2.12 3.97e-12 -2.22 7.04e-12 -2.27

140 1.42e-02 1.35e-14 -0.47 9.70e-12 -2.01 5.31e-12 -1.89 9.65e-12 -2.06
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Method 5 Using Boundary Condition 1

Test 3.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 9.12e-02 — 8.26e-01 — 1.54e-01 — 2.92e-01 —

20 9.52e-02 3.07e-02 1.69 6.52e-01 0.36 8.31e-02 0.95 2.63e-01 0.16

40 4.88e-02 8.82e-03 1.86 4.85e-01 0.44 4.36e-02 0.96 2.04e-01 0.38

60 3.28e-02 4.15e-03 1.90 4.04e-01 0.46 3.19e-02 0.79 1.73e-01 0.41

80 2.47e-02 2.44e-03 1.88 3.55e-01 0.46 2.68e-02 0.61 1.54e-01 0.41

100 1.98e-02 1.60e-03 1.90 3.20e-01 0.47 2.35e-02 0.59 1.41e-01 0.42

120 1.65e-02 1.13e-03 1.91 2.94e-01 0.47 2.09e-02 0.65 1.30e-01 0.43

140 1.42e-02 8.48e-04 1.90 2.73e-01 0.47 1.86e-02 0.75 1.22e-01 0.43

Method 5 Using Boundary Condition 2

Test 3.2
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.21e-14 — 1.52e-13 — 1.10e-13 — 1.83e-13 —

20 9.52e-02 2.68e-13 -2.86 7.57e-13 -2.49 6.05e-13 -2.64 7.81e-13 -2.25

40 4.88e-02 1.10e-12 -2.11 4.56e-12 -2.68 2.82e-12 -2.30 4.16e-12 -2.50

60 3.28e-02 3.17e-12 -2.66 1.21e-11 -2.45 8.39e-12 -2.75 1.07e-11 -2.37

80 2.47e-02 4.73e-12 -1.41 1.70e-11 -1.21 1.27e-11 -1.45 1.58e-11 -1.37

100 1.98e-02 4.47e-12 0.26 1.81e-11 -0.30 1.30e-11 -0.13 1.78e-11 -0.55

120 1.65e-02 2.30e-13 16.42 1.24e-11 2.10 6.99e-12 3.44 1.23e-11 2.04

140 1.42e-02 4.55e-12 -19.52 2.41e-11 -4.32 1.62e-11 -5.49 2.32e-11 -4.15
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Solution 3: u(x, y) = exy+2y

Method 1

Test 3.3
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.14e-02 — 3.55e-01 — 3.84e-01 — 2.78e-01 —

20 9.52e-02 1.17e-02 1.96 1.23e-01 1.64 1.45e-01 1.50 1.03e-01 1.54

40 4.88e-02 3.05e-03 2.01 3.82e-02 1.75 4.52e-02 1.75 3.03e-02 1.83

60 3.28e-02 1.39e-03 1.99 1.85e-02 1.82 2.18e-02 1.83 1.43e-02 1.90

80 2.47e-02 7.89e-04 1.99 1.07e-02 1.94 1.28e-02 1.87 8.32e-03 1.91

100 1.98e-02 5.06e-04 2.01 7.05e-03 1.88 8.43e-03 1.91 5.43e-03 1.93

120 1.65e-02 3.53e-04 1.99 4.98e-03 1.92 5.96e-03 1.92 3.83e-03 1.94

140 1.42e-02 2.60e-04 2.00 3.70e-03 1.95 4.43e-03 1.94 2.85e-03 1.93

Method 2 Using Boundary Condition 1

Test 3.3.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.32e-01 — 3.05e+00 — 1.41e+00 — 6.20e-01 —

20 9.52e-02 1.00e-01 1.85 1.44e+00 1.16 7.29e-01 1.02 4.22e-01 0.60

40 4.88e-02 2.82e-02 1.90 1.10e+00 0.40 3.75e-01 0.99 2.27e-01 0.92

60 3.28e-02 1.31e-02 1.93 8.42e-01 0.68 2.81e-01 0.73 2.32e-01 -0.05

80 2.47e-02 7.52e-03 1.96 6.38e-01 0.98 2.12e-01 0.99 1.99e-01 0.55

100 1.98e-02 4.85e-03 1.99 5.15e-01 0.97 1.68e-01 1.07 1.68e-01 0.75

120 1.65e-02 3.38e-03 1.99 4.31e-01 0.98 1.39e-01 1.02 1.45e-01 0.83

140 1.42e-02 2.48e-03 2.02 3.71e-01 0.98 1.19e-01 1.03 1.26e-01 0.90
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Method 2 Using Boundary Condition 2

Test 3.3
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.22e-01 — 1.03e+00 — 1.06e+00 — 8.26e-01 —

20 9.52e-02 4.04e-02 1.71 4.54e-01 1.27 4.11e-01 1.47 3.88e-01 1.17

40 4.88e-02 1.12e-02 1.92 1.61e-01 1.55 1.30e-01 1.72 1.23e-01 1.72

60 3.28e-02 5.24e-03 1.92 8.12e-02 1.73 6.41e-02 1.77 5.74e-02 1.91

80 2.47e-02 3.02e-03 1.94 4.86e-02 1.81 3.78e-02 1.87 3.42e-02 1.83

100 1.98e-02 1.95e-03 1.97 3.25e-02 1.82 2.49e-02 1.89 2.27e-02 1.85

120 1.65e-02 1.37e-03 1.96 2.33e-02 1.85 1.77e-02 1.91 1.62e-02 1.87

140 1.42e-02 1.01e-03 1.97 1.74e-02 1.89 1.32e-02 1.93 1.22e-02 1.88

Method 3

Test 3.3
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.08e-02 — 3.54e-01 — 8.72e-01 — 2.78e-01 —

