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This thesis presents a class of narrow-stencil finite difference methods for
approximating the viscosity solution of second-order linear elliptic Dirichlet boundary
value problems. The methods are simple to motivate and implement. This thesis
proves admissibility and stability results for the simple narrow-stencil finite difference
methods as well as optimal convergence rates when the underlying solution to the
partial differential equation (PDE) is sufficiently smooth. The results in this thesis
extend the analytic techniques first developed by Feng and Lewis when approximating
viscosity solutions of fully nonlinear elliptic PDEs using the Lax-Friedrich’s-like method.
Numerical tests are presented to gauge the performance of the methods and to validate

the convergence results of the thesis.
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CHAPTER 1: INTRODUCTION

In this thesis we develop and analyze various narrow-stencil finite difference
(FD) methods for approximating the solution to the following linear elliptic second-

order Dirichlet boundary value problem

Lluj=—-A:D*u+cu=f inQ, (1.1a)

u=g on 012, (1.1b)

where  C R? is a bounded domain, 92 denotes its boundary, and QUIQ = Q denotes
the domain and boundary together. Notationally, D?v denotes the Hessian matrix of
the function v, A € [L*> (ﬁ)}2X2 is a symmetric negative-definite matrix, ¢ € L>(Q)
is non-negative, and g € C°(99). For transparency, we assume 2 is a rectangle, i.e.,
Q= (a,b) x (c,d).

This thesis proves admissibility and stability results for a class of simple narrow-
stencil FD methods for approximating the solution u. Convergence rates will follow
when u is sufficiently smooth. In the more general case, the approximations are
guaranteed to converge locally uniformly to the viscosity solution u when (1.1) satisfies
a comparison principle using the results in [6].

Since (1.1) is linear, more specialized methods have been developed and analyzed
based on the properties of the coefficient matrix A. Problem (1.1) is a special case
of the more generally fully nonlinear problem Flu] = F(D?u, Vu,u,z) = 0. See [4]
and [13] for recent survey papers that consider the state of the art for approximating

viscosity solutions of fully nonlinear problems.



If A is differentiable, then (1.1) can be rewritten in divergence form since
div(AVu) = div(A) - Vu + A : D?u giving A : D*u = div(AVu) + b - Vu for
b = div(A). As such, standard Galerkin-based approximation methods can be used.
If A is continuous, then some finite element-based methods can be used such as the
methods of Feng, Neilan, and Schnake [8]. An indirect vanishing moment approach
paired with a conforming method can also be used based on the results of Feng, Lewis,
and Schnake [7].

When A is not continuous, viscosity solution theory must be used unless A
satisfies stronger assumptions such as a Cordés condition. When A does satisfy the
Cordés condition, methods such as [19] can be used. Monotone methods are the
standard approach for approximating viscosity solutions using the convergence theory
of Barles and Souganidis [1]. There are many monotone schemes that follow this
framework, such as semi-Lagrangian methods [3,5], meshless methods [10,15], two-scale
methods [14], and those in [11,16,18,19]. Unfortunately, by [12], for a fixed grid it can
be shown that there exist problems of the form (1.1) where the matrix A is chosen
such that no monotone method exists. Furthermore, when monotone methods can be
constructed, they often require the use of wide stencils.

In order to construct narrow-stencil schemes, we must abandon the monotone
framework of Barles and Souganidis. Feng and Lewis recently proposed a Lax-
Friedrich’s-like narrow-stencil FD scheme that was proven to converge to the viscosity
solution of fully nonlinear elliptic problems [6]. The narrow-stencil scheme, as shown
in Figure 1.1b, is highly practical due to the fact that it is much easier to formulate
and implement than wide-stencil schemes as illustrated in Figure 1.1a. A wide-stencil
FD scheme must locally resolve radial directions using “nearest” neighbors to form

three-point difference operators along all (relevant) radial directions. The 2D Lax-



Friedrich’s-like narrow-stencil FD scheme simply incorporates the 2h nodes in the
Cartesian directions to form a stabilization term that helps overcome the lack of

monotonicity.
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(a) Wide-Stencil Scheme (b) Narrow-Stencil Scheme

Figure 1.1. Comparison of local stencils for wide-stencil methods versus the Lax-
Friedrich’s-like method



CHAPTER 2: PRELIMINARIES

In this chapter, we introduce the notation that will be used, the assumptions
used to define solutions to (1.1), and introduce the notation for defining meshes/grids
of the domain Q.

Standard function and space notation as in 2] and [9] will be adopted in this
thesis. Let §?*? C R?*? denote the set of symmetric real-valued matrices. For any
bounded function v € B(2), we define the upper and lower semicontinuous envelopes
of v, respectively, by

v*(x) = limsupv(y), V4(x) = liminf v(y).

y—x y—x

2.1. Definitions
Definition 2.1. For matrices A and B, the FROBENIUS INNER PRODUCT, A : B, is

defined as

A:B=

a 1 a 2 b b 2
1 1 : sz a11b11 + a12b12 + a91ba1 + a99bas.
Q21 Q22 bo1 b2

Definition 2.2. An n x n symmetric real matrix is said to be
(i) PosITIVE-DEFINITE (SPD) if xT Ax > 0 Vx € R for x # 0.
(i) NON-NEGATIVE-DEFINITE if xT’ Ax > 0 Vx € R".

Definition 2.3. Assume ¢ > 0. Then the PDE operator in (1.1) is UNIFORMLY
ELLipTIC if A is symmetric positive-definite, and it is DEGENERATE ELLIPTIC if A is

symmetric non-negative-definite.



Definition 2.4. For a domain Q) € R?, we define the HESSIAN MATRIX OF u as

Uyz  Uyy

2.2. Solution Concepts

There have been three main theories for the existence and uniqueness of
solutions to (1.1): classical, strong, and viscosity solution theory. Due to the weaker
assumptions of A, we cannot use strong or weak solution theory.

Classical solution theory assumes D?*u(z) is defined for all z €  so that (1.1a)
is satisfied pointwise with u = g on 9€). Strong and viscosity solution theory focuses
on what it means to satisfy a second-order PDE when a classical solution u does not
exist due to a lack of two classical derivatives. Strong solutions are solutions in H?({)
that satisfy the PDE almost everywhere. All classical solutions are viscosity solutions,
but the only way a viscosity solution would be considered a classical solution is if
it is in C?. In general, viscosity solutions are defined in C(2) or B(€2). Note that
weak solution theory for defining solutions in H'(€2) does not apply when A is not
differentiable because the PDE cannot be written in divergence form.

As long as A, ¢, f, and g are sufficiently smooth and 0f? is sufficiently nice,
then classical solutions exist in C?(f2). However, when the coefficient matrix A is less
smooth, A may only have viscosity solutions. For A € C'(Q) and 2 sufficiently smooth,
there exists a unique strong solution. However, since we only assume A € L>(2), we
cannot ensure the existence of a strong solution. Thus, we focus on viscosity solution

theory, where a viscosity solution is defined as follows.
Definition 2.5. A locally bounded function v : @ — R is called a

(i) VIScosITY SUBSOLUTION of (1.1) if Vi € C?*(2), when u, — ¢ has a local

5



maximum at xg €  with p(z) = u.(zo), there holds L[p](xy) < 0.

(i) VISCOSITY SUPERSOLUTION of (1.1) if V¢ € C?(Q), when u* — ¢ has a local

minimum at zg €  with ¢(x¢) = u*(xg), there holds L[p](zo) > 0.

(iii) VIscosITY SOLUTION of (1.1) if u is both a viscosity subsolution and a viscosity

supersolution of (1.1).

To guarantee uniqueness of the viscosity solution to (1.1), we assume that the
comparison principle holds. Note that the comparison principle is guaranteed to hold
if ¢ > ko > 0 for some kg € R. If ¢ = 0, then there are examples where (1.1) does not

have a unique solution. See [17] for more details.

Definition 2.6. Problem (1.1) is said to satisfy a COMPARISON PRINCIPLE if for any
upper semicontinuous function u and lower semicontinuous function v on € such that

u is a viscosity subsolution and v is a viscosity supersolution of (1.1), then u < v on

Q.

2.3. Defining a Grid/Mesh

Throughout this thesis, we are assuming (2 is a 2-rectangle meaning ) =
(ag,by) X (ay, by). Only grids that are uniform in each (z,y) coordinate are considered.

Define h = (hy, h,) € R? such that

b, —a b, —a
ha;: x T h, = Yy Y
YN, -1

N1 h = max{hy, hy}

for integers N, > 2 and N, > 2, and let

N = N,N,, Ny ={a=(ay, ) | 1 <a, <N, 1<a, <Ny}
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Figure 2.1. Ilustration of the mesh/grid

Then, |Ny| = N. We partition €2 into (N, — 1)(N, — 1) sub-2-rectangles with grid
points X, = (a; + hy(ay — 1), ay + hy(a, — 1)) for each multi-index o € Ny.

We call T, = {Xa}aeny @ mesh (set of nodes) for Q, and we introduce an
extended mesh 7, which extends 7y, by a collection of ghost grid points that are
at most one layer exterior to Q in each coordinate direction. In particular, for
(x0,%0) € Tn N, we choose grid points (z1,yo) or (xg,y;) adjacent to the boundary

such that

(21, 10) = (w0 £ 2h4, yo) or (z0,y1) = (w0, yo & 2hy).

We set N, = N, + 2 and N, = N, + 2, and then we define Ny by replacing N, by
N, and N, by N, in the definition of Ny while removing the extra multi-indices that
would correspond to ghost grid points that are not in the set 7, to ensure |Ny| = |7,

Lastly, we define an interior mesh 7h that removes a single boundary layer from 7y,.

Figure 2.1 is a visual representation of meshes and nodes with N, = 4 and
N, = 3. The e points are determined by an auxiliary boundary condition involving

02 1, U for adjacent nodes x, € Ty N 0N



CHAPTER 3: DIFFERENCE OPERATORS

Now, we introduce several difference operators for approximating first and
second-order partial derivatives. The multiple difference operators will be used to

motivate and define our simple narrow-stencil finite difference methods.

3.1. First-Order Difference Operators

The following first-order difference operators are used to approximate first-order
derivatives. They will also serve as building blocks for approximating second-order
derivatives. We call (3.1a) the forward difference operator and (3.1b) the backward

difference operator.

U(LL’ + hxa y) B U(SL’, y)

O p,v(T,y) = n (3.1a)

vl g) = AN VT ) (3.1b)

5;hyv(m, y) = v(w,y + h;;; —v(,y) (3.1¢)
Y

0, 0(x,y) = vz, y) - Z(x’ y—hy) (3.1d)

Y

The central difference operator below is found by averaging the forward and backward

operators.
_ ]_ ]_ hmy - - hx;
Sontla) = 05, v(ey) + 0, v(ey) = W) Vb))
- 1 1. v(z,y+ h,) —v(z,y —h
Oyh, V(T Y) = 55;%”(%?/) + §5y7hyv(x,y) = (2.9 y)2h (2,9 = hy) (3.2b)

Y
Note that the central difference operators are second-order accurate while the forward

and backward difference operators are only first-order accurate.



3.2. Second-Order Difference Operators

Using the first-order difference operators defined in the previous section, we can
naturally build four difference operators for approximating second-order derivatives
using composition. Thus, we can naturally define four discrete Hessian operators by

v (2 v 1%
Dl“’ — lél’ahz 5%}196 6177}11 5y7hy

h v
Oy n,Onn, O

yvhy

] for p,v e {+,—}.

v Oy,

To build symmetric second-order accurate discrete Hessian operators, we
introduce the following second-order difference operators. The various components
of the discrete Hessian operators will be denoted using §2. In particular, we use the

following conventions:

~ 1 . 2
— —— 2
Dh = § <Dh + D}TJ’_) — |:5zi7xj;hi,hj:| iie1 (33&)
=~ 1 2
2 _ - - 2
Dh - 5 <D;1_ + Dh+> = |:5a:i7Ij;hi,hj:| ij=1 (33b)
2 _1ims 2 Lo +— —+ — 52 2
Dy = §<Dh + Dh> = Z<Dh + Dy + Dyt + Dy ) = [6Ii,xj;hi,hj]ij:1 (3.3¢)
~ 2
=2 [Dl?l] e i = '] [Szi’mﬁhi,hj} L) L= .]
[Dh] = Y = ;’le (3.3d)
K -2 . . =2 . .
|:Dh:| ) 1 7£ J |:6$i7$j§hi,hj:| o ) # 7
7] 3,j=1
For notation brevity, we use the following convention:
53),]150 = 5£1,a€1;h1,h1 = 5323»35§hx,hx (34&)
2 =5 D _ @ 2 =2
52’}@ = 6§7$;hm,hx’ z,hy — 51,5E§hx,hm7 51’,hm = 6m,z;hm,hx
2 _ 52 2
5y7hy = 512,x2;h2,h2 = 6y,y;hy,hy (34b)
52 = 52 ™ @ =2 =2
Oy = Oy Oty = Oy by iy Oyhy = Oy yiny by



2 _ 2 _ 2 _ 2
5$,y;h = 6931,932;h17h2 - 512711;h2,h1 - 5m7y§h:uhy (3'40)

) _ ) ) <2 _ 52
0 =90 5w7y;h = Ya,y3he,hy o 5:v,y;h = 5$,y;hxahy

A simple computation shows the operators correspond to

giy;hv(x, y) = 2hihy _’U(iL‘ + he,y + hy) —v(x + he,y) — v(x,y + hy) + 20(x,y)
+v(x — ha,y — hy) —v(x — he,y) —v(x,y—hy)] (3.5a)
ngy;hv(:v, y) = 2hihy :— v(x + he,y — hy) F (T + haeyy) +o(2,y — hy) — 20(2,y)
—v(x — hg,y + hy) +v(x — ha,y) +v($,y+hy)] (3.5b)
3y (e, y) = 4hihy V(@ + B,y + hy) — (@ + b,y — hy) — (@ = heyy + By)

+ U(‘T — hg, Y- hy) (35C>

for approximating mixed partial derivatives,

v(x + 2hg,y) — 2v(x + hyyy) + 20(x,y) + v(x — 2hs, y) — 20(x — Ay, Y)

- B
51:,hmv(xa y) - 2]7% (36&)
v(x+ he,y) — 2v(z,y) + v(z — hy,
320l y) = W e 2200 ) 4w~ hesy) (3.60)
=2 v(x + 2hy,y) — 2v(zx,y) + v(x — 2hy,,
5x,hwv(xay) = ( y) ( Qy) ( y) (36(3)
4h2
for approximating non-mixed partial derivatives with respect to x, and
~ 2 -2 2 -2 -2 —h
52 h U(I,y) — ’U(l‘,y—F hy) U(‘T7y+h’y)+ U(‘Thy)_'—v(xay hy) ’U(l‘,y ZI) (373)
Yy 2h§
v(x,y + hy) — 2v(z,y) + v(z,y — h
02, v(z,y) = ( ) (hg )+ ) (3.7b)
Yy
_ 2 -2 -2
52 vl y) = LU 2) 2 200 ) 0y — ) (3.70)
Yy

for approximating non-mixed partial derivatives with respect to y.

10



Figure 3.1 is a visual representation of the local stencils for the various discrete
Hessians. Note that the operators are all symmetric. Also note that ghost points may

. 2 . :
be needed when using 6%, or ¢, since they involve nodes two steps away.

O gy O Uy [ tay
. @® @& .
DROI ¢« & [ B ¢ @ ] <@ [
NOROMON PEEN@®E® ® «@®+«@® CRONORN
e & [ DROI B ¢ [ <@ [
. @® ® .
b2 B2 D; DN

Figure 3.1. Illustration of the discrete difference operators

3.3. Verifying the Accuracy of the Discrete Hessians

In the following section, we verify the second-order accuracy of the discrete
Hessian operators defined by (3.3a) and (3.3b). We first define the following expansions
below for each type of shift used in the discrete operators. The expansion follows from

Taylor’s remainder theorem. Depending on the shift,
& € (x — 2hg, x) or (x,z + 2h,) and ni € (y — 2hy,y) or (y,y + 2hy).

The remainder terms are all based on D*u.
* CENTER POINT (NO SHIFT)
u(z,y) = u(x,y)

* HORIZONTAL SHIFTS

h2 h3 4

u(z + he,y) = u(z,y) + haug(z,y) + ?xugm(x,y) + quwx(xvy) + ﬁuwmc(flvy)
h2 3 h4

’LL(.%‘ - hI7y) = U(xay) - hwuz(x7y> + f“zw(x7y) - qua:a::c<xay) + iua:a:wz<£27y)

11



x TWO-STEP HORIZONTAL SHIFTS

h3 4
u(x + 2hy,y) = u(m, y) + 2hgug(z,y) + 2hiumw(xa y) + f“ﬂczw(xa y) + ?xu:mww(f?n y)
2 h3 2h;
U($ - 2h937 y) = u(xv y) - 2hxu:r(m7 y) + thuxm’(m7 y) - Tuxa:m(my y) + Tuazmzz(&h y)
* VERTICAL SHIFTS
2 3 h4
u(z,y + hy) = u(z,y) + hyuy(z,y) + ?y“yy(fcay) + ﬁ“yyy(ma y) + ﬁuyyyy(zvnl)
2 h3 h4

u(z,y — hy) = u(z,y) — hyuy(z,y) + %“yy(xay) - Kyuyyy(ma y) + ﬁ“yyyy(xvm)

* DIAGONAL SHIFTS
2

hm
’U,(.CL' + hwa Yy— hy) = U(.’IZ‘, ?/) + h%uw(xvy) - hyuy(xay) + 7’U/mp(l‘,y) - hwhyuwy(xay)

2
h2 h3 h2h hah
+ %“w(xvy) + Fuxm(x,y) Ty yumy(x,y) + Tyuwyy(xa Y)
hy hi h3
- Fy“vvu(%y) + ﬁuﬂﬂwww(&vy) - Tyuzzwy(€67n3)
212 3 4
+ :54 yumyy(f% M) — Tyuwyyy(f& n5) + ?Zuyyyy(% n6)

h3
u(x - hzy Y+ hy) = U(.T, y) - hzuw(xvy) + hyuy(xuy) + 7’(1,3535(1',?/) - ha:hyuzy(xay)

2
h; h3 h2h hyh?
h; h h3h
+ gyuyyy(xv y) + ﬁuwx1¢(€97 y) - xTyuzwwy(floa 777)
h2h? h,h3 B
+ x4 yumyy(glh%) - %“wyyy(ﬁwa%) + ?Zuyyyy(xﬂho)

h2
u(x + heyy + hy) = U(IC, y) + hxux(xv y) + hyuy(xy y) + fuxx(xv y) + h;chyuxy(xa y)

h? h3 h2h hyh?
+ %uyy(l"v y) + quxxx(l‘, y) + = yuxacy(xa y) + Tyuxyy(xa y)
2 4 3
7 h h2h
+ ﬁuyyy(xv y) + ﬁuwcmc(fl?n y) + x6 yu:cxa:y(§147 7711)
h2h2 hah3 h
=+ Tumyy(ﬁwﬂhz) + Tuxyyy(flﬁ,ﬂl?,) + ﬂuyyyy(ffvnm)
h3
U(I - hfca y— hy) = U(IE, y) - hrur(l‘,y) - hyuy(xvy) + ?uxr(l’7y) + h%hyury(xvy)
h? h3 h2h hh?
+ Tyuyy(xay) - Euzrx(xay) - Tyuzmy(xay) - Tyuzyy('ray)
h3 B 3
- Eyuyyy(aja y) + iurxzz(glﬂ y) + mTyuzzmy(gl& 7715)
h2h2 hah3 K
+ Tumyy(flga Me) + Tumyyy(fzo, mr) + ﬂuyyyy(za Mms)

12



We now use the above relationships to verify the accuracy of the various discrete

operators.
* EXPANSION 1: 02,

6% (e, y)

u(z + 2hy,y) — 2u(T + hy, y) + 2u(z, y) + u(x — 2hy, y) — 2u(x — hy,y)
2h2

= o7} [( (z,y) + 2h,ug (z,y) + 2h2 U, (7, y) +

4h3 4

h2 3 h4

)
2<ux Y) + heug(z,y) +
(v

+2( u(z )

) 4n3 2h4
+ u(xay) - 2hzua:(x7 y) + thuza:(xa y) - Tuza:a:(x7y) + Tuza:azz(&lay)
2

h? h3 hi
(U(l‘, y) - hzua:(-r7 ZU) + ?wuwz(ma y) - quwww(l‘v y) + iuwwwz(g% y)):|

1 4h3 4
= 53 [u(x, Y) + 2hptug (1, ) + 2h2 U, (2, y) + Txumm(x, y) + Txumm(fg, )
) 3 .
—2u(x,y) — 2hwuw(xvy) - hxuzw(xay) - ?luo:wz(x Y) — T;uﬂcxww(flay)
9 4h3
+2u(z,y) +u(z,y) — 2haus(z,y) + Qthww(J}, Y) = 5 Uzaa (T, Y)

3
2h4 2 3
+ 3 uxwwx(é% ) - 2u(x, y) + 2hxux(xa y) - h’;uwx(x7 y) + ?umm(x, y)
4

h;c
- Euxxmc (527 y):l

1 [ 2 . 2hg
= oh2 2hxux9c(xa y) - Eumacxx(gla y) - ﬁumacxx(g% y) + 3 Umxmx(&}ay)
o
+ Tuxzzz (547 y):|

2 2 2 2

= Ugx (i[, y) - ﬂuzzmm (fla y) - ﬂuzzmm (523 y) + ?uzmmd) (533 y) + ?uzzmm (54, y)

Thus 62, u is a second-order accurate approximation of .
s
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* EXPANSION 2: 02,

gzm,hzu('ray)
o U(SL’ + hxvy) — 2U(£L’,y) + U(SIJ B hma y)
= 2

x

! 2 B "
= 79 u(:c,y) + hxux(xvy) + 7Um($7y) + *Uma«(ﬂﬂ,y) + ﬂuacxxz(glay)

h2 6
—9 (u(m, y))

h2 h3 ht
+ <u(x,y) = haue(2,Y) + 2 U (T,Y) — —FUsaa(2,y) + ﬁumxxx(f%y))}

2 6
1] h2 h3 h4
= hig U(.T, y) + hxux(xa y) + 7“363:(‘% y) + Euﬂmx(z7 y) + ﬂuwﬂmx(gh y) - QU(CC’ y)

x L

h2 h3 hi

+ U(IE, y) - h"cux(xv y) + iumr(xa y) - iuT’I"I‘(xa y) + iu:ﬂ'rr"c(gb y)
2 6 24

r 4 4

h h
_ 2 x x
- hzumx (’JJ, y) + 24 Ugzzx (513 y) + 24 Ugzax (523 y)

x L

h2 h2
- umz(x, y) + ﬂummrm(gl, y) + ﬂummrm(gb y)

Thus 62, u is a second-order accurate approximation of ;.
b
. N "N . .
Similarly, (5y7hyu and (5y7hyu are second-order accurate approximations of .

* EXPANSION 3: 02 .,

52x,y;hu(xa y)

1 _
=g w(@ + hg,y + hy) —u(z + ha,y) — u(z,y + hy) + 2u(x)
'y L
+u(x —hg,y — hy) —u(x — hy,y) —u(z,y — hy)
1T h2
= o [\ (@ Y) + haua(2,y) + hyuy (2,y) + S uae (2, y) + hahytiay (2, y)
'ty L
h2 h3 h2 hah?
2 4 3
hd h3h
+ Fyuyyy(% y) + ﬂuzrzx(gl?n y) + Tyummwy(gléla 7711)
T €0512) + P €16, 18) + e 1)
4 zxyy\S15, 7112 6 zyyy(S16, 7113 24 yyyy\ L, 7114

h? h3 hi

14



h2 3 4
= () + ) + )+ L) + 5 )
+2 (u(a:, y))
2

hw
+ <U(x, Y) — haug(2,y) — hyuy(z,y) + 7um(x, Y) + hahytey(z,y)

h? h3 h2h h.h?

+ ?yuyy(x, y) - Eumcac(ma y) - Tyumcy(z»y) - Tyuzyy(zyy)
y i i,

- Euyyy(x, y) + ?ZUTTTT(£177 y) + zTumzry(gl& 7715)

+ Tumyy(flm nie) + Tuzyyy(fma ) + ﬂuyyyy(% M18)

h? h3 hi
- <u(x,y) - hatuz(x7y) + ?mum(%y) - Ezumxr(wvy) + ﬁuzmzz(g%y))

h2 h3 ht
- <u(:p,y) — hyuy(z,y) + ?yuyy(x,y) - Fy“yyy(xa y) + ﬁuyyyy(x,%))}
1 h2 h2
= (@, y) + houz (@, y) + hyuy (2,y) + e (@,9) + hohytiey (2,9) + S uyy (2, 9)

Shah, 2
h3 h2h hehs, h:
+ Fu:vzz(x7y) + Tyuxzy('r,y) + Tyuxyy(xvy) + Fyuyyy(xay)
h;l hgh hghQ
+ ﬂuxzza: (5137 y) + Tyummxy (§14a 7711) + Tyumlyy (5157 7712)
hIh‘Z h;
+ Tuwyyy(fl& 7713) + ﬂuyyyy(x7 7714) - u(ax y) - hwua:(xa y)
h3 h3 2
- 7uzw($7y) - Fumww(xvy) - ﬂua:m:cw(ghy) - U(iﬁ,y) - hyuy(x, y)
2 3 4
—@u (1,y) — Zyyy (2,Y) — =2tyyyy(T,m) + 2u(z,y) + ulz,y)
9 tyy\rY g luyy\ DY) = 5 Uyyyy Ty T Y Y
h2 h;
h3 h2h heh hy
- Euwmm(l‘ay) T 9 yumy(x,y) Ty yuwyy(mvy) - Fyuyyy(xay)
hi h3h 2h?
+ ﬂuwwaﬂ(gl’ﬁy) + Tyumwy(flsa Ms) + Tyumzyy(fmﬂhﬁ)
hh? h
+ Tumyyy(&o’m?) + ﬁuyyyy(xanls) —u(@,y) + hous (2, y)
h3 . ha
- ?uxw(l‘v y) + Fuzww(xv y) - ﬁuwwacw (627 y) - U(Z‘, y) + hyuy(x, y)
2 4
— Ly, (x )—l—h—gu (z )—@u (z,1m2)
9 vy Y 6 YvY Y o tyyyy » 112
1 4 hi 4
= m 2hwhyuxy($a Z/) - iuxxxx(gla Z/) - ﬁuyyyy(xanl) - ?Zuauxw(f%y)
zly
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hi ht h3h
- iuyyyy(z, 772) + ﬂuzrxz(é.l& y) + Jumzzy(glh 7711)

6
hfchz hxh‘z hjj
+ Tumyy(&smu) + T%yyy(flﬁ, ms) + ﬂuyyyy(xaﬂm)
A h3h 2h?
+ ﬂuzzzm (6177 y) + Tyumxry (518; 7]15) + Tyuzmyy (5197 7716)
hgch3 ht
+ Tyuzyyy (&20,m7) + ?Zuyyyy(xa 718)
3 h3 h3

= Uzy(xay) - ﬁummcm(flay) - ﬁuyyyy(wvnl) - ﬁummz(g%y)
Yy x Yy

h3 3 2
-z

__Y Tz
48h, Uyyyy (1‘7 772) + 48hy Ugrre (5137 y) + 12 umxzy(§147 7711)

h% hy h2 3

+ Tumyy(flsﬂhz) + T;Uocyyy(gle,mg) + ﬁuyyyy(l’7 Ma)
3 h2 hoh
+ Muzazxm(gl% y) + ﬁumzzy(gl& 7715) + Tyuza:yy(ng n16)
)

2 3
+ T;nyyy(gzoy 7717) + Zlgizuyyyy ({L‘7 7]18)

~2 . . .
Thus 47, ,u is a second-order accurate approximation of u,,.

* EXPANSION 4: 07 .,

Szw,y;hu(xa Y)

1
= —w(@ + hg,y — hy) +u(@ + hay y) +ulz,y — hy) — 2u(z,y)
2hohy |
—w(x = he,y + hy) +u(z — ha,y) +u(z,y + hy)
1T h2
= - U(Cﬂ,y) + hmuz(xay) - hyuy(x,y) + 7uxm($7y) - hmhyumy(may)
2hahy | 2
h2 h3 h2h heh
h3 hd h3h
- Eyuyyy(xa y) + ﬂuzzzx(gb y) - Tyuzzxy(ffians)
h2h? hoh? K
+ T“zxyy(§77 n4) — T“ryyy@sa ns) + ﬂ“yyyy(% n6)

h? h3 hi
+ (ate0) + ) + e 09) 4 e 00) + tanan(.0))

2 3 4
+ (u(x,y) — hyuy(z,y) + ?yuyy(%y) - %uyyy(m,y) + 22“%%@7@))
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—9 (u(x, y)>

h:
- (u(x, Y) — hotg (2, y) + hyty (2,Y) + - Uee (2, Y) — hahytay (z,y)

2
h2 h3 h2h hah?
+ ?yuyy(ma y) - Exuxmu(zy y) + = yux;cy(zz y) B uwyy(l' y)
) 4 e Co,) — By 10,)
g (vwylhs Yy oy Herae 9, Y 6 Ugzzy\S10, 77

h2h2 h h‘;j h§
4 “xwyy(fllvﬂs) 6 nyyy(flz»ﬁ.@) ﬂuyyyy(%nlo)

2 h3 h4
+ <U(Iay) - hxuz(‘ray) + ?muxz(xay) - Ezumrz(xay) + ﬁumrrz(f%y))

h2 h3 hd
(e + ) + L .9) + Fina) + S em))|

2

1 h2
zlly
h2 h3 h2h hah
- ?yuyy(may) - ?uza:x(xﬁg) + Tyuza:y(ivvy) - Tyuryy(x y)
h; hd h3h hzh;
+ Fyuyyy(:m y) - ﬂuzxmz(g& y) + Tyuxmxy(g& "73) 4 yuzzyy(fh 774)
hohd h n2
+ 5 —— Uayyy (€8, 75) — 24uyyyy(95 n6) + u(z,y) + hauz (2, y) + 7%95(9671/)
e it 2
+ Fumzz(x7 y) + ﬁumxwz(gh y) + ’LL(SL', y) - hyuy(x, y) + 7“@/.1/(1’» y)
h3 hi
- Fyuyyy(:)zv y) + ?Zuyyyy(xa 772) - 2“(-75’ y) - ’U,(!)L y) + hzua:(xa y)
h2 hi 3
—h Uy(%y) - fuza:(xa y) + ha:hyuwy(xvy) - ?uyy(l‘/y) + quzza:(xa y)
_ h2hy, hqh’ _hy _hd
h3h, h2h? hahi
+ 6 umzy(flo, n7) — 1 uwwyy(§117 ng) + 6 Uzyyy(§127 79)
h4 h? h3
h4 2 h3
4
+ 24“vuuu($ m)
1 h4 4 h4
= 72h W 2hxhyuxy(x; y) + iumm(fl, y) + ﬁuyyyy(x,ng) + ?Zuyyyy(gj’ 7]1)
zly
ht ht h3
+ iuxmcac (627 y) + iuxmcac (657 y) - 3Eiyuac:wcy (66; 773)

24 24 6
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h2h> ha h

+ Tu”yy(&’m) - Tyuryyy(f&%) + iuyyyy(x,nﬁ)
. h3h h2h2
- iu:cmzm(éb,y) + mTyuzzzy(gloﬂh) - Tyumyy(fllvns)
hxhg h;‘
+ Tuzyyy(gu’%) - ﬂuyyyy(zanlo)
i hy B
= Uzy(x, y) + ﬁuzmmm(fla y) + muyyyy(x7 772) + Muyyyy(mv 771)
Y T -
h3 B3 2
+ Muzzxm (527 y) + Mﬂxmzz (657 y) - Eumzy(&;, 773)
h.h h2 B3
’ Tyumyy(f%m) a T;nyyy(fs,ns) * ﬁuyyyy(%%)
3 h2 ohy
_ ﬁuzxaﬂr(&)?y) + T;Uzzazy(§10,777) — Tuﬂmyy(gll»ns)
2 3

+ %Umyyy(&zy 779) - ﬁuyyyy(xa M10)
Thus 67 ,,u is a second-order accurate approximation of u,,.

o~ A~ — :2
Combining the above results, we can see that the discrete Hessians D3, D, Di, Dy

: : 2 $2 §2 $2 $2 oD
are all second-order accurate since they are all defined in terms of 03, 07, 0., 0, 05,5 Oz
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CHAPTER 4: NUMERICAL METHODS

This chapter formulates a class of narrow-stencil methods as well as a more
general class of methods inspired by the generalized monotone methods of Feng and
Lewis in [6]. In total, we are going to consider five different methods for approximating

solutions to (1.1).

4.1. A Particular Class of Narrow-Stencil Methods

The first class of methods corresponds to simply replacing the Hessian with a

discrete Hessian in (1.1). In particular, we seek a grid function U, : Ny — R such

that
LpU, = —A(x4) : DiUs + c(%x0)Us = f(Xa) for x, € Ta N Q, (4.1a)
Uy = 9(Xa) for x, € T N ONY, (4.1b)
02 pUa =0 for x, € Sp, C Th N 0N, (4.1c)

N, —p =2
where D} € {Dﬁ, Di, Dh} and the set S, is defined by
Sp, = {Xa ETnNIN x4+ hie; € ThNQ or x, — hie; € 'EHQ} (4.2)

for all ¢ € {1,2}. The auxiliary boundary condition (4.1c) is used to define ghost
values when choosing Di = Ei. We can also use (5.1b), discussed in the next chapter,
to attempt to partially eliminate the boundary layer error associated with (4.1c)

whenever u,,,, # 0 along 1.
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* METHOD 1: Choose Dji = 13120, defined by (3.5b).
« METHOD 2: Choose D2 = Dy, defined by (3.5¢).

—
* METHOD 3: Choose D = D, defined by (3.3d), which is built using the

> . <2 .
operator ¢ , on the diagonal and ¢, ., otherwise.

4.2. A General Class of Narrow-Stencil Methods

For more generality, we will also consider schemes with £y, defined by
LhUa = —A(%a) : Dyl + c(xa)Ua + M(xa) : (D} = D}) Ur  (43)

where M : Q — R?*? is a symmetric matrix with non-negative components. The term
M(x,) : (5% — ﬁﬁ) U, is called a numerical moment, and it acts as a stabilization

term. We apply this to our last two methods.

x METHOD 4: Choose D} = D}, for D defined by

[5}21:| ”(Xa), if Qij > 0,
9 VX, € TN Q.
[5121} (xa), ifa;; <0
ij

We refer to this method as Godunov-like. Note that this method also corresponds
to choosing D = Ei and M(x,) = max|A;;(x,)| in (4.3). This method

naturally fits into the generalized monotone framework of Feng and Lewis in [6].

* METHOD 5: Choose Di = Ei and the numerical moment with

Sup HAij (2, Y)]| max-
(z,y)EN

N | —

M = 7laxa, where v >

This method corresponds to the Lax-Friedrich’s-like method of Feng and Lewis
in [6].
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CHAPTER 5: NUMERICAL TESTS

We seek to test the accuracy of the various proposed methods. We will use
two auxiliary boundary conditions in our numerical tests to see how much of an effect
the potential boundary layer error has on the interior when using Ei and defining
the required ghost values. To this end, we assume one of the two following boundary

conditions for all x, € Sy,

02 . Ua =0, or (5.1a)

02,1 Ua = 85,3, Ua, (5.1b)

where x,/ is the immediate neighbor in the z; direction with x, € Ty, N Q. We will
refer to (5.1a) as BC 1, and (5.1b) as BC 2. Since we cannot set 07, ; Us = Uq, 0, (Xa),
the boundary conditions can create a boundary layer error that propagates into the
interior. We will measure errors on Ty N €2, as well as the restricted mesh 7]1 to see if
the increased error mostly restricts itself towards the boundary. As shown in Section
8.5, BC 2 yields smaller truncation errors than BC 1. Note that the 13121 and ﬁi
operators on their own do not require any ghost points; thus, an auxiliary boundary
condition is not required.

We consider the norm || - ||2 defined by

1

VIl = (heha) ™ IV iz (5.2

for any grid function V. We also consider the error when removing nodes adjacent to
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the boundary by measuring

1

IVlls = (heha)” IV iz - (5.3)
All tests will correspond to Q = (—1,1) x (—=1,1) and ¢ = 0. We choose various
solutions and various coefficient matrices A. We form a non-singular linear system
MU = F that is solved using MATLAB’s backslash command. The matrix M is
formed using sparse storage. We measure the rate of convergence in || - ||z by increasing
N, = N,. We also consider the truncation errors for the various difference operators.
We mention the five different exact solutions we will consider in Section 5.1 and the
various matrices A in Sections 5.2 — 5.5. Test results can be found in Chapter 8.

Overall, we observe optimal or near optimal performance when A is SPD.

5.1. Solutions

In this section we mention the five different solutions we will consider in the

numerical tests.

% SOLUTION 1: u(z,y) = sin (g(:v + y)z)

Using this solution, the methods based on 13}21 are of (or very close to) order 2,
while methods based on Ei have reduced order because of the boundary issues.
BC 2 for methods based on Ei gives us a rate that is much closer to being

second-order. Truncation error results for this solution can be found in Section

8.5.