20 9.52e-02 1.15e-02 1.96 1.23e-01 1.63 3.04e-01 1.63 1.03e-01 1.54

40 4.88e-02 3.01e-03 2.01 3.81e-02 1.75 9.16e-02 1.80 3.03e-02 1.83

60 3.28e-02 1.37e-03 1.98 1.85e-02 1.82 4.35e-02 1.88 1.43e-02 1.90

80 2.47e-02 7.79e-04 1.99 1.06e-02 1.94 2.53e-02 1.91 8.32e-03 1.91

100 1.98e-02 5.00e-04 2.01 7.03e-03 1.88 1.65e-02 1.93 5.43e-03 1.93

120 1.65e-02 3.49e-04 1.99 4.97e-03 1.92 1.16e-02 1.94 3.83e-03 1.94

140 1.42e-02 2.57e-04 2.00 3.69e-03 1.95 8.63e-03 1.95 2.85e-03 1.93
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Method 4

Test 3.3
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.95e-02 — 3.54e-01 — 1.15e+00 — 2.80e-01 —

20 9.52e-02 1.12e-02 1.95 1.23e-01 1.64 3.39e-01 1.88 1.03e-01 1.54

40 4.88e-02 2.91e-03 2.01 3.80e-02 1.75 1.03e-01 1.78 3.05e-02 1.83

60 3.28e-02 1.33e-03 1.98 1.84e-02 1.82 4.99e-02 1.83 1.44e-02 1.90

80 2.47e-02 7.54e-04 1.99 1.06e-02 1.94 2.90e-02 1.92 8.35e-03 1.91

100 1.98e-02 4.84e-04 2.02 7.02e-03 1.88 1.92e-02 1.87 5.46e-03 1.93

120 1.65e-02 3.37e-04 1.99 4.96e-03 1.92 1.35e-02 1.96 3.84e-03 1.94

140 1.42e-02 2.49e-04 2.00 3.68e-03 1.95 9.85e-03 2.04 2.86e-03 1.93

Method 5 Using Boundary Condition 1

Test 3.3.1
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.37e-01 — 1.90e+00 — 1.46e+00 — 6.89e-01 —

20 9.52e-02 1.33e-01 0.89 2.17e+00 -0.21 1.37e+00 0.09 1.05e+00 -0.65

40 4.88e-02 5.53e-02 1.31 1.90e+00 0.20 1.30e+00 0.09 1.32e+00 -0.35

60 3.28e-02 2.97e-02 1.57 1.46e+00 0.66 1.06e+00 0.50 1.12e+00 0.40

80 2.47e-02 1.97e-02 1.45 1.16e+00 0.81 9.18e-01 0.52 9.07e-01 0.76

100 1.98e-02 1.27e-02 2.00 9.55e-01 0.87 7.72e-01 0.79 7.27e-01 1.00

120 1.65e-02 9.34e-03 1.68 8.27e-01 0.79 6.76e-01 0.74 6.13e-01 0.95

140 1.42e-02 7.28e-03 1.63 7.40e-01 0.73 6.22e-01 0.54 5.45e-01 0.77
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Method 5 Using Boundary Condition 2

Test 3.3
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 5.41e-01 — 2.18e+00 — 1.17e+00 — 3.71e+00 —

20 9.52e-02 2.01e-01 1.53 1.16e+00 0.97 6.17e-01 0.99 2.71e+00 0.49

40 4.88e-02 6.40e-02 1.71 4.91e-01 1.29 2.93e-01 1.11 1.59e+00 0.80

60 3.28e-02 3.14e-02 1.79 2.74e-01 1.46 1.74e-01 1.31 1.06e+00 1.02

80 2.47e-02 1.86e-02 1.85 1.77e-01 1.55 1.17e-01 1.41 7.89e-01 1.03

100 1.98e-02 1.24e-02 1.82 1.22e-01 1.67 8.59e-02 1.39 6.00e-01 1.24

120 1.65e-02 8.88e-03 1.87 8.99e-02 1.71 6.59e-02 1.47 4.89e-01 1.13

140 1.42e-02 6.65e-03 1.89 6.89e-02 1.74 5.28e-02 1.45 4.13e-01 1.11

Solution 4: u(x, y) = x3

18

(
3 log(x2)− 11

)
+
(
y − 1

2

) 8
3

√∣∣∣x+ 1
5

∣∣∣5
Method 1

Test 3.4
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.68e-03 — 2.62e-02 — 1.79e-01 — 3.13e-02 —

20 9.52e-02 1.37e-03 1.53 1.19e-02 1.21 5.39e-02 1.85 1.47e-02 1.17

40 4.88e-02 5.17e-04 1.45 5.65e-03 1.12 1.51e-02 1.91 6.47e-03 1.23

60 3.28e-02 2.92e-04 1.44 3.42e-03 1.26 7.03e-03 1.92 3.75e-03 1.37

80 2.47e-02 1.95e-04 1.43 2.35e-03 1.33 4.10e-03 1.90 2.64e-03 1.25

100 1.98e-02 1.41e-04 1.46 1.77e-03 1.29 2.70e-03 1.89 1.92e-03 1.43

120 1.65e-02 1.09e-04 1.45 1.40e-03 1.29 1.93e-03 1.87 1.53e-03 1.27

140 1.42e-02 8.70e-05 1.45 1.14e-03 1.34 1.45e-03 1.84 1.23e-03 1.41
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Method 2 Using Boundary Condition 1