1
* SOLUTION 2: u(x,y) = 2% + 3xy + §y2 +3

Since u is quadratic, we see that all methods based on ﬁfl are exact, whereas the
methods based on bi only achieve exact results when using BC 2. Truncation

error results for this solution can be found in Section 8.5.
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* SOLUTION 3: u(x,y) = et

This solution gives the same general results as found for Solution 1. Truncation

error results for this solution can be found in Section 8.5.

15

T+ -

5

3 1 g
* SOLUTION 4: u(z,y) = T_S <3 log(z?) — 11) + (y - 5)

This solution has less regularity due to the third derivative blow-up, and thus
does not achieve second-order convergence. Truncation error results for this
solution can be found in Section 8.5.

% SOLUTION 5: u(z,y) = zF — s

The solution is not C? and must be understood in the viscosity sense. The solu-
tion is only used for one particular test problem. As expected, the convergence

rates are sub-optimal. See Section 5.5 for more information.

5.2. Test 1: Degenerate Matrix

A:

1 1
11
A is chosen so that it is symmetric non-negative-definite. Further, plugging A

into (1.1), this test corresponds to solving
—Ugy — 2Ugy — Uyy = [

We consider using solutions 1-4 as our choices for the exact solution u. The results
for this test can be found in Section 8.1. Note that the analysis in Chapter 6 does not
fully apply since A is not strictly positive-definite. However, the problem is elliptic

since it corresponds to solving —u,, = f for n in the direction z + y.
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5.3. Test 2: Discontinuous Matrix

Alr.y) = 2+|sin(67rx)| —‘xy|—|x+y|— |x—y’
7 —|xy‘ —|z+y|—\/|z- y‘ 4+4(e®+eV+e+eY) — sign(cos (67T(x—|—y)))

Each component of this matrix is non-differentiable, and there are several points where
the Ags component is discontinuous. Because this matrix varies so much, when using
method 5 we set v = 18. The results for this test using solutions 1-4 can be found in

Section 8.2.

5.4. Test 3: Wide-Stencil Problem
We choose a matrix A = QAQT that does not align with any of our test grids.
Define A by

Az, y) = 2 — sin (e%) cos (e7Y) ’
) 0 2 _ sign( cos (6mz) sin (67ry)) |

where sign ( cos (67z)sin (67y) ) € {—1,0,1}.

Based on our finest mesh, with N, = N, = 140, we choose h, = h, =

Define
1 h 10h, be
Vi = A ) Vo = ) V3 = ) Vy = ’
- Shy Dy 2
and let ql(i) -V for i = 1,2,3,4. Note that v; and v, do not align with grid

[vill,
points while v, requires nodes five layers away and vs requires nodes ten layers away.

Choose q2(i) to be unit length and orthogonal to v;, and define the orthogonal matrices
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Qi = [q\”, q”] for i = 1,2,3,4. Finally, we define

Ql A(‘Tﬂy) {7 fOI' x Z 07 Yy Z 07
Q2 A(z,y) QF, forx <0, y>0,

Q3 A(z,y)QLY, forx <0, y<O0,

QiA(x,y) QL. otherwise .
\

By the choice of @)1 or ()4 no monotone method exists for this problem. The results
for this test can be found in Section 8.3 where we observe optimal performance for

our narrow-stencil methods.

5.5. Test 4: Low Regularity Solution

2/3 1/3

16| = —z!/y
A({E, y) = ?

1/3 2/3

—a'/3y y

and f(z) and Dirichlet boundary data are chosen such that the solution is given by

3 — y*3. Even values for N, = N, are used in order to

solution 5, i.e. u(x,y) = z*/
avoid z = 0,y = 0 as grid components so that A is not the zero matrix. The problem
is degenerate elliptic, and the exact solution is not in C?(2). Note that the auxiliary

boundary condition has little to no effect on the performance. The results for this

test can be found in Section 8.4.
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CHAPTER 6: ANALYSIS OF THE SCHEMES

6.1. Admissibility

The goal of this chapter is to show that the proposed narrow-stencil schemes
(4.1) and (4.3) have a unique uniformly bounded solution in a weighted ¢*>-norm. The
idea for proving the well-posedness and stability of the methods is to equivalently
reformulate the proposed schemes as a fixed point problem and to prove the mapping
is contractive in the f>-norm. To this end, let S(7;) denote the space of all grid

functions on 7, and introduce the mapping M, : (7)) — S(7}.) defined by
U=M,U, (6.1)

where the grid function U € S(77) is defined by

a — ch —pP [EhUoz - f(xa)] ) if Xq € ﬂl N Qu (62&)
Uy = g(xa), if X € Ty N O, (6.2D)
02 .U, =0 if xo € S, C Tn N O (6.2¢)

for p > 0 an undetermined constant. The fixed-point technique is used to account for
the lack of symmetry caused by the coefficient matrix A when it is not constant-valued.
The technique will also yield an immediate stability result. For transparency, we will
only consider the auxiliary boundary condition (5.1a). The result in this chapter can

be extended to the alternate auxiliary boundary condition (5.1b).
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6.1.1. Admissibility for Constant-Valued Coefficient Matrices
Assume A in (1.1) is constant-valued over 2. We show that the scheme is
equivalent to solving a linear system MU = F where the matrix M is symmetric
positive-definite. Notationally, we define the partial ordering for symmetric matrices
by My > M, if My — M, is non-negative-definite for any symmetric matrices My, M.
Let Ag > 0 denote the smallest eigenvalue of A. Define Ay = A — A\gl. Then,
Ap is symmetric non-negative-definite. Thus, there exists an eigenvalue decomposition
= QAQT = Mqia + Xaqoql, where Ay > 0 for k € {1,2} and Q = [qy, qs] for
{qi,q2} an orthonormal basis for R?. Define q; = 22 M

1 b; e, and observe that

2

9 2 2
awal = 3 (1) el + 33 b ere].

i=1 i=1 Jj=1

Thus,

2 2 2
A= MY (bg’”)Q el + 5 v pee!

k=1 i=1 i=1 j=1
i

:iliAk(bi>]ee +ZZ[Z ’%“f] e,

=1 j=1
FE

and it follows that

2
[Ao]z‘z‘ =a; — Ao = Z A (%’“)2, [ = Qi = Z )\k ]’
k=1

for all 4,j € {1,2} with j # i.

Let Ny = |Tu N Q, D; € RM*M denote the matrix representation of &, 1.,
DF € RMoxNo denote the matrix representation of (5;/7%, L, € RNoxNo denote the
matrix representation of — Z 102, 1., Ly € RNo*No denote the matrix representation

of =32 62 4, and C' € RN denote the matrix representation of c(x4) > 0.
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Then (Dii)T — —DF, (D))" = —D;, and C is a diagonal matrix with non-negative
entries. Furthermore, there exists diagonal matrices Bi(l), BZ@) € RNoxNo for j € {1,2}

with non-negative components such that

2
Li==) B (D} D +D; DY) ~ BP]
=1

vV
|
|
)
=+
3
+
3
5
=
I
N —
—
~
5
N
+
5
=
N
S
+
N~—r

and
2 2
Li=-Y (DiD,» - Bf”) >-3"D,0; =% (D) D,
i=1 i=1 i=1
The positive components of BZ-(l) and Bi@) correspond to nodes x, near the
boundary. Such corrections are needed in the matrix form to account for the values of

5;,7,12, U, when x, € Ty NOS). For example, suppose X, — h;e; € ). Then

1 1 1
5;,}12‘5»;7% Ua - h_(s;ruhl (Ua - Ua—ei) - Fé;cri,han - E(S;ri,han—ei
1 1 1
= F(S;’han - ﬁUa + FU(XQ — hzel)

However, when computing using the matrix representation, D, treats the boundary
value U,_e, as a known value in its representation and removes it when calculating
D;U. Consequently, D does not act on the boundary node leading to a smaller
coefficient for the adjacent interior node involved in the calculation of 5;7,” Ua—e,-
Thus, L; would contain the contribution % to the coefficient for U,, while —D;" D
would not. The representation for L, has a similar issue when accounting for the

boundary values defined by (4.1b) and ghost values defined by (4.1c). Indeed, (4.1c)
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ensures that the ghost value U,19e, satisfies

1 1 1

Q_hleai2e¢ = h2 (Xaiel) 2_hZ2Ua

for Xq1e;, € ThMNOS2, where ﬁUaigei is directly involved in the computation of ggzhz Uy,.
Lastly, note that correction terms are not needed when considering the relationship of
(5i s (533 n, to DjEDjF for ¢ # j since the computation of (5 ., Uar would only include
boundary nodes whenever x,, & h;e; € T, N OS2

Suppose D} is chosen to be bi in (4.1). Observe that

2 2
—Ap: Ei = — Z Z[Ao]ijgl‘mhigl’jvhj

i1 =1
2 2
= - Z Qi — :El h; 6:31 h; — Z Z aijgxi,higwj,hj
i=1 j'zi
) ) J#
Y () BB RS [Z)\ o ] eBer
i=1 k=1 i=1 i=1
J#
2 [, , 2 2
== Z Ak Z (bz(k)> (_Sxivhigl’ivhi + Z Z bz(k)bg'k)gxi»higﬂfﬁhj
k=1 i=1 i=1 j=1
2 /T 2 2 M
=Y N [Z bg’“)&m,hi] [Z 03, hz] ) ,
k=1 =1 i=1
and it follows that
2 2 Tr oo
Ongsnio < D Mk [E b§’“>DZ-] [Z bﬁ’“Di]
k=1 i=1 i=1
2 2 2 2 2
-3 3N (bf’”) DD+ %" [Z MbEp® | DI D,
i=1 k=1 i=1 =1 Lk=1
2 ” 2 2
= (ai — M)D{ D; + Z Z a;; D D; = ) [A];; D D;.
i=1 i=1 =t i=1 j=1
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Using the fact that DT = —D;, there holds

2 2 2
M= - Z Z asziDj + Z CL“BZ(Q) + C

i=1 j=1 i=1
2 2
:—)\OZ(D B@)_ZZAMDD —|—Za“
=1 , ; =1 ]:12 =1
= XoLo+ Y Y [AdiDID; + Y (ai; — M) B + C
=1 j=1 i=1

> XoLa > Onyx g -

Similarly, for D = D2 in (4.1), there holds

Xo)B

1

e

R 1 2 2 1 2 2
_AOD}%:_§ZZ 'szh z] 522‘40”1]1 zj,h
i=1 j=1 =1 j=1
= 2 2 :
3 ( 2o ] [Z K
k=1 i=1 i=1
2
% A ([Zb’”(ﬁ hi] [Zbg’%;,.
i=1 i=1
Then
2 2 Tr o
Ongx Ny < ZAk [Z bgk)(Dz'i)] Zbgk)Dii]
k=1 i=1 i=1

S () wirer e S5 S o
k=1

i=1 k=1 =1 Jj=1
J#i

= Z(au M) (D) Df" + Z Z% (DF)'Dy =) [Ay(DF)'DF,

2

=1 j=1 i=1 j=1

J#i

and it follows that

2 2

2
M=-%" 2%2 (D;Df + DDy )+ Y aiBl + C
=1

i=1 j=1
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2
1
(o7 +Df D7) - B‘(”} 3 (0w = 20) B

7

Il
|
>~
IS
\-Mw
|
N

2 )\OLl > ONQXNO

using the fact that (D))" = —DF.

2

=2
Lastly, we consider the choice Di = D, . By [6], there holds

1 1
—5 (D7Dt + f D7) > =5 (D Df + D7 D).

Thus,

~(p;pf+DfD;) > —% (Df D} +D; D} + D} D; + DD} ) = 2D,

and it follows that —1 (Di_ D} + D} D; ) > —D?. Combining this with (6.3), we have

M==33ay[Dy] +C (6
i=1 j=1
2 2 2
= ALy — %Z[Ao]n' (DZDf +DfD; - 231(1)) =) [AdyDiD; +C
=1 =1 J=t
2 2 2 2 7
> ML+ (@i — 2)BY = > [AguD? = > [A)yDiD; + C
i=1 i=1 i=1 =1
2 2 2 ”
= XoLi+ Y (ai — 2)BY + D> [A)i; (D) D+ €
i=1 i=1 j=1



Z AOLI > ON()XN()‘

Therefore, (4.1) has a unique solution whenever A is constant-valued, and the matrix

representation MU = F yields a symmetric positive-definite matrix M.

Remark. The operators ﬁﬁ and 5121 naturally appear when decomposing A : D in
terms of difference operators only defined along Cartesian directions to show

Z ZAijDZTDj > Oy x N

i=1 j=1
and

2 2
Z ZAz‘j ((DH'DF + (D7)'D;) = Ongxn
i=1 j=1

N | —

for a constant matrix A that is symmetric non-negative-definite. In contrast, a wide-
stencil method tries to directly approximate the central difference operators along the

various qy, directions.
6.1.2. Proving M, is a Contraction

To show that the mapping M, has a unique fixed point in S(7), we first
establish a lemma that specifies conditions under which M, is a contraction in ¢2.
The result will utilize the following result found in [6]:

Lemma 6.1. Let B, F € RY*N such that B is symmetric non-negative-definite and

RNXN

F' is symmetric positive-definite. Define R € such that R s upper triangular

and F = RTR. Then
oI — FB|, < o

for all positive constants o such that oI > RBRT.

Lemma 6.2. Assume D2 = D2 in Ly, defined by (4.3). Suppose the operator A €
[L°(Q)]2*2 in (1.1) ds uniformly elliptic with 0 < AE- £< { A(x)Eg Aé’- gfm“ all
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€40 andx € Q and ¢ > ko > 0 is uniformly bounded. Choose U,V € S(Ty), and let
U= MU and V= M,V for M, defined by (6.1) and (6.2). Then there holds

MK ko

18 = Pllacy < (1= 9 = 552} 10 = Vg,

for all p > 0 sufficiently small, where kK > 0 denotes the minimal eigenvalue of the

matriz representation of — Zle 02 4, and 1 — p2e — pko > 0.

Proof. Let W =V — U and wW=vV-0. Then, by (6.2b), we can assume /Wa =0

for all x, € T, N 0. By the linearity of £, and (6.2a), there holds

Wo = We — pLaWa (6.6)
=W —1p [—A(Xa) : D2W, + c(x0)Wa + M(x4) : (5% - ﬁﬁ) Wa}
= Wa — P[ - (A(Xa) - gj2><2) : DEW, — %I2><2 : DEWa + c(%a) Wa
+M(x,) : (55, - f)g) Wa]

2
— (1 - pc(xa))Wa + p§ Zéihhiwa

=1

—p [— (A(xa) . %I2X2) L D2W, + M(x,) : (ﬁﬁ - ﬁﬁ) Wa]

for all x, € Tp N Q.

Let Ny = [TaNQ|, Ly € RNo*M denote the matrix representation of — 37 | 62, |
and C € RM>*M denote the matrix representation of ¢(x,) > 0. Then L; > xI and
C > kol.

We next utilize the frozen coefficient technique. Define the matrices A,, M, €
RNo*No a5 the matrix representations of — (A(x,) — 3l5x) : D2 and M(x,) : <l5}21 — Bﬁ),
respectively. Then A, and M, are symmetric non-negative-definite, where the proper-

ties of A, follow from Section 6.1.1 and the properties of M, follow from [6] which
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shows that each component of (5121 — ﬁﬁ) corresponds to a symmetric positive-
definite operator as well as the assumption that the coefficient matrix M (x,) has all
non-negative components.

Define Ej, € RNo*No by [F;],; = 1 only if i = j = k and 0 otherwise. Notation-
ally, we let a(k) be the multi-index corresponding to the single-index k. Then, (6.6)

can be written in matrix form by

No

— A

W= (I = pC)W — pS W — P Ex (Aary + May)) W = GW
k=1

for the iteration matrix G € RNo*No defined by
A al

G= (I — pC) — p§L1 — pZEk (Aa(k:) + Ma(k)) .
k=1

Choose € > 0. Let N' =2+ 2N,. Observe that Ej, + €l is symmetric positive-
definite for all k. Choose K such that Oy,xn, < Z]kvil (Aa(k) + Ma(k)) < KT using
the fact that A,y and M,y are symmetric non-negative-definite for all indices k.

Then, by Lemma 6.1, there holds

1 1 1 A
Glly < = [ —pC I—p2L
| H2_2+’2N’ P 2+H2N’ 7o,
No 1 No 1
—i—Z QN/I_p(Ek+€I)Aa(k) 2+Z 2N/I—p<Ek+€])Ma(k) )
k=1 k=1
No
+pe > || Aary + Magw]
k=1
No
11 1 A
<= — ok — ik 42 K
Sg oy TPt o TRt ;QN’+p€
1 242N, A\
e M SN S K
o T Ty T PR PRt
11 Mo ko4 Ak 3 1
SR Y A < 1= p=ky— p=A
273 p(°+2 1 ) Py Pt

34



k0+)\1€

for all p > 0 sufficiently small and € < chosen independently of p. The bound

AR ]{?0
Pllecicer < (1= 0% = 92 Wl

follows since ||\/7\\7||2 < ||G]|2]|W||2, and the bound over Ty, follows since W, = 0 over

Tn N 0. The proof is complete. m

. ]
Remark. The proof can trivially be extended to the choices D? = Dy, and D? = D,.
When choosing D? = ﬁi, the value for k is determined by the minimal eigenvalue of

the matrix representation of — 7 | 62 , .

6.2. Stability

6.2.1. Existence, Uniqueness, and Stability

We now use the result in Section 6.1.2 to show that the simple finite difference
scheme has a unique solution that is uniformly bounded in the weighted ¢?-norm. As
an immediate corollary to Lemma 6.2, we have the following well-posedness result by

the Contractive Mapping Theorem.

Theorem 6.3. Suppose the operator A € [L>(Q)]**? in (1.1) is uniformly elliptic
with 0 < Aéé’g —E-A(x)é'g Ag-gforallgyé@andxe Qandc> ko >0 is
uniformly bounded. The scheme (4.1) with Ly defined by either (4.1a) or (4.3) for

approzimating problem (1.1) has a unique solution.

Remark. We emphasize that the scheme has a unique solution whenever ky > 0 or

A > 0.

Using the analogous proof to Theorem 4.3 in [6], we have the following stability

result that also follows from Lemma 6.2.
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Theorem 6.4. Suppose the operator A € [L>(Q)]**? in (1.1) is uniformly elliptic
with 0 < )\g~ 5 < —E- A(x)Eg A§~ gfor all 5# 0 and x € Q, and suppose that
¢ > ko > 0 is uniformly bounded. If g = 0, then the solution U to the scheme (4.1)
with Ly, defined by either (4.1a) or (4.3) for approzimating problem (1.1) satisfies the

uniform bound
< 4d
n) = AK + k’g

If f is uniformly bounded over €2, then there holds

Ul 7,

ILf ez

(rat) 10y < g (o) 15O e

4d|Q)?
< .
<tk ilég\f(X)l

[N

Remark. The weighting (hxhy> is consistent with using the L?norm for f in the

limit as h — 0.