Test 3.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.97e-02 — 2.62e-01 — 1.50e-01 — 8.25e-02 —

20 9.52e-02 1.22e-02 2.17 1.56e-01 0.80 8.29e-02 0.92 5.38e-02 0.66

40 4.88e-02 3.41e-03 1.91 8.04e-02 0.99 4.25e-02 1.00 3.07e-02 0.84

60 3.28e-02 1.58e-03 1.94 5.92e-02 0.77 2.90e-02 0.96 2.38e-02 0.64

80 2.47e-02 9.30e-04 1.87 4.41e-02 1.04 2.13e-02 1.08 1.79e-02 1.00

100 1.98e-02 6.06e-04 1.94 3.54e-02 1.00 1.70e-02 1.03 1.46e-02 0.93

120 1.65e-02 4.34e-04 1.85 2.95e-02 1.01 1.39e-02 1.10 1.21e-02 1.03

140 1.42e-02 3.23e-04 1.94 2.53e-02 1.00 1.19e-02 1.02 1.04e-02 1.00

Method 2 Using Boundary Condition 2

Test 3.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.70e-02 — 1.28e-01 — 1.14e-01 — 1.10e-01 —

20 9.52e-02 3.64e-03 2.39 4.19e-02 1.73 4.83e-02 1.32 5.10e-02 1.18

40 4.88e-02 9.53e-04 2.00 2.05e-02 1.06 1.71e-02 1.55 1.89e-02 1.49

60 3.28e-02 4.47e-04 1.91 1.18e-02 1.40 9.71e-03 1.43 1.02e-02 1.55

80 2.47e-02 2.71e-04 1.76 7.77e-03 1.47 6.39e-03 1.48 6.71e-03 1.47

100 1.98e-02 1.85e-04 1.72 5.55e-03 1.52 4.62e-03 1.47 4.84e-03 1.48

120 1.65e-02 1.38e-04 1.64 4.23e-03 1.51 3.53e-03 1.49 3.73e-03 1.44

140 1.42e-02 1.07e-04 1.64 3.36e-03 1.50 2.80e-03 1.52 2.94e-03 1.57
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Method 3

Test 3.4
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.65e-03 — 2.58e-02 — 9.49e-02 — 3.03e-02 —

20 9.52e-02 1.35e-03 1.54 1.19e-02 1.20 3.01e-02 1.78 1.43e-02 1.16

40 4.88e-02 5.12e-04 1.45 5.62e-03 1.12 8.78e-03 1.84 6.35e-03 1.21

60 3.28e-02 2.89e-04 1.44 3.40e-03 1.26 4.24e-03 1.83 3.70e-03 1.36

80 2.47e-02 1.93e-04 1.42 2.34e-03 1.32 2.56e-03 1.78 2.61e-03 1.24

100 1.98e-02 1.40e-04 1.45 1.76e-03 1.29 1.73e-03 1.77 1.90e-03 1.43

120 1.65e-02 1.08e-04 1.44 1.39e-03 1.29 1.27e-03 1.72 1.51e-03 1.26

140 1.42e-02 8.64e-05 1.45 1.14e-03 1.34 9.82e-04 1.67 1.22e-03 1.40

Method 4

Test 3.4
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 4.37e-03 — 2.52e-02 — 1.60e-01 — 3.24e-02 —

20 9.52e-02 1.58e-03 1.58 1.17e-02 1.18 4.86e-02 1.85 1.50e-02 1.19

40 4.88e-02 5.72e-04 1.52 5.61e-03 1.10 1.37e-02 1.90 6.55e-03 1.24

60 3.28e-02 3.16e-04 1.49 3.41e-03 1.26 6.41e-03 1.90 3.79e-03 1.38

80 2.47e-02 2.08e-04 1.47 2.34e-03 1.32 3.77e-03 1.88 2.65e-03 1.25

100 1.98e-02 1.50e-04 1.49 1.76e-03 1.29 2.49e-03 1.88 1.93e-03 1.44

120 1.65e-02 1.15e-04 1.48 1.40e-03 1.29 1.78e-03 1.85 1.54e-03 1.28

140 1.42e-02 9.15e-05 1.48 1.14e-03 1.34 1.35e-03 1.83 1.24e-03 1.41
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Method 5 Using Boundary Condition 1

Test 3.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.58e-01 — 1.40e+00 — 3.76e-01 — 6.71e-01 —

20 9.52e-02 5.51e-02 1.63 1.13e+00 0.33 2.16e-01 0.85 4.32e-01 0.68

40 4.88e-02 1.60e-02 1.85 9.04e-01 0.34 1.23e-01 0.85 3.46e-01 0.33

60 3.28e-02 7.48e-03 1.91 7.80e-01 0.37 9.44e-02 0.66 3.10e-01 0.28

80 2.47e-02 4.34e-03 1.92 6.94e-01 0.42 7.91e-02 0.63 2.82e-01 0.33

100 1.98e-02 2.85e-03 1.92 6.33e-01 0.42 6.88e-02 0.63 2.63e-01 0.33

120 1.65e-02 2.00e-03 1.95 5.85e-01 0.43 6.07e-02 0.69 2.46e-01 0.36

140 1.42e-02 1.48e-03 1.96 5.45e-01 0.46 5.37e-02 0.79 2.31e-01 0.42

Method 5 Using Boundary Condition 2

Test 3.4
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.31e-01 — 8.15e-01 — 4.16e-01 — 7.35e-01 —

20 9.52e-02 7.19e-02 1.81 3.29e-01 1.40 1.61e-01 1.47 2.73e-01 1.53

40 4.88e-02 1.96e-02 1.94 1.40e-01 1.28 5.37e-02 1.64 9.80e-02 1.53

60 3.28e-02 9.03e-03 1.95 9.12e-02 1.08 2.81e-02 1.63 5.59e-02 1.41

80 2.47e-02 5.23e-03 1.92 6.79e-02 1.04 1.80e-02 1.57 3.91e-02 1.26

100 1.98e-02 3.40e-03 1.95 5.40e-02 1.04 1.26e-02 1.60 2.95e-02 1.27

120 1.65e-02 2.39e-03 1.96 4.49e-02 1.02 9.50e-03 1.58 2.38e-02 1.19

140 1.42e-02 1.77e-03 1.96 3.85e-02 1.00 7.52e-03 1.53 1.99e-02 1.16
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8.4. Test 4 Results

Recall from Sections 5.1 and 5.5 the following matrix and solution:

Solution 5: u(x, y) = x4/3 − y4/3 A(x, y) =
16

9

[
x2/3 −x1/3y1/3

−x1/3y1/3 y2/3

]

Method 1

Test 4.5
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̂2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.94e-02 — 1.12e+00 — 2.12e-01 — 1.12e+00 —

20 9.52e-02 2.21e-02 0.44 1.07e+00 0.08 2.52e-01 -0.26 1.07e+00 0.08

40 4.88e-02 1.62e-02 0.46 9.90e-01 0.11 2.53e-01 -0.01 9.90e-01 0.11

60 3.28e-02 1.36e-02 0.44 9.39e-01 0.13 2.48e-01 0.05 9.39e-01 0.13

80 2.47e-02 1.21e-02 0.43 9.03e-01 0.14 2.42e-01 0.08 9.03e-01 0.14

100 1.98e-02 1.10e-02 0.42 8.75e-01 0.14 2.37e-01 0.11 8.75e-01 0.14

120 1.65e-02 1.02e-02 0.41 8.52e-01 0.15 2.31e-01 0.12 8.52e-01 0.15

140 1.42e-02 9.59e-03 0.41 8.33e-01 0.15 2.27e-01 0.14 8.33e-01 0.15

Method 2 Using Boundary Condition 1

Test 4.5
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 3.27e-02 — 9.63e-01 — 1.59e-01 — 8.53e-01 —

20 9.52e-02 2.32e-02 0.53 9.50e-01 0.02 2.14e-01 -0.46 8.80e-01 -0.05

40 4.88e-02 1.72e-02 0.45 9.04e-01 0.08 2.44e-01 -0.19 8.57e-01 0.04

60 3.28e-02 1.43e-02 0.45 8.68e-01 0.10 2.49e-01 -0.06 8.32e-01 0.08

80 2.47e-02 1.26e-02 0.45 8.41e-01 0.11 2.48e-01 0.02 8.10e-01 0.09

100 1.98e-02 1.15e-02 0.44 8.20e-01 0.12 2.45e-01 0.06 7.92e-01 0.10

120 1.65e-02 1.06e-02 0.43 8.01e-01 0.12 2.41e-01 0.09 7.76e-01 0.11

140 1.42e-02 9.93e-03 0.43 7.86e-01 0.13 2.36e-01 0.12 7.63e-01 0.11
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Method 2 Using Boundary Condition 2

Test 4.5
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.74e-02 — 9.88e-01 — 1.54e-01 — 9.88e-01 —

20 9.52e-02 2.29e-02 0.28 9.53e-01 0.05 2.07e-01 -0.46 9.53e-01 0.05

40 4.88e-02 1.71e-02 0.44 9.04e-01 0.08 2.39e-01 -0.21 9.04e-01 0.08

60 3.28e-02 1.43e-02 0.45 8.68e-01 0.10 2.46e-01 -0.07 8.68e-01 0.10

80 2.47e-02 1.26e-02 0.44 8.41e-01 0.11 2.45e-01 0.00 8.41e-01 0.11

100 1.98e-02 1.15e-02 0.44 8.19e-01 0.12 2.43e-01 0.05 8.19e-01 0.12

120 1.65e-02 1.06e-02 0.43 8.01e-01 0.12 2.39e-01 0.09 8.01e-01 0.12

140 1.42e-02 9.92e-03 0.43 7.86e-01 0.13 2.35e-01 0.11 7.86e-01 0.13

Method 3

Test 4.5
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.86e-02 — 1.12e+00 — 1.66e-01 — 1.12e+00 —

20 9.52e-02 2.18e-02 0.42 1.07e+00 0.08 2.11e-01 -0.37 1.07e+00 0.08

40 4.88e-02 1.62e-02 0.45 9.87e-01 0.11 2.31e-01 -0.13 9.87e-01 0.11

60 3.28e-02 1.36e-02 0.44 9.37e-01 0.13 2.33e-01 -0.02 9.37e-01 0.13

80 2.47e-02 1.20e-02 0.43 9.01e-01 0.14 2.31e-01 0.03 9.01e-01 0.14

100 1.98e-02 1.10e-02 0.42 8.73e-01 0.14 2.28e-01 0.06 8.73e-01 0.14

120 1.65e-02 1.02e-02 0.41 8.51e-01 0.14 2.25e-01 0.09 8.51e-01 0.14

140 1.42e-02 9.58e-03 0.41 8.32e-01 0.15 2.21e-01 0.11 8.32e-01 0.15

85



Method 4

Test 4.5
∥∥U − u∥∥

2

∥∥δ̂2
x,hx

U − uxx
∥∥

2

∥∥δ̌2
x,y;hU − uxy

∥∥
2

∥∥δ̂2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 2.73e-02 — 1.14e+00 — 1.58e-01 — 1.14e+00 —