We now extend Theorem 6.4 to account for g # 0.
Theorem 6.5. Suppose the operator A € [L=(Q)]?*% in (1.1) is uniformly elliptic
with 0 < AE- 5§ —5- A(X)ES AE- gfor all 57& 0 and x € Q, and suppose that
¢ > ko > 0 is uniformly bounded. Then the solution U to the scheme (4.1) with Ly

defined by either (4.1a) or (4.3) for approzimating problem (1.1) satisfies the uniform

bound
1

(hxhy) ’ U2 (7,m0) < C

where C'is a positive h-independent constant which depends on ), the lower (proper)

ellipticity constants X and ko, || f(-)llco@), and [|gllco@n)-

Proof. Define the function v € C°(Q) N H2(9) to be the solution to

—Av=0 in €, (6.7a)
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v=yg  on 0%, (6.7b)

and define V : T — R by V,, = v(x,) for all x, € T N Q and introduce ghost values

so that the auxiliary boundary condition holds for V. Then, there holds

Lpn(Us — Vo) = f(Xa) = Lu(Va) = f(Xa)

for all x, € T, N with U, — V, = 0 for all x, € T, N 0. Thus, by Theorem 6.5,
there holds

3 4d
(heh) 10 =Vl < 5 (o) 1O e

and it follows that

1 1

(hahy) " 10l < (Bohn)* 1Vl o)

4d
+ 5 () 1O lleion
4d

+)\/€‘|‘]€0

2 2
< Cllvllp2@) + CZ Z |@ijVaia;ll20) + Cllf | 22(0)

i=1 j=1

(hxhy> : LV [le2 (7m0

for some constant C' > 0 independent of h. The result follows by the assumptions for

f, the boundedness of A, and the regularity of v. The proof is complete. m

6.2.2. (>°-Stability
Using the techniques in [6], it can be shown that 62 , U, and 02 ,, U, are
(%-stable for all i € {1,2} for U the solution to (4.1). Consequently, by the discrete

Sobolev embedding result in Theorem 5.4 of [6], the approximation U is ¢*°-stable.

37



6.3. Convergence

We first apply the results in [6] to guarantee convergence to the underlying
viscosity solution. We then apply the stability result in Section 6.2.1 to derive optimal
rates of convergence when the solution to (1.1) is sufficiently smooth.

Let up denote the piecewise constant extension for U the solution to (4.1).
Then, the proof technique in [6] can be adapted to yield the following convergence

result.

Theorem 6.6. Suppose the operator A € [Loo(ﬁ)]QXQ in (1.1) is uniformly elliptic
with 0 < )\g- Eg —5- A(X)gé AE- 5]‘07" all 57& 0 and x € Q, and suppose that
¢ > ko > 0 1s uniformly bounded. Also suppose that g is continuous on 9 and f is
bounded over Q2. If problem (1.1) satisfies the comparison principle of Definition 2.6,
then uy, converges to u locally uniformly as h — 0T, where u is the unique continuous

viscosity solution of (1.1).

Suppose u € C*(Q) is the unique solution to (1.1). Then, we can prove optimal

rates of convergence for the approximation (4.1).

Theorem 6.7. Suppose the operator A € [L>(Q)]?*% in (1.1) is uniformly elliptic
with 0 < A{- 5 < —5- A(X)ES AE- gfor all g;«é 0 and x € Q, and suppose that
¢ > ko > 0 is uniformly bounded. If problem (1.1) has a unique solution u € C*(Q)

and Ty 1s quasiuniform, then

(hxhy> ’ HehHZQ(Tth) < Ch?

for en(x4) = Uy — u(X,) and C independent of h.
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Proof. We have the error ey satisfies

Lnen(Xa) = f(Xa) = Lnu(Xa)
= [(%a) = Lu(xXa) + Lu(Xa) = Lnu(Xa)
= [(%a) = [(*%a) + Lu(Xa) = Lnt(Xa)
= Lu(Xa) — Lnu(Xa)-

Furthermore, ey, (x,) = 0 for all x, € T, N9, Thus, by Theorem 6.4, there holds

1 4d 1
<h$hy) 2 ||€h||€2(7'th) < e+ T <h$hy> : | Lu — Lyulleimno)-

The result follows since all of the second-order difference operators in Section 3 have
second-order local truncation errors for v € C*(Q) and quasiuniform meshes. The

proof is complete. n

Remark. Note that the approximation U defined by (4.1) with D = Ei may have a
boundary layer error due to the auxiliary boundary condition that creates an O(1)
error in Lu — Lyu for the nodes adjacent to the boundary. The error could be reduced
using interpolation to specify a more accurate auxiliary boundary condition. In
Chapter 8 we observe optimal rates of convergence for tests using Ei and the simple

auxiliary boundary condition (4.1c).
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CHAPTER 7: CONCLUSION

In this thesis we presented a narrow-stencil finite difference method for ap-
proximating the viscosity solution of second-order linear elliptic Dirichlet boundary
problems. We considered the Lax-Friedrich’s-like method of Feng and Lewis as well
as several other simple narrow-stencil methods. We have proven admissibility and
stability results for simple narrow-stencil finite difference methods for approximating
the solution. Numerical tests were presented to gauge the performance of the methods
and to validate the convergence results of the thesis. Going further, we would like to
extend results to fully nonlinear problems, study degenerate elliptic problems more sys-
tematically, and extend the results to the more general PDE A : D*>u+b-Vu+cu = f

that includes first-order terms.
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CHAPTER 8: NUMERICAL TEST RESULTS

In this chapter, we record results for the tests mentioned in Chapter 5. In
particular, we consider the four different tests based on Sections 5.2 — 5.5, for the five
solutions introduced in Section 5.1 and the five methods introduced in Sections 4.1
and 4.2. Each table will be labeled as TEST A.B, where A refers to the test number,
and B refers to solution number. We record the errors measured in || - || defined by
(5.2) and || - ||5 defined by (5.3), as well as rates. We record truncation errors for the

various solutions in Section &.5.
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8.1. Test 1 Results

SOLUTION 1: u(x,y) = sin (%(:c + y)2>

METHOD 1
TesT 1.1 U=, 182 1, U = waally || 192yl —uavlly || 157,U —uvsll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 7.60e-02 — 5.39e-01 — 4.81e-01 — 5.39e-01 —
20 || 9.52e-02 || 2.39e-02 1.79 2.26e-01 1.35 2.05e-01 1.32 2.26e-01 1.35
40 || 4.88e-02 || 6.63e-03 1.91 9.06e-02 1.37 8.39e-02 1.34 9.06e-02 1.37
60 || 3.28¢-02 || 3.02¢-03 1.98 5.21e-02 1.39 4.94e-02 1.33 5.21e-02 1.39
80 || 2.47e-02 || 1.72¢-03 1.99 3.51e-02 1.39 3.38e-02 1.34 3.51e-02 1.39
100 || 1.98¢-02 || 1.11e-03 1.99 2.58¢-02 1.40 2.50e-02 1.36 2.58e-02 1.40
120 || 1.65e-02 || 7.74e-04 1.99 1.99¢-02 1.42 1.94e-02 1.39 1.99¢-02 1.42
140 || 1.42e-02 || 5.71e-04 1.99 1.60e-02 1.45 1.56e-02 1.42 1.60e-02 1.45
METHOD 2 USING BOUNDARY CONDITION 1
TrsT 1.1 o ull, 1520, U = wsslly || 152 0mU = sy, || [820,0 = weels
Ny h ERROR | RATE || ERROR | RATE | ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.35e-01 — 4.42e+00 — 4.25e+00 — 3.20e+00 —
20 || 9.52e-02 || 6.34e-02 2.58 1.21e+00 | 2.01 1.04e+00 | 2.17 8.35e-01 2.08
40 || 4.88e-02 || 1.57e-02 2.09 4.60e-01 1.44 4.16e-01 1.37 4.12¢-01 1.06
60 || 3.28¢-02 || 7.03e-03 | 2.02 2.69e-01 1.35 2.51e-01 1.27 2.55e-01 1.21
80 || 2.47e-02 || 3.98¢-03 | 2.01 1.90e-01 1.22 1.82e-01 1.14 1.84e-01 1.14
100 || 1.98e-02 || 2.55e-03 | 2.01 1.50e-01 1.08 1.45e-01 1.02 1.47e-01 1.03
120 || 1.65e-02 || 1.78e-03 | 2.00 1.26e-01 0.96 1.23e-01 0.91 1.24e-01 0.93
140 || 1.42e-02 || 1.31e-03 | 2.00 1.11e-01 0.86 1.09e-01 0.82 1.09e-01 0.84

42




METHOD 2 USING BOUNDARY CONDITION 2

2

TesT 1.1 U ull, 152 8, U = waally | 152 0ml —wanlly || 150, U — sl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.87e-01 — 4.62e+00 — 4.54¢+00 — 4.62¢+00 —
20 || 9.52e-02 || 1.10e-01 1.95 1.81e+00 | 1.45 1.80e+00 | 1.43 1.81e+00 | 1.45
40 || 4.88e-02 || 2.81e-02 2.04 1.03e+00 | 0.84 1.03e4+00 | 0.84 1.03e+00 | 0.84
60 || 3.28¢-02 || 1.26e-02 2.02 6.32e-01 1.23 6.31e-01 1.22 6.32e-01 1.23
80 || 2.47¢-02 || 7.13e-03 | 2.01 4.31e-01 1.35 4.31e-01 1.35 4.31e-01 1.35
100 || 1.98e-02 || 4.58e-03 | 2.01 3.16e-01 1.40 3.16e-01 1.40 3.16e-01 1.40
120 || 1.65e-02 || 3.19e-03 | 2.00 2.44e-01 1.43 2.44e-01 1.43 2.44e-01 1.43
140 || 1.42e-02 || 2.35e-03 | 2.00 1.96e-01 1.45 1.96e-01 1.44 1.96e-01 1.45

METHOD 3

Test 1.1 o ull, 82,0 = wselly || [82ml = sy, || 1820, U = winll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.13e-01 — 2.31e+00 — 2.25¢+00 — 2.31e-+00 —
20 || 9.52e-02 || 6.27e-02 1.89 9.05e-01 1.45 8.72e-01 1.47 9.05e-01 1.45
40 || 4.88¢-02 || 1.68e-02 1.97 3.27e-01 1.52 3.16e-01 1.52 3.27e-01 1.52
60 || 3.28¢-02 || 7.60e-03 1.99 1.79e-01 1.51 1.75e-01 1.49 1.79e-01 1.51
80 || 2.47e-02 || 4.32e-03 1.99 1.17e-01 1.51 1.15e-01 1.49 1.17e-01 1.51
100 || 1.98e-02 || 2.79e-03 1.99 8.36e-02 1.52 8.24e-02 1.50 8.36e-02 1.52
120 || 1.65e-02 || 1.95e-03 1.99 6.34e-02 1.53 6.26e-02 1.52 6.34e-02 1.53
140 || 1.42e-02 || 1.44e-03 1.99 5.01e-02 1.55 4.95e-02 1.54 5.01e-02 1.55
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METHOD 4

TesT 1.1 U =, 162, U —uzally || 162U —uayll, || 164, U —ull,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 7.60e-02 — 5.39e-01 — 4.81e-01 5.39¢-01 —
20 || 9.52e-02 || 2.39e-02 1.79 2.26e-01 1.35 2.05e-01 1.32 2.26e-01 1.35
40 || 4.88e-02 || 6.63¢-03 1.91 9.06e-02 1.37 8.39¢-02 1.34 9.06e-02 1.37
60 || 3.28¢-02 || 3.02¢-03 1.98 5.21e-02 1.39 4.94e-02 1.33 5.21e-02 1.39
80 || 2.47e-02 || 1.72¢-03 1.99 3.51e-02 1.39 3.38e-02 1.34 3.51e-02 1.39
100 || 1.98e-02 || 1.11e-03 1.99 2.58e-02 1.40 2.50e-02 1.36 2.58e-02 1.40
120 || 1.65e-02 || 7.74e-04 1.99 1.99e-02 1.42 1.94e-02 1.39 1.99e-02 1.42
140 || 1.42e-02 || 5.71e-04 1.99 1.60e-02 1.45 1.56e-02 1.42 1.60e-02 1.45

METHOD 5 USING BOUNDARY CONDITION 1

Test 1.1 o ull, 1320, 0 = wsslly || 152 0mU = wsylly || 82,0 = ueells
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.38e-01 — 6.01e+00 — 3.65¢+00 2.92e-+00 —
20 || 9.52e-02 || 8.72e-02 1.56 4.51e+00 | 0.44 1.94e+00 | 0.98 1.89e+00 | 0.67
40 || 4.88e-02 || 2.38¢-02 1.94 2.95¢+00 | 0.64 8.63e-01 1.21 1.23e4+00 | 0.64
60 || 3.28¢-02 || 1.11e-02 1.91 2.29e+00 | 0.63 5.01e-01 1.37 8.96e-01 0.80
80 || 2.47e-02 || 6.49e-03 1.89 1.94e+00 | 0.58 3.30e-01 1.48 7.18e-01 0.78
100 || 1.98e-02 || 4.26e-03 1.91 1.72e+00 | 0.55 2.35e-01 1.54 6.14e-01 0.71
120 || 1.65e-02 || 3.00e-03 1.94 1.56e+00 | 0.53 1.77e-01 1.56 5.46e-01 0.65
140 || 1.42e-02 || 2.22e-03 1.96 1.44e+00 | 0.52 1.39e-01 1.57 4.97e-01 0.61
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METHOD 5 USING BOUNDARY CONDITION 2

2

TesT 1.1 U =, 1820, U = waally || [320mU —usylly || 135.0,U =yl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.13e-01 — 4.75e+00 — 3.62e+00 — 4.75¢+00 —
20 || 9.52e-02 || 9.73e-02 1.21 2.55e+00 | 0.96 1.90e+00 | 1.00 2.55e+00 | 0.96
40 || 4.88e-02 || 3.90e-02 1.37 1.04e4+00 | 1.34 7.46e-01 1.39 1.04e+00 | 1.34
60 || 3.28¢-02 || 2.07e-02 1.60 5.72e-01 1.51 3.97e-01 1.59 5.72e-01 1.51
80 || 2.47e-02 || 1.26e-02 1.75 3.71e-01 1.53 2.48e-01 1.65 3.71e-01 1.53
100 || 1.98¢-02 || 8.39e-03 1.84 2.66e-01 1.50 1.72e-01 1.65 2.66e-01 1.50
120 || 1.65e-02 || 5.96e-03 1.89 2.04e-01 1.47 1.28e-01 1.63 2.04e-01 1.47
140 || 1.42e-02 || 4.44e-03 1.93 1.64e-01 1.45 1.00e-01 1.60 1.64e-01 1.45

SOLUTION 2: u(z,y) = 2% + 3zy + 3y° + 3
METHOD 1
TrsT 1.2 o~ ul], 182, U = weally || 152yl = waully || 1820, 0 = wull,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE

10 || 1.82e-01 || 9.01e-15 — 8.89¢-14 — 4.26e-14 — 9.10e-14 —

20 || 9.52e-02 || 4.29e-14 | -2.41 4.8le-13 | -2.61 2.24e-13 | -2.57 4.80e-13 | -2.57

40 || 4.88e-02 || 4.20e-13 | -3.41 3.13e-12 | -2.80 2.22¢-12 | -3.43 3.17e-12 | -2.82

60 || 3.28¢-02 || 2.69e-13 1.12 3.85¢-12 | -0.53 2.20e-12 | 0.03 3.73e-12 | -0.41

80 || 2.47e-02 || 1.96e-13 1.11 6.64e-12 | -1.92 4.0le-12 | -2.12 6.93e-12 | -2.18
100 || 1.98¢-02 || 5.59e-13 | -4.74 1.32e-11 | -3.10 9.08¢-12 | -3.70 1.29e-11 | -2.82
120 || 1.65e-02 || 2.67e-13 | 4.09 1.52e-11 | -0.78 1.01e-11 | -0.57 1.78e-11 | -1.77
140 || 1.42e-02 || 7.54e-13 | -6.79 2.28e-11 | -2.66 1.56e-11 | -2.87 2.48e-11 | -2.18
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METHOD 2 USING BOUNDARY CONDITION 1

2

2

TesT 1.2 U =, 182 0, U = waally || 132umU —waylly || 32,0 = uscll;
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.12¢-02 — 1.53e-01 — 1.50e-01 — 1.33e-01 —
20 || 9.52e-02 || 8.80e-03 1.96 1.15e-01 0.44 1.14e-01 0.42 1.08e-01 0.31
40 || 4.88e-02 || 2.34e-03 1.98 8.42¢-02 0.47 8.39¢-02 | 0.46 8.19¢-02 0.42
60 || 3.28¢-02 || 1.06e-03 1.99 6.95¢-02 0.48 6.94e-02 | 0.48 6.83e-02 0.46
80 || 2.47e-02 || 6.05e-04 1.99 6.06e-02 0.49 6.05e-02 | 0.48 5.98¢e-02 0.47
100 || 1.98¢-02 || 3.90e-04 1.99 5.44e-02 0.49 5.43e-02 | 0.49 5.38e-02 0.48
120 || 1.65e-02 || 2.72e-04 1.99 4.97e-02 0.49 4.97¢-02 | 0.49 4.93e-02 0.48
140 || 1.42e-02 || 2.00e-04 2.00 4.61e-02 0.49 4.61e-02 | 0.49 4.58e-02 0.48

METHOD 2 USING BOUNDARY CONDITION 2

TrsT 1.2 o~ ull, 1520, U = sy || 152yl = wasll, | 1550, U = wsnll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.98e-15 — 1.26e-13 — 1.18e-13 — 1.24e-13 —
20 || 9.52e-02 || 2.33e-14 | -2.39 2.45e-12 | -4.59 2.43e-12 | -4.68 2.43e-12 | -4.61
40 || 4.88e-02 || 1.85e-13 | -3.09 7.60e-11 | -5.14 7.61le-11 | -5.15 7.62e-11 | -5.15
60 || 3.28¢-02 || 1.47e-12 | -5.22 1.36e-09 | -7.26 1.36e-09 | -7.26 1.36e-09 | -7.26
80 || 2.47e-02 || 1.27e-12 | 0.53 2.06e-09 | -1.46 2.06e-09 | -1.46 2.06e-09 | -1.46
100 || 1.98¢-02 || 2.58e-12 | -3.23 6.56e-09 | -5.25 6.56e-09 | -5.25 6.57e-09 | -5.25
120 || 1.65e-02 || 9.44e-12 | -7.17 3.45e-08 | -9.18 3.45e-08 | -9.18 3.45¢-08 | -9.18
140 || 1.42e-02 || 7.20e-12 1.77 3.57e-08 | -0.23 3.57e-08 | -0.23 3.57e-08 | -0.23
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METHOD 3