20 9.52e-02 2.12e-02 0.39 1.08e+00 0.08 1.94e-01 -0.31 1.08e+00 0.08

40 4.88e-02 1.59e-02 0.43 1.00e+00 0.12 2.12e-01 -0.13 1.00e+00 0.12

60 3.28e-02 1.34e-02 0.43 9.49e-01 0.14 2.15e-01 -0.04 9.49e-01 0.14

80 2.47e-02 1.19e-02 0.42 9.11e-01 0.14 2.15e-01 0.01 9.11e-01 0.14

100 1.98e-02 1.09e-02 0.41 8.82e-01 0.15 2.13e-01 0.04 8.82e-01 0.15

120 1.65e-02 1.01e-02 0.40 8.58e-01 0.15 2.11e-01 0.06 8.58e-01 0.15

140 1.42e-02 9.52e-03 0.40 8.38e-01 0.15 2.08e-01 0.08 8.38e-01 0.15

Method 5 Using Boundary Condition 1

Test 4.5
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 5.74e-02 — 1.00e+00 — 3.30e-01 — 9.05e-01 —

20 9.52e-02 4.56e-02 0.36 1.08e+00 -0.11 4.18e-01 -0.37 1.02e+00 -0.18

40 4.88e-02 3.30e-02 0.48 1.21e+00 -0.18 4.47e-01 -0.10 1.18e+00 -0.22

60 3.28e-02 2.72e-02 0.49 1.33e+00 -0.23 4.48e-01 -0.00 1.31e+00 -0.26

80 2.47e-02 2.38e-02 0.46 1.43e+00 -0.26 4.44e-01 0.03 1.41e+00 -0.27

100 1.98e-02 2.16e-02 0.44 1.52e+00 -0.27 4.38e-01 0.06 1.50e+00 -0.28

120 1.65e-02 2.00e-02 0.42 1.59e+00 -0.27 4.33e-01 0.07 1.58e+00 -0.28

140 1.42e-02 1.88e-02 0.41 1.66e+00 -0.28 4.28e-01 0.08 1.65e+00 -0.29
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Method 5 Using Boundary Condition 2

Test 4.5
∥∥U − u∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥

2

∥∥δ2
x,y;hU − uxy

∥∥
2

∥∥δ2
y,hy

U − uyy
∥∥

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 6.31e-02 — 1.01e+00 — 3.50e-01 — 1.01e+00 —

20 9.52e-02 4.67e-02 0.46 1.07e+00 -0.08 4.23e-01 -0.29 1.07e+00 -0.08

40 4.88e-02 3.32e-02 0.51 1.21e+00 -0.19 4.50e-01 -0.09 1.21e+00 -0.19

60 3.28e-02 2.73e-02 0.50 1.33e+00 -0.24 4.50e-01 -0.00 1.33e+00 -0.24

80 2.47e-02 2.39e-02 0.47 1.43e+00 -0.26 4.46e-01 0.04 1.43e+00 -0.26

100 1.98e-02 2.16e-02 0.44 1.52e+00 -0.27 4.40e-01 0.06 1.52e+00 -0.27

120 1.65e-02 2.00e-02 0.43 1.59e+00 -0.27 4.34e-01 0.07 1.59e+00 -0.27

140 1.42e-02 1.88e-02 0.41 1.66e+00 -0.28 4.29e-01 0.08 1.66e+00 -0.28
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8.5. Truncation Errors

We record the truncation errors for the various solutions and operators D̃2
h, D̂

2
h, D

2

h.

Solution 1: u(x, y) = sin
(
π
2
(x+ y)2

)
Approximating uxx Using Boundary Condition 1

Solution 1
∥∥δ̃2

x,hx
u− uxx

∥∥
2

∥∥δ̂2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 7.18e+00 — 6.62e-01 — 3.82e+00 — 3.20e+00 —