TrsT 1.2 o~ ull, 182, U = wselly || 1320 = waslly || 1820, 0 = wll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.22¢-15 — 8.93e-14 — 3.02¢-14 — 8.72¢-14 —
20 || 9.52e-02 || 8.62e-15 | -1.52 4.29e-13 | -2.43 2.31e-13 | -3.15 4.34e-13 | -2.48
40 || 4.88e-02 || 1.16e-13 | -3.89 2.36e-12 | -2.55 1.19e-12 | -2.45 2.35e-12 | -2.53
60 || 3.28¢-02 || 1.40e-13 | -0.46 3.68e-12 | -1.12 2.09e-12 | -1.41 3.7le-12 | -1.14
80 || 2.47e-02 || 2.10e-13 | -1.43 6.37e-12 | -1.93 3.46e-12 | -1.78 6.07e-12 | -1.74
100 || 1.98¢-02 || 4.18e-14 7.32 1.02e-11 | -2.15 5.65e-12 | -2.23 1.01le-11 | -2.31
120 || 1.65e-02 || 8.46e-13 | -16.64 || 1.65e-11 | -2.64 1.20e-11 | -4.15 1.70e-11 | -2.89
140 || 1.42e-02 || 1.17e-12 | -2.11 2.4le-11 | -2.49 1.58e-11 | -1.82 2.22e-11 | -1.74

METHOD 4

TrsT 1.2 o~ ull, 182, U = weally || 182,y = waslly || 1820, 0 = ]l
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 9.0le-15 — 8.89e-14 — 4.26e-14 — 9.10e-14 —
20 || 9.52e-02 || 4.29e-14 | -2.41 4.81e-13 | -2.61 2.24e-13 | -2.57 4.80e-13 | -2.57
40 || 4.88e-02 || 4.20e-13 | -3.41 3.13e-12 | -2.80 2.22e-12 | -3.43 3.17e-12 | -2.82
60 || 3.28¢-02 || 2.69e-13 1.12 3.85e-12 | -0.53 2.20e-12 0.03 3.73e-12 | -0.41
80 || 2.47e-02 || 1.96e-13 1.11 6.64e-12 | -1.92 4.0le-12 | -2.12 6.93e-12 | -2.18
100 || 1.98¢-02 || 5.59e-13 | -4.74 1.32e-11 | -3.10 9.08e-12 | -3.70 1.29e-11 | -2.82
120 || 1.65e-02 || 2.67e-13 4.09 1.52e-11 | -0.78 1.0le-11 | -0.57 1.78e-11 | -1.77
140 || 1.42e-02 || 7.54e-13 | -6.79 2.28e-11 | -2.66 1.56e-11 | -2.87 2.48e-11 | -2.18
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METHOD 5 USING BOUNDARY CONDITION 1

2

2

TesT 1.2 U =, 182 0, U = waally || 132umU —waylly || 32,0 = uscll;
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 5.68e-02 — 7.04e-01 — 9.54e-02 — 1.91e-01 —
20 || 9.52e-02 || 1.82e-02 1.76 5.45e-01 0.40 5.11e-02 | 0.97 1.67e-01 0.21
40 || 4.88e-02 || 5.10e-03 1.90 4.03e-01 0.45 2.66e-02 | 0.97 1.29¢-01 0.38
60 || 3.28¢-02 || 2.35e-03 1.94 3.34e-01 0.47 1.80e-02 | 0.98 1.09e-01 0.44
80 || 2.47e-02 || 1.35e-03 1.96 2.92e-01 0.48 1.36e-02 | 0.99 9.54e-02 0.46
100 || 1.98e-02 || 8.74e-04 1.97 2.62e-01 0.49 1.09¢-02 | 0.99 8.61e-02 0.47
120 || 1.65e-02 || 6.12e-04 1.98 2.40e-01 0.49 9.15e-03 | 0.99 7.90e-02 0.47
140 || 1.42e-02 || 4.52e-04 1.98 2.23e-01 0.49 7.86e-03 | 0.99 7.34e-02 0.48

METHOD 5 USING BOUNDARY CONDITION 2

TesT 1.2 17—, 1820, U = waally || [32ymU —waylly || [1850,U = usyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 5.79e-15 — 4.91e-14 — 3.04e-14 — 5.13e-14 —
20 || 9.52e-02 || 1.88e-14 | -1.82 2.09e-13 | -2.24 1.52e-13 | -2.49 2.19e-13 | -2.24
40 || 4.88e-02 || 4.49e-14 | -1.30 1.43e-12 | -2.87 8.28e-13 | -2.54 1.15e-12 | -2.48
60 || 3.28¢-02 || 5.42e-14 | -0.48 2.73e-12 | -1.63 1.71e-12 | -1.82 2.28e-12 | -1.73
80 || 2.47e-02 || 5.90e-14 | -0.30 5.44e-12 | -2.43 4.0le-12 | -3.01 5.0le-12 | -2.77
100 || 1.98e-02 || 2.73e-13 | -6.94 1.05e-11 | -2.99 9.28¢-12 | -3.80 1.11e-11 | -3.62
120 || 1.65e-02 || 1.97e-13 1.80 1.34e-11 | -1.33 1.18e-11 | -1.31 1.49e-11 | -1.62
140 || 1.42e-02 || 2.62e-13 | -1.86 1.92e-11 | -2.38 1.54e-11 | -1.75 1.87e-11 | -1.50
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SOLUTION 3: u(z,y) = e*v+

METHOD 1
TesT 1.3 U =, 162 1, U = waally || 187,40l —usully || 1550,V — vl

Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE

10 || 1.82e-01 || 1.22e-01 — 7.77e-01 — 5.36e-01 — 4.63e-01

20 || 9.52e-02 || 3.96e-02 1.74 3.34e-01 1.31 2.61e-01 1.11 2.43e-01 1.00
40 || 4.88¢-02 || 1.14e-02 1.86 1.24e-01 1.48 1.06e-01 1.35 1.02e-01 1.30
60 || 3.28¢-02 || 5.32¢-03 1.92 6.66e-02 1.56 5.89e-02 1.47 5.74e-02 1.45
80 || 2.47e-02 || 3.07e-03 1.94 4.23e-02 1.60 3.82e-02 1.53 3.74e-02 1.51
100 || 1.98¢-02 || 1.99e-03 1.96 2.96e-02 1.62 2.70e-02 1.56 2.66e-02 1.55
120 || 1.65e-02 || 1.40e-03 1.97 2.20e-02 1.64 2.03e-02 1.58 2.00e-02 1.57
140 || 1.42e-02 || 1.03e-03 1.97 1.71e-02 1.65 1.59e-02 1.60 1.57e-02 1.59

METHOD 2 USING BOUNDARY CONDITION 1

TEsT 1.3 U ull, 152 8, U = waally || 152 0m0 = wally || 1152 0, U — a5
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.63e-01 — 4.88e+00 — 4.20e+00 — 3.60e-+00

20 || 9.52e-02 || 1.16e-01 1.76 3.95¢+00 | 0.33 3.54e+00 | 0.27 3.26e+00 | 0.15
40 || 4.88e-02 || 3.25e-02 1.90 2.87e+00 | 0.48 2.68¢+00 | 0.41 2.57e+00 | 0.35
60 || 3.28¢-02 || 1.50e-02 1.95 2.34e+00 | 0.51 2.23e+00 | 0.46 2.17e+00 | 0.43
80 || 2.47e-02 || 8.58e-03 1.97 2.02e+00 | 0.51 1.95e+00 | 0.48 1.91e+00 | 0.45
100 || 1.98¢-02 || 5.55e-03 1.98 1.81e+00 | 0.51 1.75e+00 | 0.48 1.72e+00 | 0.46
120 || 1.65e-02 || 3.88e-03 1.98 1.65e+00 | 0.51 1.60e+00 | 0.49 1.58¢+00 | 0.47
140 || 1.42e-02 || 2.86e-03 1.98 1.52e+00 | 0.51 1.49e+00 | 0.49 1.47e+00 | 0.48
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METHOD 2 USING BOUNDARY CONDITION 2

2

TEsT 1.3 U ull, 152 8, U = waally | 152 0ml —wanlly || 150, U — sl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.42e-01 — 2.72e+00 — 2.50e+00 — 2.63e+00 —
20 || 9.52e-02 || 1.12e-01 1.73 1.48e+00 | 0.94 1.42e+00 | 0.88 1.45e+00 | 0.91
40 || 4.88e-02 || 3.19e-02 1.88 6.65¢-01 1.20 6.50e-01 1.16 6.59¢e-01 1.18
60 || 3.28e-02 || 1.48e-02 1.93 3.93e-01 1.32 3.87e-01 1.30 3.91e-01 1.31
80 || 2.47e-02 || 8.51e-03 1.95 2.66e-01 1.37 2.63e-01 1.36 2.65e-01 1.37
100 || 1.98e-02 || 5.51e-03 1.97 1.96e-01 1.40 1.94e-01 1.39 1.95e-01 1.40
120 || 1.65e-02 || 3.86e-03 1.97 1.51e-01 1.42 1.50e-01 1.41 1.51e-01 1.42
140 || 1.42e-02 || 2.85e-03 1.98 1.22e-01 1.43 1.21e-01 1.42 1.21e-01 1.43

METHOD 3

TrsT 1.3 o ull, 82,0 = wselly || [82ml = sy, || 1820, U = winll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.16e-01 — 1.42e+00 — 1.32e+00 — 1.40e+00 —
20 || 9.52e-02 || 6.66e-02 1.82 5.94e-01 1.35 5.67e-01 1.31 5.98¢e-01 1.32
40 || 4.88¢-02 || 1.86e-02 1.91 2.19e-01 1.49 2.12e-01 1.47 2.21e-01 1.49
60 || 3.28¢-02 || 8.58¢-03 1.95 1.18e-01 1.56 1.15e-01 1.55 1.19e-01 1.57
80 || 2.47e-02 || 4.92e-03 1.96 7.48e-02 1.60 7.33e-02 1.58 7.54e-02 1.60
100 || 1.98¢-02 || 3.18e-03 1.97 5.23e-02 1.62 5.14e-02 1.61 5.27e-02 1.62
120 || 1.65e-02 || 2.22e-03 1.98 3.90e-02 1.63 3.84e-02 1.62 3.93e-02 1.63
140 || 1.42e-02 || 1.64e-03 1.98 3.03e-02 1.64 2.99e-02 1.63 3.05e-02 1.64
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METHOD 4

TesT 1.3 U =, 162, U —uzally || 162U —uayll, || 164, U —ull,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.22e-01 — 7.77e-01 — 5.36e-01 — 4.63e-01 —
20 || 9.52e-02 || 3.96e-02 1.74 3.34e-01 1.31 2.61e-01 1.11 2.43e-01 1.00
40 || 4.88e-02 || 1.14e-02 1.86 1.24e-01 1.48 1.06e-01 1.35 1.02e-01 1.30
60 || 3.28¢-02 || 5.32¢-03 1.92 6.66e-02 1.56 5.89e-02 1.47 5.74e-02 1.45
80 || 2.47e-02 || 3.07e-03 1.94 4.23e-02 1.60 3.82e-02 1.53 3.74e-02 1.51
100 || 1.98¢-02 || 1.99e-03 1.96 2.96e-02 1.62 2.70e-02 1.56 2.66e-02 1.55
120 || 1.65e-02 || 1.40e-03 1.97 2.20e-02 1.64 2.03e-02 1.58 2.00e-02 1.57
140 || 1.42e-02 || 1.03e-03 1.97 1.71e-02 1.65 1.59e-02 1.60 1.57e-02 1.59

METHOD 5 USING BOUNDARY CONDITION 1

TrsT 1.3 o ull, 132 0,0~ wsslly || 152 0nl = wsylly || 1320, = e
Ny h ERROR | RATE || ERROR | RATE | ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.47e-01 — 1.81e+00 — 1.49e+00 — 7.07e-01 —
20 || 9.52e-02 || 1.27e-01 1.04 1.63e+00 | 0.17 1.25e+00 | 0.27 8.13e-01 | -0.22
40 || 4.88e-02 || 5.01e-02 1.39 1.16e+00 | 0.51 9.33e-01 0.44 6.49¢-01 0.34
60 || 3.28¢-02 || 2.67e-02 1.59 8.90e-01 0.66 7.26e-01 0.63 5.10e-01 0.61
80 || 2.47e-02 || 1.66e-02 1.68 7.28e-01 0.71 5.91e-01 0.73 4.16e-01 0.72
100 || 1.98e-02 || 1.13e-02 1.74 6.20e-01 0.72 4.97e-01 0.79 3.51e-01 0.77
120 || 1.65e-02 || 8.20e-03 1.77 5.44e-01 0.72 4.28¢-01 0.82 3.04e-01 0.80
140 || 1.42e-02 || 6.23e-03 1.80 4.88e-01 0.72 3.76e-01 0.85 2.68e-01 0.82
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METHOD 5 USING BOUNDARY CONDITION 2

TesT 1.3 U =, 182 0, U = waally || [182ymU —uaylly || 11850,U = usll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE | ERROR | RATE
10 || 1.82e-01 || 2.05e-01 — 9.13e-01 — 8.54e-01 — 3.33¢-+00
20 || 9.52e-02 || 9.16e-02 1.24 5.82e-01 0.70 4.46e-01 1.00 2.34e+00 | 0.54
40 || 4.88e-02 || 3.38¢-02 1.49 2.87e-01 1.06 2.34e-01 0.96 1.27e+00 | 0.92
60 || 3.28¢-02 || 1.76e-02 1.65 1.74e-01 1.26 1.49e-01 1.13 8.11e-01 1.13
80 || 2.47e-02 || 1.07e-02 1.73 1.19e-01 1.36 1.05e-01 1.25 5.73e-01 1.22
100 || 1.98¢-02 || 7.24e-03 1.78 8.68e-02 1.41 7.82e-02 1.32 4.32¢-01 1.28
120 || 1.65e-02 || 5.22e-03 1.82 6.68e-02 1.45 6.10e-02 1.38 3.40e-01 1.32
140 || 1.42e-02 || 3.93e-03 1.84 5.33e-02 1.48 4.91e-02 1.41 2.77e-01 1.35

3 % 5
SOLUTION 4: u(z,y) = 91”—8(3 log(z?) — 11) + (y - %) ‘x + %‘
METHOD 1

TesT 1.4 10—, 162, U —uzally || 1020 —uaylly || 1624, U —uyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.60e-02 — 2.37e-01 — 1.94e-01 — 2.20e-01
20 || 9.52e-02 || 1.36e-02 1.88 8.10e-02 1.66 6.53e-02 1.68 7.73e-02 1.62
40 || 4.88¢-02 || 3.86e-03 1.88 2.52e-02 1.75 2.04e-02 1.74 2.49¢-02 1.69
60 || 3.28¢-02 || 1.83e-03 1.87 1.26e-02 1.74 1.03e-02 1.71 1.28e-02 1.68
80 || 2.47e-02 || 1.08¢-03 1.86 7.78e-03 1.70 6.44e-03 1.66 8.00e-03 1.65
100 || 1.98¢-02 || 7.19e-04 1.85 5.40e-03 1.66 4.52¢-03 1.61 5.60e-03 1.62
120 || 1.65e-02 || 5.16e-04 1.84 4.03e-03 1.62 3.41e-03 1.56 4.21e-03 1.58
140 || 1.42e-02 || 3.90e-04 1.83 3.17e-03 1.58 2.70e-03 1.52 3.32¢-03 1.55
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METHOD 2 USING BOUNDARY CONDITION 1

2

2

TesT 1.4 U =, 182 0, U = waally || 132umU —waylly || 32,0 = uscll;
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 6.59¢-02 — 9.76e-01 — 9.31e-01 — 8.80e-01 —
20 || 9.52e-02 || 1.88e-02 1.94 6.42e-01 0.65 6.34e-01 0.59 6.06e-01 0.58
40 || 4.88e-02 || 4.99e-03 1.99 4.43e-01 0.56 4.41e-01 0.55 4.30e-01 0.51
60 || 3.28¢-02 || 2.31e-03 1.94 4.01e-01 0.25 4.00e-01 0.24 3.94e-01 0.22
80 || 2.47e-02 || 1.31e-03 2.00 3.43e-01 0.55 3.43e-01 0.54 3.39¢-01 0.53
100 || 1.98¢-02 || 8.61e-04 1.91 2.97e-01 0.65 2.97e-01 0.65 2.94e-01 0.65
120 || 1.65e-02 || 5.98e-04 2.02 2.61e-01 0.72 2.60e-01 0.72 2.58e-01 0.72
140 || 1.42e-02 || 4.51e-04 1.85 2.57e-01 0.09 2.57e-01 0.08 2.56e-01 0.07

METHOD 2 USING BOUNDARY CONDITION 2

TesT 1.4 17—, 1820, U = waally || [32ymU —waylly || [1850,U = usyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.89e-02 — 3.85¢-01 — 3.37e-01 — 3.21e-01 —
20 || 9.52e-02 || 7.37e-03 2.11 2.44e-01 0.70 2.36e-01 0.55 2.35e-01 0.48
40 || 4.88e-02 || 1.80e-03 2.10 1.40e-01 0.83 1.39e-01 0.80 1.39e-01 0.79
60 || 3.28¢-02 || 8.15e-04 2.00 1.33e-01 0.12 1.33e-01 0.10 1.33e-01 0.10
80 || 2.47e-02 || 4.67e-04 1.96 1.17e-01 0.46 1.17e-01 0.46 1.17e-01 0.46
100 || 1.98¢-02 || 3.08e-04 1.89 9.55e-02 0.92 9.54e-02 | 0.92 9.54e-02 0.92
120 || 1.65e-02 || 2.20e-04 1.85 7.43e-02 1.39 7.42e-02 1.39 7.42e-02 1.39
140 || 1.42e-02 || 1.68e-04 1.76 8.07e-02 | -0.55 8.07e-02 | -0.55 8.07e-02 | -0.55
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METHOD 3

TEST 1.4 o~ ull, 182, U = wselly || 1320 = waslly || 1820, 0 = wll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.48e-02 — 1.75e-01 — 1.39e-01 — 1.44e-01
20 || 9.52e-02 || 4.92e-03 1.70 6.83e-02 1.45 5.58e-02 1.41 5.93e-02 1.37
40 || 4.88e-02 || 1.52e-03 1.76 2.36e-02 1.59 1.97e-02 1.55 2.14e-02 1.52
60 || 3.28¢-02 || 7.58e-04 1.75 1.24e-02 1.62 1.05e-02 1.59 1.15e-02 1.56
80 || 2.47e-02 || 4.65e-04 1.72 7.83e-03 1.62 6.67e-03 1.59 7.39e-03 1.57
100 || 1.98¢-02 || 3.19e-04 1.70 5.49e-03 1.61 4.71e-03 1.58 5.24e-03 1.56
120 || 1.65e-02 || 2.36e-04 1.68 4.13e-03 1.59 3.56e-03 1.55 3.97e-03 1.54
140 || 1.42e-02 || 1.83e-04 1.67 3.25e-03 1.56 2.82e-03 1.52 3.15e-03 1.51

METHOD 4

TEST 1.4 o~ ull, 182, U = weally || 182,y = waslly || 1820, 0 = ]l
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.60e-02 — 2.37e-01 — 1.94e-01 — 2.20e-01
20 || 9.52e-02 || 1.36e-02 1.88 8.10e-02 1.66 6.53e-02 1.68 7.73e-02 1.62
40 || 4.88e-02 || 3.86e-03 1.88 2.52e-02 1.75 2.04e-02 1.74 2.49e-02 1.69
60 || 3.28¢-02 || 1.83e-03 1.87 1.26e-02 1.74 1.03e-02 1.71 1.28e-02 1.68
80 || 2.47e-02 || 1.08e-03 1.86 7.78e-03 1.70 6.44e-03 1.66 8.00e-03 1.65
100 || 1.98¢-02 || 7.19e-04 1.85 5.40e-03 1.66 4.52¢-03 1.61 5.60e-03 1.62
120 || 1.65e-02 || 5.16e-04 1.84 4.03e-03 1.62 3.41e-03 1.56 4.21e-03 1.58
140 || 1.42e-02 || 3.90e-04 1.83 3.17e-03 1.58 2.70e-03 1.52 3.32e-03 1.55
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METHOD 5 USING BOUNDARY CONDITION 1

2

2

TesT 1.4 U =, 182 4, U = waally || 13%0mU —aylly || 82, U = ussll
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.26e-01 — 1.34e+00 — 3.75e-01 — 6.31e-01 —
20 || 9.52e-02 || 4.55e-02 1.57 1.06e+00 | 0.37 2.27e-01 0.78 4.01e-01 0.70
40 || 4.88e-02 || 1.42¢-02 1.74 8.07e-01 0.40 1.20e-01 0.95 2.79e-01 0.54
60 || 3.28¢-02 || 6.83e-03 1.84 6.78e-01 0.44 8.20e-02 | 0.96 2.30e-01 0.48
80 || 2.47e-02 || 4.02¢-03 1.87 5.96e-01 0.45 6.23e-02 0.97 2.01e-01 0.48
100 || 1.98¢-02 || 2.65e-03 1.89 5.38e-01 0.46 5.03e-02 | 0.97 1.81e-01 0.48
120 || 1.65e-02 || 1.88e-03 1.90 4.94e-01 0.47 4.22¢-02 0.98 1.66e-01 0.48
140 || 1.42e-02 || 1.40e-03 1.90 4.60e-01 0.48 3.63e-02 | 0.98 1.54e-01 0.48

METHOD 5 USING BOUNDARY CONDITION 2

TesT 1.4 17—, 1820, U = waally || [32ymU —waylly || [1850,U = usyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.65e-01 — 6.91e-01 — 3.58e-01 — 6.34e-01 —
20 || 9.52e-02 || 5.24e-02 1.77 2.92e-01 1.33 1.57e-01 1.28 2.55e-01 1.41
40 || 4.88e-02 || 1.50e-02 1.87 1.31e-01 1.19 5.98e-02 1.44 9.50e-02 1.47
60 || 3.28¢-02 || 7.03e-03 1.91 8.50e-02 1.10 3.33e-02 1.47 5.42e-02 1.41
80 || 2.47e-02 || 4.08¢-03 1.92 6.28e-02 1.07 2.20e-02 1.47 3.69e-02 1.36
100 || 1.98¢-02 || 2.66e-03 1.93 4.98e-02 1.05 1.59e-02 1.46 2.76e-02 1.32
120 || 1.65e-02 || 1.88e-03 1.93 4.13e-02 1.04 1.22e-02 1.45 2.18e-02 1.29
140 || 1.42e-02 || 1.40e-03 1.93 3.53e-02 1.03 9.83e-03 1.44 1.80e-02 1.27
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8.2. Test 2 Results

SOLUTION 1: u(z,y) = sin (g(x + y)2>

METHOD 1

TEST 2.1 o~ ul, 182, U = weally || 1520 = waslly || 1820, 0 = wnll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.72e-02 — 8.33e-01 — 3.18¢-01 — 8.91e-02 —
20 || 9.52e-02 || 1.24e-02 | 2.06 3.44e-01 1.37 1.30e-01 1.39 4.02¢-02 1.23
40 || 4.88e-02 || 3.24e-03 | 2.01 1.45e-01 1.29 5.32e-02 1.33 1.60e-02 1.38
60 || 3.28e-02 || 1.47e-03 | 2.00 8.15e-02 1.45 2.85e-02 1.57 8.48¢-03 1.60
80 || 2.47e-02 || 8.31e-04 | 2.00 5.23e-02 1.57 1.77e-02 1.67 5.23e-03 1.70
100 || 1.98¢-02 || 5.35e-04 | 2.00 3.62e-02 1.67 1.21e-02 1.74 3.55e-03 1.75
120 || 1.65e-02 || 3.73e-04 | 2.00 2.66e-02 1.71 8.76e-03 1.78 2.57e-03 1.80
140 || 1.42e-02 || 2.74e-04 | 2.00 2.03e-02 1.75 6.64e-03 1.81 1.94e-03 1.83

METHOD 2 USING BOUNDARY CONDITION 1

TesT 2.1 U= ll, 52, U = wsall, | [32mt = syl || 1520,V = el
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.14e-01 — 2.94e-+00 — 1.54e+-00 — 1.22e-+00 —
20 || 9.52e-02 || 5.43e-02 | 2.12 1.17e+00 | 1.43 6.23e-01 1.40 7.64e-01 0.73
40 || 4.88¢-02 || 1.40e-02 | 2.02 4.52e-01 1.42 2.08¢-01 1.64 3.43e-01 1.20
60 || 3.28¢-02 || 6.34e-03 | 2.00 2.56e-01 1.43 1.04e-01 1.75 2.00e-01 1.36
80 || 2.47e-02 || 3.60e-03 | 2.00 1.68e-01 1.48 6.21e-02 1.80 1.34e-01 1.41
100 || 1.98¢-02 || 2.31e-03 | 2.00 1.20e-01 1.53 4.14e-02 1.84 9.70e-02 1.46
120 || 1.65e-02 || 1.61e-03 | 2.00 9.05¢e-02 1.56 2.97e-02 1.85 7.40e-02 1.50
140 || 1.42e-02 || 1.19¢-03 | 2.00 7.10e-02 1.59 2.23e-02 1.87 5.85e-02 1.54
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METHOD 2 USING BOUNDARY CONDITION 2

2

TEsT 2.1 o ull, 152 0, U = waally || 12 0m0 —wally || 150, U = sl
Ny h ERROR | RATE || ERROR | RATE | ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.73e-01 — 3.62e+00 — 1.50e+00 — 3.73e-01 —
20 || 9.52e-02 || 4.71e-02 2.02 1.15e+00 | 1.78 6.08e-01 1.39 1.38e-01 1.54
40 || 4.88e-02 || 1.25e-02 1.98 5.43e-01 1.12 2.22e-01 1.51 6.06e-02 1.23
60 || 3.28¢-02 || 5.73e-03 1.97 3.21e-01 1.32 1.16e-01 1.63 3.36e-02 1.49
80 || 2.47e-02 || 3.26e-03 1.98 2.09e-01 1.51 7.20e-02 1.69 2.10e-02 1.65
100 || 1.98e-02 || 2.11e-03 1.98 1.46e-01 1.63 4.90e-02 1.75 1.43e-02 1.73
120 || 1.65e-02 || 1.47e-03 1.99 1.08e-01 1.70 3.55e-02 1.78 1.04e-02 1.79
140 || 1.42e-02 || 1.09e-03 1.99 8.23e-02 1.75 2.69e-02 1.81 7.84e-03 1.83

METHOD 3

TEsT 2.1 o ull, 82,0 = wselly || 132 0ml = wsylly || 1182,U = i,

Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE

10 || 1.82e-01 || 4.51e-02 — 7.87e-01 — 2.22¢+00 — 9.90e-02 —

20 || 9.52e-02 || 1.19e-02 2.07 3.22e-01 1.38 8.64e-01 1.46 4.47e-02 1.23
40 || 4.88¢-02 || 3.09¢-03 2.01 1.35e-01 1.29 2.67e-01 1.75 1.72e-02 1.43
60 || 3.28e-02 || 1.40e-03 2.00 7.59e-02 1.45 1.27e-01 1.87 8.99e-03 1.63
80 || 2.47e-02 || 7.93e-04 2.00 4.87e-02 1.57 7.41e-02 1.91 5.51e-03 1.73
100 || 1.98¢-02 || 5.10e-04 2.00 3.37e-02 1.67 4.84e-02 1.93 3.72e-03 1.77
120 || 1.65e-02 || 3.55e-04 2.00 2.48e-02 1.71 3.41e-02 1.94 2.68e-03 1.82
140 || 1.42e-02 || 2.62e-04 2.00 1.90e-02 1.75 2.53e-02 1.95 2.02e-03 1.84
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METHOD 4

TesT 2.1 U =, 162 1, U —uzally || 1182V —wanlly || 1550, U = uuylly
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.31e-02 — 7.43e-01 — 4.23e+00 — 1.17e-01 —
20 || 9.52e-02 || 1.13e-02 2.07 3.00e-01 1.40 1.63e+00 | 1.48 5.20e-02 1.26
40 || 4.88e-02 || 2.94e-03 2.01 1.26e-01 1.30 4.95e-01 1.78 1.91e-02 1.50
60 || 3.28¢-02 || 1.33e-03 2.00 7.05¢-02 1.45 2.34e-01 1.88 9.81e-03 1.67
80 || 2.47e-02 || 7.54e-04 2.00 4.52¢-02 1.57 1.36e-01 1.92 5.96e-03 1.76
100 || 1.98¢-02 || 4.85e-04 2.00 3.13e-02 1.67 8.86e-02 1.94 4.01e-03 1.80
120 || 1.65e-02 || 3.38e-04 2.00 2.30e-02 1.70 6.23e-02 1.95 2.87¢-03 1.84
140 || 1.42e-02 || 2.49e-04 2.00 1.76e-02 1.75 4.62e-02 1.96 2.16e-03 1.86

METHOD 5 USING BOUNDARY CONDITION 1

TesT 2.1 o ull, 1320, 0 = wsslly || 152 0mU = wsylly || 82,0 = ueells
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.38e-01 — 8.29e+00 — 4.99e+00 — 5.11e+00 —
20 || 9.52e-02 || 2.09e-01 1.15 6.79¢+00 | 0.31 3.26e+00 | 0.66 4.30e+00 | 0.27
40 || 4.88e-02 || 7.74e-02 1.48 4.87e+00 | 0.49 1.71e+00 | 0.97 3.05e+00 | 0.51
60 || 3.28¢-02 || 3.91e-02 1.72 4.00e+00 | 0.50 1.07e+00 | 1.17 2.49¢+00 | 0.51
80 || 2.47e-02 || 2.35e-02 1.79 3.51e+00 | 0.46 7.53e-01 1.24 2.19e+00 | 0.45
100 || 1.98e-02 || 1.57e-02 1.84 3.19e+00 | 0.43 5.72e-01 1.25 2.01e+00 | 0.39
120 || 1.65e-02 || 1.12e-02 1.84 2.95e4+00 | 0.42 4.57e-01 1.25 1.88¢+00 | 0.37
140 || 1.42e-02 || 8.44e-03 1.87 2.77e4+00 | 0.42 3.78e-01 1.23 1.78e+00 | 0.35
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METHOD 5 USING BOUNDARY CONDITION 2

2

TesT 2.1 U =, 1820, U = waally || [320mU —usylly || 135.0,U =yl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.60e-01 — 8.45e+00 — 5.02e+00 — 6.80e-+00 —
20 || 9.52e-02 || 2.17e-01 1.16 5.65e+00 | 0.62 3.10e+00 | 0.74 3.98¢+00 | 0.83
40 || 4.88e-02 || 7.78e-02 1.53 3.01le+00 | 0.94 1.41e+00 | 1.18 1.68¢+00 | 1.29
60 || 3.28¢-02 || 3.84e-02 1.78 1.91e+00 | 1.15 7.83e-01 1.48 8.92e-01 1.59
80 || 2.47e-02 || 2.27e-02 1.85 1.33e+00 | 1.27 4.94e-01 1.63 5.50e-01 1.70
100 || 1.98¢-02 || 1.49e-02 1.90 9.93e-01 1.33 3.39e-01 1.71 3.75e-01 1.74
120 || 1.65e-02 || 1.06e-02 1.91 7.74e-01 1.38 2.46e-01 1.76 2.73e-01 1.76
140 || 1.42e-02 || 7.87e-03 1.94 6.25e-01 1.40 1.87e-01 1.80 2.08e-01 1.77

SOLUTION 2: u(z,y) = 2% + 3zy + 3y° + 3
METHOD 1
TrsT 2.2 o~ ul], 182, U = weally || 152yl = waully || 1820, 0 = wull,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE

10 || 1.82e-01 || 8.09e-15 — 1.08e-13 — 3.91e-14 — 5.98¢-14 —

20 || 9.52e-02 || 3.73e-15 1.20 4.30e-13 | -2.14 1.29e-13 | -1.84 1.91e-13 | -1.79

40 || 4.88¢-02 || 1.74e-14 | -2.30 1.96e-12 | -2.27 4.86e-13 | -1.99 7.04e-13 | -1.95

60 || 3.28¢-02 || 2.44e-14 | -0.85 4.0le-12 | -1.80 1.15e-12 | -2.17 1.62e-12 | -2.10

80 || 2.47e-02 || 2.52e-14 | -0.12 7.71e-12 | -2.30 2.13e-12 | -2.16 2.98¢-12 | -2.15
100 || 1.98¢-02 || 2.09¢-14 | 0.86 1.14e-11 | -1.79 3.21e-12 | -1.87 4.44e-12 | -1.81
120 || 1.65e-02 || 1.88e-14 | 0.58 1.72e-11 | -2.27 4.56e-12 | -1.95 6.36e-12 | -1.99
140 || 1.42e-02 || 3.02e-14 | -3.11 2.27e-11 | -1.81 6.30e-12 | -2.10 8.66e-12 | -2.02
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METHOD 2 USING BOUNDARY CONDITION 1

2

2

TesT 2.2 U =, 182 0, U = waally || 132umU —waylly || 32,0 = uscll;
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.12e-02 — 1.86e-01 — 2.59¢-02 — 3.88¢-02 —
20 || 9.52e-02 || 6.34e-03 1.87 8.77e-02 1.16 1.48e-02 | 0.87 2.92¢-02 0.44
40 || 4.88e-02 || 1.70e-03 1.97 4.61e-02 0.96 7.21e-03 1.07 1.57e-02 0.93
60 || 3.28¢-02 || 7.73e-04 1.98 3.19e-02 0.93 4.66e-03 1.10 1.01e-02 1.11
80 || 2.47e-02 || 4.40e-04 1.99 2.44e-02 0.95 3.44e-03 1.06 7.52e-03 1.04
100 || 1.98e-02 || 2.84e-04 1.99 1.98¢-02 0.94 2.73e-03 1.06 6.07e-03 | 0.97
120 || 1.65e-02 || 1.98e-04 1.99 1.66e-02 0.96 2.27e-03 1.03 5.12e-03 | 0.94
140 || 1.42e-02 || 1.46e-04 2.00 1.44e-02 0.95 1.93e-03 1.03 4.45e-03 | 0.92

METHOD 2 USING BOUNDARY CONDITION 2

TesT 2.2 17—, 1820, U = waally || [32ymU —waylly || [1850,U = usyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.78e-15 — 3.55e-14 — 1.13e-14 — 1.93e-14 —
20 || 9.52e-02 || 3.57e-15 | -1.08 1.37e-13 | -2.08 4.30e-14 | -2.07 5.77e-14 | -1.69
40 || 4.88e-02 || 8.3le-15 | -1.26 6.02e-13 | -2.21 1.59e-13 | -1.95 2.14e-13 | -1.96
60 || 3.28¢-02 || 1.16e-14 | -0.83 1.26e-12 | -1.87 3.87e-13 | -2.24 4.57e-13 | -1.91
80 || 2.47e-02 || 2.29e-14 | -2.42 2.52e-12 | -2.43 6.55e-13 | -1.86 7.39e-13 | -1.69
100 || 1.98e-02 || 1.22e-14 2.85 3.22e-12 | -1.12 1.06e-12 | -2.18 1.21e-12 | -2.22
120 || 1.65e-02 || 1.75e-14 | -2.00 6.07e-12 | -3.50 1.46e-12 | -1.75 1.61e-12 | -1.60
140 || 1.42e-02 || 3.25e-14 | -4.04 6.84e-12 | -0.78 2.10e-12 | -2.40 2.25e-12 | -2.19
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METHOD 3

TEST 2.2 o~ ull, 182, U = wselly || 1320 = waslly || 1820, 0 = wll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.85e-15 — 1.20e-13 — 2.24e-14 — 4.04e-14 —
20 || 9.52e-02 || 6.20e-15 | -0.74 7.07e-13 | -2.75 8.89e-14 | -2.13 1.78e-13 | -2.29
40 || 4.88e-02 || 2.65e-14 | -2.17 2.51e-12 | -1.89 2.49¢-13 | -1.54 6.46e-13 | -1.93
60 || 3.28¢-02 || 3.88e-14 | -0.96 5.34e-12 | -1.90 6.64e-13 | -2.47 1.46e-12 | -2.05
80 || 2.47e-02 || 6.12¢e-14 | -1.61 1.07e-11 | -2.46 1.08e-12 | -1.71 2.54e-12 | -1.96
100 || 1.98¢-02 || 3.33e-14 2.76 1.35e-11 | -1.03 1.86e-12 | -2.48 4.15e-12 | -2.22
120 || 1.65e-02 || 7.08e-14 | -4.18 2.40e-11 | -3.19 2.48e-12 | -1.59 5.7le-12 | -1.77
140 || 1.42e-02 || 8.95e-14 | -1.54 2.75e-11 | -0.90 3.56e-12 | -2.35 8.06e-12 | -2.25