20 9.52e-02 4.80e+00 0.62 2.49e-01 1.51 2.49e+00 0.67 6.10e-01 1.18

40 4.88e-02 3.03e+00 0.69 7.53e-02 1.79 1.53e+00 0.72 2.27e-01 1.48

60 3.28e-02 2.39e+00 0.59 3.55e-02 1.89 1.20e+00 0.61 1.19e-01 1.64

80 2.47e-02 2.04e+00 0.55 2.06e-02 1.93 1.03e+00 0.56 7.21e-02 1.75

100 1.98e-02 1.82e+00 0.53 1.34e-02 1.94 9.11e-01 0.54 4.83e-02 1.81

120 1.65e-02 1.65e+00 0.52 9.42e-03 1.95 8.29e-01 0.53 3.46e-02 1.85

140 1.42e-02 1.53e+00 0.52 6.98e-03 1.96 7.65e-01 0.52 2.60e-02 1.88

Approximating uxx Using Boundary Condition 2

Solution 1
∥∥δ̃2

x,hx
u− uxx

∥∥
2

∥∥δ̂2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

u− uxx
∥∥

2

Nx h Error Rate Error Rate Error Rate

10 1.82e-01 4.51e+00 — 6.62e-01 — 2.50e+00 —

20 9.52e-02 1.90e+00 1.34 2.49e-01 1.51 1.04e+00 1.36

40 4.88e-02 7.09e-01 1.47 7.53e-02 1.79 3.76e-01 1.52

60 3.28e-02 3.95e-01 1.47 3.55e-02 1.89 2.06e-01 1.51

80 2.47e-02 2.60e-01 1.48 2.06e-02 1.93 1.34e-01 1.51

100 1.98e-02 1.87e-01 1.48 1.34e-02 1.94 9.63e-02 1.51

120 1.65e-02 1.43e-01 1.49 9.42e-03 1.95 7.33e-02 1.51

140 1.42e-02 1.14e-01 1.49 6.98e-03 1.96 5.82e-02 1.51
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Approximating uxy

Solution 1
∥∥δ̃2

x,y;hu− uxy
∥∥

2

∥∥δ̂2
x,y;hu− uxy

∥∥
2

∥∥δ2
x,y;hu− uxy

∥∥
2

Nx h Error Rate Error Rate Error Rate

10 1.82e-01 4.31e+00 — 6.62e-01 — 2.48e+00 —

20 9.52e-02 1.70e+00 1.44 2.49e-01 1.51 9.75e-01 1.45

40 4.88e-02 5.24e-01 1.76 7.53e-02 1.79 2.99e-01 1.76

60 3.28e-02 2.48e-01 1.88 3.55e-02 1.89 1.42e-01 1.88

80 2.47e-02 1.44e-01 1.92 2.06e-02 1.93 8.22e-02 1.92

100 1.98e-02 9.37e-02 1.94 1.34e-02 1.94 5.36e-02 1.94

120 1.65e-02 6.59e-02 1.95 9.42e-03 1.95 3.76e-02 1.95

140 1.42e-02 4.88e-02 1.96 6.98e-03 1.96 2.79e-02 1.96

Solution 2: u(x, y) = x2 + 3xy + 1
2
y2 + 3

Approximating uxx Using Boundary Condition 1

Solution 2
∥∥δ̃2

x,hx
u− uxx

∥∥
2

∥∥δ̂2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 8.13e-01 — 2.76e-14 — 4.07e-01 — 1.33e-01 —

20 9.52e-02 6.02e-01 0.46 1.19e-13 -2.26 3.01e-01 0.46 2.42e-14 -2.65

40 4.88e-02 4.36e-01 0.48 4.77e-13 -2.07 2.18e-01 0.48 1.10e-13 -2.26

60 3.28e-02 3.59e-01 0.49 1.13e-12 -2.18 1.80e-01 0.49 2.67e-13 -2.23

80 2.47e-02 3.12e-01 0.49 1.88e-12 -1.77 1.56e-01 0.49 4.54e-13 -1.87

100 1.98e-02 2.80e-01 0.49 2.92e-12 -2.01 1.40e-01 0.49 7.04e-13 -1.99

120 1.65e-02 2.56e-01 0.50 4.42e-12 -2.29 1.28e-01 0.50 1.14e-12 -2.68

140 1.42e-02 2.37e-01 0.50 6.00e-12 -1.99 1.19e-01 0.50 1.50e-12 -1.77
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Approximating uxx Using Boundary Condition 2

Solution 2
∥∥δ̃2

x,hx
u− uxx

∥∥
2

∥∥δ̂2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

u− uxx
∥∥

2

Nx h Error Rate Error Rate Error Rate

10 1.82e-01 1.72e-14 — 2.76e-14 — 1.70e-14 —

20 9.52e-02 8.35e-14 -2.44 1.19e-13 -2.26 4.77e-14 -1.60

40 4.88e-02 3.55e-13 -2.16 4.77e-13 -2.07 1.56e-13 -1.77

60 3.28e-02 8.54e-13 -2.21 1.13e-12 -2.18 3.13e-13 -1.75

80 2.47e-02 1.39e-12 -1.72 1.88e-12 -1.77 5.28e-13 -1.84

100 1.98e-02 2.21e-12 -2.10 2.92e-12 -2.01 8.12e-13 -1.95

120 1.65e-02 3.28e-12 -2.19 4.42e-12 -2.29 1.24e-12 -2.34

140 1.42e-02 4.51e-12 -2.07 6.00e-12 -1.99 1.63e-12 -1.81

Approximating uxy

Solution 2
∥∥δ̃2

x,y;hu− uxy
∥∥

2

∥∥δ̂2
x,y;hu− uxy

∥∥
2

∥∥δ2
x,y;hu− uxy

∥∥
2

Nx h Error Rate Error Rate Error Rate

10 1.82e-01 1.71e-14 — 1.53e-14 — 5.41e-15 —

20 9.52e-02 7.75e-14 -2.34 7.94e-14 -2.54 2.52e-14 -2.38

40 4.88e-02 2.72e-13 -1.87 2.72e-13 -1.84 9.13e-14 -1.92

60 3.28e-02 6.54e-13 -2.21 6.54e-13 -2.20 2.11e-13 -2.11

80 2.47e-02 1.18e-12 -2.07 1.17e-12 -2.06 3.78e-13 -2.06

100 1.98e-02 1.74e-12 -1.79 1.71e-12 -1.73 5.66e-13 -1.83

120 1.65e-02 2.63e-12 -2.27 2.62e-12 -2.36 8.26e-13 -2.09

140 1.42e-02 3.62e-12 -2.09 3.63e-12 -2.13 1.12e-12 -2.01
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Solution 3: u(x, y) = exy+2y