METHOD 4

TEST 2.2 o~ ull, 182, U = weally || 182,y = waslly || 1820, 0 = ]l
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 5.86e-15 — 1.61e-13 — 3.92¢-14 — 5.35¢-14 —
20 || 9.52e-02 || 5.43e-15 0.12 4.53e-13 | -1.60 1.33e-13 | -1.89 1.75e-13 | -1.83
40 || 4.88¢-02 || 8.58e-15 | -0.68 2.04e-12 | -2.25 5.13e-13 | -2.02 7.15e-13 | -2.11
60 || 3.28¢-02 || 2.83e-14 | -3.00 4.35e-12 | -1.90 1.14e-12 | -2.01 1.55¢-12 | -1.95
80 || 2.47e-02 || 2.97e-14 | -0.17 7.37e-12 | -1.86 2.02e-12 | -2.01 2.86e-12 | -2.16
100 || 1.98e-02 || 1.94e-14 1.92 1.17e-11 | -2.08 3.13e-12 | -2.00 4.39e-12 | -1.94
120 || 1.65e-02 || 2.84e-14 | -2.10 1.72e-11 | -2.15 4.49e-12 | -1.99 6.26e-12 | -1.97
140 || 1.42e-02 || 2.22e-14 1.61 2.20e-11 | -1.62 5.96e-12 | -1.85 8.3%-12 | -1.91
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METHOD 5 USING BOUNDARY CONDITION 1

2

2

TesT 2.2 U =, 182 0, U = waally || 132umU —waylly || 32,0 = uscll;
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 8.98e-02 — 9.57e-01 — 1.67e-01 — 3.86e-01 —
20 || 9.52e-02 || 3.23e-02 1.58 8.53e-01 0.18 1.21e-01 0.50 4.51e-01 | -0.24
40 || 4.88e-02 || 1.12e-02 1.59 7.01e-01 0.29 7.56e-02 | 0.71 4.17e-01 0.11
60 || 3.28¢-02 || 5.75e-03 1.67 6.07e-01 0.36 5.36e-02 | 0.86 3.76e-01 0.26
80 || 2.47e-02 || 3.50e-03 1.75 5.44e-01 0.39 4.13e-02 | 0.92 3.43e-01 0.32
100 || 1.98¢-02 || 2.37e-03 1.77 4.98e-01 0.39 3.36e-02 | 0.93 3.19e-01 0.33
120 || 1.65e-02 || 1.72e-03 1.79 4.64e-01 0.40 2.85¢-02 | 0.93 3.00e-01 0.34
140 || 1.42e-02 || 1.31e-03 1.79 4.36e-01 0.41 2.47¢-02 | 0.93 2.85e-01 0.34

METHOD 5 USING BOUNDARY CONDITION 2

TesT 2.2 17—, 1820, U = waally || [32ymU —waylly || [1850,U = usyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 7.98e-15 — 1.43e-13 — 4.79e-14 — 1.03e-13 —
20 || 9.52e-02 || 2.30e-13 | -5.20 7.82e-13 | -2.63 5.27e-13 | -3.71 6.24e-13 | -2.79
40 || 4.88e-02 || 6.17e-14 1.97 2.04e-12 | -1.43 7.22¢-13 | -0.47 8.60e-13 | -0.48
60 || 3.28¢-02 || 1.55e-13 | -2.32 1.22e-11 | -4.50 2.17e-12 | -2.77 2.08e-12 | -2.22
80 || 2.47e-02 || 6.75e-13 | -5.18 2.42e-11 | -2.41 4.08e-12 | -2.23 4.26e-12 | -2.53
100 || 1.98e-02 || 1.47e-12 | -3.51 1.92e-11 1.05 6.17e-12 | -1.88 6.65e-12 | -2.02
120 || 1.65e-02 || 5.64e-13 5.29 4.93e-11 | -5.23 9.80e-12 | -2.56 8.75e-12 | -1.52
140 || 1.42e-02 || 2.89e-13 | 4.37 3.90e-11 1.53 9.19e-12 | 0.42 1.03e-11 | -1.06
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SOLUTION 3: u(z,y) = e*v+

METHOD 1
TesT 2.3 U =, 162 1, U = waally || 182 0l —usull, || 155,V — vl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 7.83e-02 — 1.21e+00 — 3.93e-01 — 1.21e-01 —
20 || 9.52e-02 || 2.15e-02 2.00 4.42e-01 1.56 1.64e-01 1.36 5.30e-02 1.28
40 || 4.88¢-02 || 5.70e-03 1.98 1.52e-01 1.60 5.53e-02 1.62 1.74e-02 1.67
60 || 3.28¢-02 || 2.59e-03 1.99 7.80e-02 1.68 2.76e-02 1.75 8.52¢-03 1.79
80 || 2.47e-02 || 1.47e-03 2.00 4.75e-02 1.75 1.65e-02 1.81 5.06e-03 1.84
100 || 1.98e-02 || 9.45e-04 2.00 3.19e-02 1.80 1.10e-02 1.85 3.35¢-03 1.86
120 || 1.65e-02 || 6.59e-04 2.00 2.30e-02 1.81 7.85e-03 1.86 2.38¢-03 1.89
140 || 1.42e-02 || 4.85e-04 2.00 1.73e-02 1.84 5.88e-03 1.88 1.78¢-03 1.90
METHOD 2 USING BOUNDARY CONDITION 1
TEST 2.3 U ull, 152 8, U = waally || 152 0m0 = wally || 1152 0, U — a5
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.71e-01 — 5.32e+00 — 1.59¢+00 — 1.43e+00 —
20 || 9.52e-02 || 1.41e-01 1.86 3.43e+00 | 0.68 8.47e-01 0.97 1.15e+00 | 0.33
40 || 4.88e-02 || 3.85e-02 1.94 2.01e+00 | 0.80 4.14e-01 1.07 7.20e-01 0.70
60 || 3.28¢-02 || 1.76e-02 1.98 1.43e+00 | 0.86 2.68e-01 1.10 5.29¢-01 0.78
80 || 2.47e-02 || 9.98e-03 1.99 1.12e+00 | 0.87 1.96e-01 1.10 4.24e-01 0.78
100 || 1.98e-02 || 6.43e-03 1.99 9.13e-01 0.91 1.54e-01 1.08 3.58e-01 0.77
120 || 1.65e-02 || 4.49e-03 1.99 7.74e-01 0.91 1.27e-01 1.07 3.08e-01 0.83
140 || 1.42e-02 || 3.30e-03 2.00 6.73e-01 0.92 1.08e-01 1.07 2.72¢-01 0.81
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METHOD 2 USING BOUNDARY CONDITION 2

2

TEST 2.3 o ull, 152 0, U = waally || 12 0m0 —wally || 150, U = sl
Ny h ERROR | RATE || ERROR | RATE | ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.40e-01 — 3.46e+00 — 1.21e+00 — 3.43e-01 —
20 || 9.52e-02 || 7.46e-02 1.81 1.47e+00 | 1.32 5.17e-01 1.32 1.73e-01 1.06
40 || 4.88e-02 || 2.12e-02 1.88 5.51e-01 1.47 1.77e-01 1.60 6.21e-02 1.53
60 || 3.28¢-02 || 9.88¢-03 1.92 2.91e-01 1.60 8.94e-02 1.72 3.15e-02 1.71
80 || 2.47e-02 || 5.68¢-03 1.95 1.81e-01 1.69 5.39e-02 1.78 1.90e-02 1.78
100 || 1.98¢-02 || 3.68e-03 1.96 1.23e-01 1.75 3.61e-02 1.82 1.27e-02 1.82
120 || 1.65e-02 || 2.58e-03 1.97 8.92e-02 1.77 2.59e-02 1.84 9.12¢-03 1.85
140 || 1.42e-02 || 1.91e-03 1.98 6.77e-02 1.80 1.94e-02 1.87 6.85¢-03 1.87

METHOD 3

TEsT 2.3 o ull, 182, U = wselly | [520nl = sy || 182, = sl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 7.73e-02 — 1.20e+00 — 8.88e-01 — 1.25e-01 —
20 || 9.52e-02 || 2.12e-02 2.00 4.37e-01 1.56 3.19e-01 1.58 5.41e-02 1.29
40 || 4.88¢-02 || 5.64e-03 1.98 1.50e-01 1.60 9.83e-02 1.76 1.76e-02 1.68
60 || 3.28¢-02 || 2.56e-03 1.99 7.70e-02 1.68 4.73e-02 1.84 8.64e-03 1.79
80 || 2.47e-02 || 1.45e-03 2.00 4.69e-02 1.75 2.77e-02 1.88 5.13e-03 1.84
100 || 1.98e-02 || 9.34e-04 2.00 3.15e-02 1.80 1.82¢-02 1.90 3.40e-03 1.87
120 || 1.65e-02 || 6.51e-04 2.00 2.27e-02 1.81 1.29¢-02 1.92 2.41e-03 1.89
140 || 1.42e-02 || 4.80e-04 2.00 1.71e-02 1.84 9.59e-03 1.93 1.80e-03 1.91
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METHOD 4

TesT 2.3 10—, 162, U —uzally || 1182V —uanlly || [550,U = uuyll,
Ny h ERROR | RATE || ERROR | RATE | ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 7.64e-02 — 1.18e+00 — 1.41e+00 — 1.29¢-01 —
20 || 9.52e-02 || 2.10e-02 2.00 4.31e-01 1.56 4.88¢-01 1.64 5.53e-02 1.31
40 || 4.88¢-02 || 5.57e-03 1.98 1.48¢-01 1.60 1.46e-01 1.80 1.79¢-02 1.68
60 || 3.28¢-02 || 2.53e-03 1.99 7.60e-02 1.68 6.94e-02 1.88 8.77e-03 1.80
80 || 2.47e-02 || 1.44e-03 2.00 4.63e-02 1.75 4.04e-02 1.91 5.20e-03 1.84
100 || 1.98e-02 || 9.24e-04 2.00 3.11e-02 1.80 2.64e-02 1.92 3.44e-03 1.87
120 || 1.65e-02 || 6.44e-04 2.00 2.24e-02 1.82 1.86e-02 1.94 2.45e-03 1.90
140 || 1.42e-02 || 4.74e-04 2.00 1.69e-02 1.84 1.38e-02 1.94 1.83e-03 1.91

METHOD 5 USING BOUNDARY CONDITION 1

TesT 2.3 10—, 182 4, U = waally || (32 0mU —uaylly || [820,U —uesls
Ny h ERROR | RATE || ERROR | RATE | ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.57e-01 — 1.51e+00 — 1.10e+00 — 4.81e-01 —
20 || 9.52e-02 || 7.15e-02 1.22 1.47e+00 | 0.04 7.95e-01 0.51 6.43e-01 | -0.45
40 || 4.88e-02 || 2.49e-02 1.58 1.14e+00 | 0.38 5.24e-01 0.62 5.85e-01 0.14
60 || 3.28¢-02 || 1.24e-02 1.75 9.86e-01 0.37 3.90e-01 0.74 5.31e-01 0.24
80 || 2.47e-02 || 7.39e-03 1.83 8.90e-01 0.36 3.15e-01 0.76 5.02e-01 0.19
100 || 1.98¢-02 || 4.94e-03 1.83 8.15e-01 0.40 2.67e-01 0.74 4.78e-01 0.22
120 || 1.65e-02 || 3.51e-03 1.88 7.55e-01 0.42 2.33e-01 0.75 4.56e-01 0.26
140 || 1.42e-02 || 2.63e-03 1.90 7.03e-01 0.47 2.04e-01 0.87 4.31e-01 0.38

65




METHOD 5 USING BOUNDARY CONDITION 2

2

TesT 2.3 U =, 1820, U = waally || [320mU —usylly || 135.0,U =yl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.39e-01 — 2.11e+00 — 1.02e+00 — 3.21e+00 —
20 || 9.52e-02 || 1.63e-01 1.54 1.33¢+00 | 0.72 5.12e-01 1.07 2.03e+00 | 0.71
40 || 4.88e-02 || 4.99e-02 1.77 6.32e-01 1.11 2.17e-01 1.28 1.02¢+00 | 1.03
60 || 3.28¢-02 || 2.35e-02 1.90 3.61e-01 1.41 1.18e-01 1.53 6.32e-01 1.20
80 || 2.47e-02 || 1.35e-02 1.94 2.33e-01 1.55 7.44e-02 1.64 4.39¢-01 1.29
100 || 1.98¢-02 || 8.83e-03 1.94 1.63e-01 1.60 5.15e-02 1.67 3.28e-01 1.32
120 || 1.65e-02 || 6.21e-03 1.95 1.20e-01 1.68 3.76e-02 1.74 2.57e-01 1.36
140 || 1.42e-02 || 4.60e-03 1.97 9.29e-02 1.70 2.86e-02 1.78 2.08e-01 1.39

3 % 5
SOLUTION 4: u(z,y) = 91”—8(3 log(z?) — 11) + (y - %) ‘x + %‘
METHOD 1
TesT 2.4 10—, 162, U —uzally || 1020 —uaylly || 1624, U —uyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE

10 || 1.82e-01 || 2.47e-03 — 5.46e-02 — 1.79e-01 — 6.00e-03 —

20 || 9.52e-02 || 5.47e-04 2.33 2.20e-02 1.41 5.42e-02 1.85 2.46e-03 1.38

40 || 4.88e-02 || 1.52e-04 1.91 8.94e-03 1.34 1.51e-02 1.91 9.51e-04 1.42

60 || 3.28¢-02 || 7.58¢-05 1.75 5.22e-03 1.36 7.01e-03 1.94 5.51e-04 1.37

80 || 2.47e-02 || 4.72¢-05 1.67 3.58¢e-03 1.33 4.04e-03 1.95 3.71e-04 1.40
100 || 1.98¢-02 || 3.33e-05 1.58 2.67e-03 1.33 2.63e-03 1.95 2.75e-04 1.35
120 || 1.65e-02 || 2.53e-05 1.52 2.10e-03 1.34 1.85e-03 1.95 2.17¢-04 1.32
140 || 1.42e-02 || 2.01e-05 1.52 1.71e-03 1.33 1.37e-03 1.95 1.77e-04 1.33
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METHOD 2 USING BOUNDARY CONDITION 1

2

2

TesT 2.4 U =, 182 0, U = waally || 132umU —waylly || 32,0 = uscll;
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.08e-02 5.78e-01 — 1.33e-01 — 1.74e-01 —
20 || 9.52e-02 || 9.28¢-03 1.85 3.33e-01 0.85 6.80e-02 1.04 1.13e-01 0.67
40 || 4.88e-02 || 2.61e-03 1.89 1.97e-01 0.78 3.27e-02 1.09 6.86e-02 0.75
60 || 3.28¢-02 || 1.23e-03 1.90 1.38e-01 0.90 2.15e-02 1.05 4.48¢-02 1.07
80 || 2.47e-02 || 7.10e-04 1.93 1.07e-01 0.87 1.59e-02 1.08 3.60e-02 0.77
100 || 1.98¢-02 || 4.67e-04 1.89 8.72e-02 0.95 1.27e-02 1.02 2.86e-02 1.05
120 || 1.65e-02 || 3.29e-04 1.94 7.38e-02 0.92 1.05e-02 1.06 2.49¢-02 0.76
140 || 1.42e-02 || 2.47e-04 1.87 6.38e-02 0.96 8.96e-03 1.01 2.13e-02 1.03

METHOD 2 USING BOUNDARY CONDITION 2

TesT 2.4 17—, 1820, U = waally || [32ymU —waylly || [1850,U = usyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.23e-02 2.66e-01 — 1.13e-01 — 2.90e-02 —
20 || 9.52e-02 || 3.37e-03 2.00 1.22e-01 1.21 4.66e-02 1.37 1.43e-02 1.09
40 || 4.88¢-02 || 1.09e-03 1.69 5.36e-02 1.23 1.76e-02 1.46 6.03e-03 1.29
60 || 3.28¢-02 || 5.25e-04 1.84 3.08e-02 1.40 9.74e-03 1.48 3.31e-03 1.51
80 || 2.47e-02 || 3.26e-04 1.68 2.09e-02 1.37 6.37e-03 1.50 2.17¢-03 1.49
100 || 1.98e-02 || 2.19e-04 1.81 1.51e-02 1.45 4.57e-03 1.50 1.54e-03 1.54
120 || 1.65e-02 || 1.62e-04 1.66 1.17e-02 1.43 3.48e-03 1.50 1.17e-03 1.51
140 || 1.42e-02 || 1.23e-04 1.79 9.34e-03 1.47 2.77e-03 1.51 9.27e-04 1.55
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METHOD 3

TEST 2.4 o~ ull, 182, U = wselly || 1320 = waslly || 1820, 0 = wll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.28¢-03 — 5.26e-02 — 9.52e-02 — 6.18¢-03 —
20 || 9.52e-02 || 5.32e-04 2.25 2.18e-02 1.36 3.05e-02 1.76 2.53e-03 1.38
40 || 4.88e-02 || 1.55e-04 1.84 8.94e-03 1.34 8.86e-03 1.85 9.74e-04 1.42
60 || 3.28¢-02 || 7.90e-05 1.70 5.23e-03 1.35 4.18¢-03 1.89 5.62e-04 1.38
80 || 2.47e-02 || 4.97¢-05 1.63 3.59¢e-03 1.33 2.44e-03 1.90 3.77e-04 1.41
100 || 1.98¢-02 || 3.52e-05 1.56 2.68e-03 1.33 1.60e-03 1.91 2.79e-04 1.36
120 || 1.65e-02 || 2.68e-05 1.52 2.10e-03 1.34 1.13e-03 1.90 2.20e-04 1.33
140 || 1.42e-02 || 2.12e-05 1.52 1.71e-03 1.33 8.49e-04 1.90 1.79e-04 1.34

METHOD 4

TEST 2.4 o~ ull, 182, U = weally || 182,y = waslly || 1820, 0 = ]l
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.16e-03 — 5.13e-02 — 1.37e-01 — 6.73e-03 —
20 || 9.52e-02 || 5.42e-04 2.14 2.19e-02 1.32 4.34e-02 1.78 2.67e-03 1.43
40 || 4.88¢-02 || 1.64e-04 1.79 8.98¢-03 1.33 1.23e-02 1.88 1.01e-03 1.45
60 || 3.28¢-02 || 8.45e-05 1.67 5.25e-03 1.35 5.76e-03 1.92 5.80e-04 1.41
80 || 2.47e-02 || 5.33e-05 1.62 3.60e-03 1.33 3.33e-03 1.93 3.87e-04 1.43
100 || 1.98¢-02 || 3.78e-05 1.56 2.69e-03 1.33 2.18e-03 1.93 2.85e-04 1.38
120 || 1.65e-02 || 2.87e-05 1.53 2.11e-03 1.34 1.53e-03 1.93 2.24e-04 1.34
140 || 1.42e-02 || 2.27e-05 1.53 1.72e-03 1.33 1.14e-03 1.93 1.82e-04 1.36
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METHOD 5 USING BOUNDARY CONDITION 1