Approximating uxx Using Boundary Condition 1

Solution 3
∥∥δ̃2

x,hx
u− uxx

∥∥
2

∥∥δ̂2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 7.57e-01 — 4.46e-03 — 3.77e-01 — 3.60e+00 —

20 9.52e-02 7.39e-01 0.04 1.91e-03 1.31 3.69e-01 0.03 3.51e-03 0.05

40 4.88e-02 6.09e-01 0.29 6.18e-04 1.69 3.04e-01 0.29 1.68e-03 1.10

60 3.28e-02 5.22e-01 0.39 2.99e-04 1.83 2.61e-01 0.38 9.22e-04 1.50

80 2.47e-02 4.64e-01 0.42 1.75e-04 1.88 2.32e-01 0.42 5.77e-04 1.65

100 1.98e-02 4.21e-01 0.44 1.15e-04 1.91 2.10e-01 0.44 3.93e-04 1.73

120 1.65e-02 3.88e-01 0.45 8.12e-05 1.93 1.94e-01 0.45 2.85e-04 1.78

140 1.42e-02 3.62e-01 0.46 6.03e-05 1.94 1.81e-01 0.46 2.16e-04 1.82

Approximating uxx Using Boundary Condition 2

Solution 3
∥∥δ̃2

x,hx
u− uxx

∥∥
2

∥∥δ̂2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

u− uxx
∥∥

2

Nx h Error Rate Error Rate Error Rate

10 1.82e-01 9.42e-02 — 4.46e-03 — 4.67e-02 —

20 9.52e-02 5.49e-02 0.83 1.91e-03 1.31 2.73e-02 0.83

40 4.88e-02 2.50e-02 1.18 6.18e-04 1.69 1.25e-02 1.17

60 3.28e-02 1.48e-02 1.32 2.99e-04 1.83 7.38e-03 1.32

80 2.47e-02 1.00e-02 1.37 1.75e-04 1.88 5.00e-03 1.37

100 1.98e-02 7.35e-03 1.40 1.15e-04 1.91 3.67e-03 1.40

120 1.65e-02 5.69e-03 1.42 8.12e-05 1.93 2.84e-03 1.42

140 1.42e-02 4.57e-03 1.43 6.03e-05 1.94 2.28e-03 1.43
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Approximating uxy

Solution 3
∥∥δ̃2

x,y;hu− uxy
∥∥

2

∥∥δ̂2
x,y;hu− uxy

∥∥
2

∥∥δ2
x,y;hu− uxy

∥∥
2

Nx h Error Rate Error Rate Error Rate

10 1.82e-01 1.31e+00 — 3.64e-01 — 8.29e-01 —

20 9.52e-02 4.50e-01 1.65 1.24e-01 1.67 2.85e-01 1.65

40 4.88e-02 1.33e-01 1.82 3.63e-02 1.83 8.42e-02 1.82

60 3.28e-02 6.27e-02 1.89 1.71e-02 1.90 3.96e-02 1.90

80 2.47e-02 3.63e-02 1.93 9.86e-03 1.93 2.29e-02 1.93

100 1.98e-02 2.37e-02 1.94 6.42e-03 1.95 1.49e-02 1.94

120 1.65e-02 1.66e-02 1.95 4.51e-03 1.96 1.05e-02 1.95

140 1.42e-02 1.23e-02 1.96 3.34e-03 1.96 7.78e-03 1.96

Solution 4: u(x, y) = x3

18

(
3 log(x2)− 11

)
+
(
y − 1

2

) 8
3

√∣∣∣x+ 1
5

∣∣∣5
Approximating uxx Using Boundary Condition 1

Solution 4
∥∥δ̃2

x,hx
u− uxx

∥∥
2

∥∥δ̂2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.57e+00 — 7.63e-02 — 7.93e-01 — 8.25e-02 —

20 9.52e-02 1.21e+00 0.41 3.28e-02 1.31 6.06e-01 0.42 9.27e-02 0.69

40 4.88e-02 8.93e-01 0.45 1.40e-02 1.28 4.47e-01 0.45 5.06e-02 0.91

60 3.28e-02 7.40e-01 0.47 8.63e-03 1.21 3.70e-01 0.47 3.43e-02 0.97

80 2.47e-02 6.46e-01 0.48 6.19e-03 1.17 3.23e-01 0.48 2.60e-02 0.98

100 1.98e-02 5.81e-01 0.48 4.81e-03 1.14 2.91e-01 0.48 2.09e-02 0.99

120 1.65e-02 5.32e-01 0.49 3.93e-03 1.12 2.66e-01 0.49 1.75e-02 0.99

140 1.42e-02 4.94e-01 0.49 3.32e-03 1.11 2.47e-01 0.49 1.50e-02 0.99
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Approximating uxx Using Boundary Condition 2

Solution 4
∥∥δ̃2

x,hx
u− uxx

∥∥
2

∥∥δ̂2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

u− uxx
∥∥

2

Nx h Error Rate Error Rate Error Rate

10 1.82e-01 3.62e-01 — 7.63e-02 — 2.00e-01 —

20 9.52e-02 2.09e-01 0.85 3.28e-02 1.31 1.12e-01 0.89

40 4.88e-02 1.08e-01 0.98 1.40e-02 1.28 5.63e-02 1.03

60 3.28e-02 7.20e-02 1.03 8.63e-03 1.21 3.70e-02 1.05

80 2.47e-02 5.39e-02 1.02 6.19e-03 1.17 2.75e-02 1.04

100 1.98e-02 4.30e-02 1.02 4.81e-03 1.14 2.19e-02 1.04

120 1.65e-02 3.58e-02 1.02 3.93e-03 1.12 1.82e-02 1.03

140 1.42e-02 3.07e-02 1.01 3.32e-03 1.11 1.55e-02 1.03

Approximating uxy

Solution 4
∥∥δ̃2

x,y;hu− uxy
∥∥

2

∥∥δ̂2
x,y;hu− uxy

∥∥
2

∥∥δ2
x,y;hu− uxy

∥∥
2

Nx h Error Rate Error Rate Error Rate

10 1.82e-01 1.39e-01 — 1.79e-01 — 9.70e-02 —

20 9.52e-02 4.34e-02 1.80 5.44e-02 1.85 3.08e-02 1.77

40 4.88e-02 1.23e-02 1.88 1.51e-02 1.91 8.92e-03 1.85

60 3.28e-02 5.74e-03 1.92 7.01e-03 1.94 4.21e-03 1.89

80 2.47e-02 3.32e-03 1.93 4.03e-03 1.95 2.45e-03 1.91

100 1.98e-02 2.16e-03 1.94 2.62e-03 1.96 1.61e-03 1.92

120 1.65e-02 1.52e-03 1.95 1.84e-03 1.96 1.14e-03 1.92

140 1.42e-02 1.13e-03 1.95 1.36e-03 1.96 8.46e-04 1.93
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Solution 5: u(x, y) = x4/3 − y4/3

Approximating uxx Using Boundary Condition 1

Solution 5
∥∥δ̃2

x,hx
u− uxx

∥∥
2

∥∥δ̂2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

U − uxx
∥∥̊

2

Nx h Error Rate Error Rate Error Rate Error Rate

10 1.82e-01 1.19e+00 — 1.56e+00 — 1.12e+00 — 8.53e-01 —

20 9.52e-02 1.35e+00 -0.19 1.78e+00 -0.20 1.27e+00 -0.20 1.20e+00 -0.29

40 4.88e-02 1.52e+00 -0.18 2.01e+00 -0.18 1.44e+00 -0.18 1.40e+00 -0.23

60 3.28e-02 1.63e+00 -0.17 2.16e+00 -0.18 1.54e+00 -0.18 1.51e+00 -0.20

80 2.47e-02 1.71e+00 -0.17 2.27e+00 -0.17 1.62e+00 -0.17 1.60e+00 -0.19

100 1.98e-02 1.78e+00 -0.17 2.35e+00 -0.17 1.68e+00 -0.17 1.66e+00 -0.18

120 1.65e-02 1.83e+00 -0.17 2.43e+00 -0.17 1.73e+00 -0.17 1.72e+00 -0.18

140 1.42e-02 1.88e+00 -0.17 2.49e+00 -0.17 1.78e+00 -0.17 1.77e+00 -0.18

Approximating uxx Using Boundary Condition 2

Solution 5
∥∥δ̃2

x,hx
u− uxx

∥∥
2

∥∥δ̂2
x,hx

u− uxx
∥∥

2

∥∥δ2
x,hx

u− uxx
∥∥

2

Nx h Error Rate Error Rate Error Rate

10 1.82e-01 1.18e+00 — 1.56e+00 — 1.11e+00 —

20 9.52e-02 1.34e+00 -0.20 1.78e+00 -0.20 1.27e+00 -0.20

40 4.88e-02 1.52e+00 -0.18 2.01e+00 -0.18 1.44e+00 -0.18

60 3.28e-02 1.63e+00 -0.18 2.16e+00 -0.18 1.54e+00 -0.18

80 2.47e-02 1.71e+00 -0.17 2.27e+00 -0.17 1.62e+00 -0.17

100 1.98e-02 1.78e+00 -0.17 2.35e+00 -0.17 1.68e+00 -0.17

120 1.65e-02 1.83e+00 -0.17 2.43e+00 -0.17 1.73e+00 -0.17

140 1.42e-02 1.88e+00 -0.17 2.49e+00 -0.17 1.78e+00 -0.17
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Approximating uxy

Solution 5
∥∥δ̃2

x,y;hu− uxy
∥∥

2

∥∥δ̂2
x,y;hu− uxy

∥∥
2

∥∥δ2
x,y;hu− uxy

∥∥
2

Nx h Error Rate Error Rate Error Rate

10 1.82e-01 1.92e-15 — 2.56e-15 — 5.03e-16 —

20 9.52e-02 8.57e-15 -2.31 8.54e-15 -1.86 2.73e-15 -2.62

40 4.88e-02 3.63e-14 -2.16 3.79e-14 -2.23 9.10e-15 -1.80

60 3.28e-02 6.29e-14 -1.38 6.47e-14 -1.35 2.42e-14 -2.46

80 2.47e-02 1.26e-13 -2.45 1.29e-13 -2.44 3.68e-14 -1.48

100 1.98e-02 1.66e-13 -1.25 1.73e-13 -1.33 6.32e-14 -2.45

120 1.65e-02 2.71e-13 -2.71 2.75e-13 -2.57 7.78e-14 -1.16

140 1.42e-02 3.91e-13 -2.39 3.95e-13 -2.36 1.15e-13 -2.54
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