2

2

TesT 2.4 U =, 182 4, U = waally || 13%0mU —aylly || 82, U = ussll
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.52e-01 — 1.61e+00 — 4.29¢-01 — 8.34e-01 —
20 || 9.52e-02 || 5.80e-02 1.49 1.37e+00 | 0.25 2.68e-01 0.73 6.43e-01 0.40
40 || 4.88e-02 || 1.88e-02 1.69 1.20e+00 | 0.20 1.71e-01 0.67 6.31e-01 0.03
60 || 3.28¢-02 || 9.31e-03 1.76 1.08¢+00 | 0.25 1.33e-01 0.63 6.10e-01 0.09
80 || 2.47e-02 || 5.60e-03 1.79 9.97e-01 0.29 1.10e-01 0.66 5.83e-01 0.16
100 || 1.98¢-02 || 3.77e-03 1.79 9.31e-01 0.31 9.51e-02 | 0.68 5.58e-01 0.19
120 || 1.65e-02 || 2.72e-03 1.80 8.77e-01 0.33 8.37e-02 0.70 5.37e-01 0.22
140 || 1.42e-02 || 2.06e-03 1.81 8.33e-01 0.34 7.49e-02 | 0.73 5.17e-01 0.24

METHOD 5 USING BOUNDARY CONDITION 2

TesT 2.4 17—, 1820, U = waally || [32ymU —waylly || [1850,U = usyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.17e-01 — 9.37e-01 — 4.15e-01 — 6.51e-01 —
20 || 9.52e-02 || 6.70e-02 1.82 4.34e-01 1.19 1.70e-01 1.38 2.28e-01 1.63
40 || 4.88e-02 || 1.84e-02 1.93 2.11e-01 1.08 6.29¢-02 1.49 7.87e-02 1.59
60 || 3.28¢-02 || 8.38¢-03 1.98 1.49e-01 0.87 3.62e-02 1.39 4.43e-02 1.44
80 || 2.47e-02 || 4.76e-03 1.99 1.19e-01 0.80 2.51e-02 1.30 3.01e-02 1.36
100 || 1.98¢-02 || 3.09e-03 1.97 9.98e-02 0.79 1.91e-02 1.25 2.26e-02 1.31
120 || 1.65e-02 || 2.16e-03 1.98 8.62e-02 0.81 1.52e-02 1.24 1.79e-02 1.28
140 || 1.42e-02 || 1.59e-03 1.99 7.59e-02 0.83 1.26e-02 1.25 1.47e-02 1.28
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8.3. Test 3 Results

SOLUTION 1: u(z,y) = sin (g(x + y)2>

METHOD 1

TEsT 3.1 o~ ul, 182, U = weally || 1520 = waslly || 1820, 0 = wnll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.60e-02 — 2.82¢-01 — 3.42¢-01 — 2.69¢-01 —
20 || 9.52e-02 || 9.62¢-03 | 2.04 1.24e-01 1.27 1.45e-01 1.32 1.19e-01 1.26
40 || 4.88e-02 || 2.51e-03 | 2.01 4.36e-02 1.56 5.53e-02 1.44 4.22¢-02 1.55
60 || 3.28¢-02 || 1.13¢-03 | 2.01 2.19¢-02 1.74 2.84e-02 1.68 2.11e-02 1.74
80 || 2.47e-02 || 6.42¢-04 | 2.00 1.29¢-02 1.86 1.71e-02 1.78 1.27e-02 1.80
100 || 1.98¢-02 || 4.12e-04 | 2.00 8.59¢-03 1.85 1.14e-02 1.83 8.45¢-03 1.84
120 || 1.65e-02 || 2.87¢-04 | 2.00 6.12¢-03 1.88 8.18¢-03 1.86 6.01e-03 1.88
140 || 1.42e-02 || 2.11e-04 | 2.00 4.57¢-03 1.90 6.13e-03 1.88 4.48¢-03 1.92

METHOD 2 USING BOUNDARY CONDITION 1

TEsT 3.1 v = ull, 82,V = usell, || 52l = sy, || [52n,¥ = sl
Ny h ERROR | RATE || ERROR | RATE | ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.85e-01 — 1.31e+00 — 1.61e+00 — 4.92¢-01 —
20 || 9.52e-02 || 4.93e-02 2.05 5.50e-01 1.35 6.35¢-01 1.44 3.38¢-01 0.58
40 || 4.88e-02 || 1.29e-02 2.01 1.80e-01 1.67 1.96e-01 1.76 1.44e-01 1.28
60 || 3.28¢-02 || 5.80e-03 | 2.00 9.43e-02 1.63 9.35e-02 1.87 7.98e-02 1.48
80 || 2.47e-02 || 3.29¢e-03 | 2.00 5.71e-02 1.77 5.44e-02 1.91 4.97¢-02 1.67
100 || 1.98¢-02 || 2.11e-03 | 2.00 3.86e-02 1.77 3.57e-02 1.91 3.37¢-02 1.76
120 || 1.65e-02 || 1.47e-03 | 2.00 2.82¢-02 1.73 2.52e-02 1.92 2.46¢-02 1.74
140 || 1.42e-02 || 1.09¢-03 | 2.00 2.16e-02 1.75 1.89e-02 1.90 1.87e-02 1.80
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METHOD 2 USING BOUNDARY CONDITION 2

TesT 3.1 U =, 1820, U = waally || [320mU —usylly || 135.0,U =yl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.31e-01 — 1.24e+00 — 1.60e-+00 — 1.22e+00 —
20 || 9.52e-02 || 3.60e-02 2.00 4.33e-01 1.63 6.48e-01 1.39 4.20e-01 1.65
40 || 4.88¢-02 || 9.62¢-03 1.97 1.71e-01 1.39 2.31e-01 1.54 1.68e-01 1.36
60 || 3.28¢-02 || 4.39e-03 1.98 8.84e-02 1.66 1.17e-01 1.71 8.74e-02 1.65
80 || 2.47e-02 || 2.51e-03 1.98 5.27e-02 1.82 7.04e-02 1.80 5.24e-02 1.80
100 || 1.98e-02 || 1.62e-03 1.98 3.51e-02 1.85 4.69e-02 1.84 3.53e-02 1.80
120 || 1.65e-02 || 1.13e-03 1.98 2.50e-02 1.87 3.34e-02 1.87 2.50e-02 1.90
140 || 1.42e-02 || 8.34e-04 1.99 1.87e-02 1.91 2.50e-02 1.89 1.86e-02 1.93

METHOD 3

TesT 3.1 17—, 12, U = usally || [325mU —usylly || [1324,U = wssll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE

10 || 1.82e-01 || 3.67e-02 — 3.12e-01 — 2.25e+00 — 2.97e-01 —

20 || 9.52e-02 || 9.81e-03 2.04 1.31e-01 1.34 8.79e-01 1.45 1.24e-01 1.35
40 || 4.88e-02 || 2.56e-03 2.01 4.59¢-02 1.57 2.72e-01 1.75 4.45¢-02 1.53

60 || 3.28¢-02 || 1.16e-03 2.01 2.31e-02 1.72 1.29¢-01 1.87 2.23e-02 1.73

80 || 2.47e-02 || 6.55e-04 2.00 1.36e-02 1.88 7.52e-02 1.91 1.35e-02 1.79
100 || 1.98e-02 || 4.21e-04 2.00 9.06e-03 1.83 4.91e-02 1.93 8.98e-03 1.83
120 || 1.65e-02 || 2.93e-04 2.00 6.44e-03 1.88 3.45e-02 1.95 6.40e-03 1.88
140 || 1.42e-02 || 2.16e-04 2.01 4.78e-03 1.95 2.56e-02 1.95 4.75e-03 1.94
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METHOD 4

TesT 3.1 U =, 162 1, U —uzally || 1182V —wanlly || 1550, U = uuylly
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.36e-02 — 2.85e-01 — 3.00e+00 2.66e-01 —
20 || 9.52e-02 || 8.94e-03 2.05 1.25e-01 1.28 1.16e+00 | 1.47 1.14e-01 1.31
40 || 4.88e-02 || 2.33¢-03 2.01 4.24e-02 1.61 3.56e-01 1.77 4.08¢-02 1.53
60 || 3.28¢-02 || 1.05e-03 2.00 2.13e-02 1.73 1.69e-01 1.88 2.04e-02 1.75
80 || 2.47e-02 || 5.96e-04 2.00 1.25e-02 1.89 9.79e-02 1.92 1.22¢-02 1.79
100 || 1.98¢-02 || 3.83e-04 2.00 8.33e-03 1.83 6.38e-02 1.94 8.14e-03 1.85
120 || 1.65e-02 || 2.67e-04 2.00 5.93e-03 1.89 4.49e-02 1.95 5.80e-03 1.88
140 || 1.42e-02 || 1.96e-04 2.01 4.41e-03 1.93 3.33e-02 1.96 4.32e-03 1.92

METHOD 5 USING BOUNDARY CONDITION 1

TrsT 3.1 o ull, 1320, 0 = wsslly || 152 0mU = wsylly || 82,0 = ueells
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.58e-01 — 8.11e+00 — 5.12e+00 4.92¢+00 —
20 || 9.52e-02 || 2.11e-01 1.20 6.39¢+00 | 0.37 3.39¢+00 | 0.64 3.83¢+00 | 0.39
40 || 4.88e-02 || 7.32e-02 1.58 4.23¢+00 | 0.61 1.79¢+00 | 0.95 2.54e+00 | 0.61
60 || 3.28¢-02 || 3.65e-02 1.75 3.19¢+00 | 0.72 1.10e+00 | 1.23 1.83e+00 | 0.82
80 || 2.47e-02 || 2.17e-02 1.83 2.61e+00 | 0.71 7.48e-01 1.36 1.42e+00 | 0.91
100 || 1.98e-02 || 1.44e-02 1.85 2.25e+00 | 0.66 5.45e-01 1.43 1.17e4+00 | 0.87
120 || 1.65e-02 || 1.02e-02 1.89 2.01e+00 | 0.63 4.20e-01 1.44 1.01e+00 | 0.82
140 || 1.42e-02 || 7.65e-03 1.91 1.83¢+00 | 0.60 3.38e-01 1.43 8.98e-01 0.77
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METHOD 5 USING BOUNDARY CONDITION 2

2

TesT 3.1 U =, 1820, U = waally || [320mU —usylly || 135.0,U =yl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.77e-01 — 7.76e-+00 — 5.16e+00 — 7.66e+00 —
20 || 9.52e-02 || 2.14e-01 1.24 4.88¢+00 | 0.72 3.22e+00 | 0.73 4.77e+00 | 0.73
40 || 4.88e-02 || 7.39e-02 1.59 2.34e+00 | 1.10 1.47e+00 | 1.17 2.27e+00 | 1.11
60 || 3.28¢-02 || 3.67e-02 1.76 1.33¢+00 | 1.42 8.16e-01 1.48 1.28¢+00 | 1.44
80 || 2.47e-02 || 2.18e-02 1.84 8.51e-01 1.58 5.16e-01 1.62 8.30e-01 1.53
100 || 1.98¢-02 || 1.45e-02 1.86 5.93e-01 1.64 3.55e-01 1.69 5.82¢-01 1.61
120 || 1.65e-02 || 1.03e-02 1.89 4.38¢-01 1.67 2.60e-01 1.73 4.34e-01 1.62
140 || 1.42e-02 || 7.67e-03 1.91 3.39e-01 1.68 1.98e-01 1.77 3.39e-01 1.62

SOLUTION 2: u(z,y) = 2 + 3zy + 1y +3
METHOD 1
TEsT 3.2 U —ull, 182 1, U = waally || 187, ynl —uavlly || 57,V —uull,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE

10 || 1.82e-01 || 2.60e-15 — 6.79¢-14 — 3.47e-14 — 7.15e-14 —

20 || 9.52e-02 || 4.59e-15 | -0.88 2.14e-13 | -1.78 1.13e-13 | -1.82 2.06e-13 | -1.64

40 || 4.88¢-02 || 8.39e-15 | -0.90 7.91e-13 | -1.95 4.50e-13 | -2.07 8.06e-13 | -2.04

60 || 3.28¢-02 || 2.42e-14 | -2.67 1.81e-12 | -2.09 1.01e-12 | -2.03 1.77e-12 | -1.97

80 || 2.47e-02 || 7.63e-15 | 4.07 3.24e-12 | -2.05 1.77e-12 | -1.99 3.10e-12 | -1.98
100 || 1.98¢-02 || 1.53e-14 | -3.15 4.98e-12 | -1.95 2.69e-12 | -1.91 4.89¢-12 | -2.08
120 || 1.65e-02 || 1.65e-14 | -0.43 7.27e-12 | -2.10 4.01e-12 | -2.19 7.06e-12 | -2.02
140 || 1.42¢-02 || 2.99e-14 | -3.89 9.65e-12 | -1.85 5.37e-12 | -1.92 9.56e-12 | -1.98
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METHOD 2 USING BOUNDARY CONDITION 1

2

2

TesT 3.2 U =, 182 0, U = waally || 132umU —waylly || 32,0 = uscll;
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.93e-02 — 6.76e-02 — 3.71e-02 — 2.18e-02 —
20 || 9.52e-02 || 8.19e-03 1.97 3.68e-02 0.94 1.91e-02 1.03 1.37e-02 0.72
40 || 4.88e-02 || 2.17e-03 1.98 1.92e-02 0.97 9.61e-03 1.02 7.08¢-03 | 0.99
60 || 3.28¢-02 || 9.83e-04 1.99 1.34e-02 0.91 6.26e-03 1.08 4.88¢-03 | 0.94
80 || 2.47e-02 || 5.58¢-04 2.00 9.99¢-03 1.03 4.68¢-03 1.03 3.76e-03 | 0.92
100 || 1.98¢-02 || 3.59e-04 2.00 8.03e-03 0.99 3.72e-03 1.03 3.05e-03 | 0.95
120 || 1.65e-02 || 2.50e-04 2.00 6.68e-03 1.02 3.08e-03 1.05 2.52e-03 1.06
140 || 1.42e-02 || 1.84e-04 2.00 5.73e-03 1.00 2.64e-03 1.01 2.17e-03 | 0.99

METHOD 2 USING BOUNDARY CONDITION 2

TesT 3.2 17—, 1820, U = waally || [32ymU —waylly || [1850,U = usyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.11e-15 — 1.55e-14 — 9.43e-15 — 1.81e-14 —
20 || 9.52e-02 || 1.85e-15 | -0.79 6.54e-14 | -2.23 3.44e-14 | -2.00 6.34e-14 | -1.94
40 || 4.88e-02 || 3.77e-15 | -1.06 2.21e-13 | -1.82 1.39¢e-13 | -2.08 2.31e-13 | -1.93
60 || 3.28¢-02 || 4.16e-15 | -0.25 4.92e-13 | -2.02 3.30e-13 | -2.19 4.99e-13 | -1.94
80 || 2.47e-02 || 6.41e-15 | -1.52 8.66e-13 | -1.99 5.67e-13 | -1.91 8.61e-13 | -1.93
100 || 1.98¢-02 || 5.83e-15 | 0.43 1.37e-12 | -2.09 9.02e-13 | -2.10 1.33e-12 | -1.97
120 || 1.65e-02 || 9.63e-15 | -2.78 1.91e-12 | -1.82 1.28¢-12 | -1.94 1.87e-12 | -1.88
140 || 1.42e-02 || 9.07e-15 | 0.39 2.55e-12 | -1.91 1.72e-12 | -1.91 2.47e-12 | -1.82
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METHOD 3

TEsT 3.2 o~ ull, 182, U = wselly || 1320 = waslly || 1820, 0 = wll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.16e-15 — 7.16e-14 — 1.82e-14 — 7.61le-14 —
20 || 9.52e-02 || 2.26e-15 | -0.07 2.07e-13 | -1.64 5.38¢-14 | -1.68 2.07e-13 | -1.55
40 || 4.88e-02 || 5.47e-15 | -1.32 7.64e-13 | -1.95 2.05e-13 | -2.00 7.75e-13 | -1.97
60 || 3.28¢-02 || 6.84e-15 | -0.56 1.72e-12 | -2.04 4.69e-13 | -2.09 1.68e-12 | -1.95
80 || 2.47e-02 || 1.50e-14 | -2.77 3.15e-12 | -2.14 8.03e-13 | -1.90 2.98¢-12 | -2.03
100 || 1.98e-02 || 1.02e-14 1.76 4.92e-12 | -2.02 1.32e-12 | -2.25 4.75e-12 | -2.11
120 || 1.65e-02 || 8.49e-15 1.00 6.99e-12 | -1.95 1.88e-12 | -1.95 6.76e-12 | -1.95
140 || 1.42e-02 || 1.62e-14 | -4.24 9.56e-12 | -2.05 2.56e-12 | -2.02 9.28e-12 | -2.07

METHOD 4

TEsT 3.2 o~ ull, 182,10 = waslly || 182 0l —vaully || 1182, = sl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.74e-15 — 4.60e-14 — 2.65e-14 — 5.17e-14 —
20 || 9.52e-02 || 3.62e-15 | -1.13 2.02e-13 | -2.29 1.16e-13 | -2.29 2.09e-13 | -2.16
40 || 4.88¢-02 || 5.8le-15 | -0.71 8.19¢-13 | -2.09 4.41e-13 | -2.00 7.80e-13 | -1.97
60 || 3.28¢-02 || 1.0le-14 | -1.39 1.80e-12 | -1.99 9.78e-13 | -2.00 1.78e-12 | -2.07
80 || 2.47e-02 || 7.52e-15 1.04 3.12e-12 | -1.93 1.73e-12 | -2.01 3.06e-12 | -1.92
100 || 1.98¢-02 || 1.04e-14 | -1.47 4.86e-12 | -2.01 2.66e-12 | -1.94 4.67e-12 | -1.92
120 || 1.65e-02 || 1.26e-14 | -1.05 7.13e-12 | -2.12 3.97e-12 | -2.22 7.04e-12 | -2.27
140 || 1.42e-02 || 1.35e-14 | -0.47 9.70e-12 | -2.01 5.31e-12 | -1.89 9.65e-12 | -2.06

1)




METHOD 5 USING BOUNDARY CONDITION 1

2

2

TesT 3.2 U =, 182 0, U = waally || 132umU —waylly || 32,0 = uscll;
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 9.12¢-02 — 8.26e-01 — 1.54e-01 — 2.92e-01 —
20 || 9.52e-02 || 3.07e-02 1.69 6.52e-01 0.36 8.31e-02 | 0.95 2.63e-01 0.16
40 || 4.88e-02 || 8.82¢-03 1.86 4.85e-01 0.44 4.36e-02 | 0.96 2.04e-01 0.38
60 || 3.28¢-02 || 4.15e-03 1.90 4.04e-01 0.46 3.19e-02 | 0.79 1.73e-01 0.41
80 || 2.47e-02 || 2.44e-03 1.88 3.55e-01 0.46 2.68¢-02 | 0.61 1.54e-01 0.41
100 || 1.98¢-02 || 1.60e-03 1.90 3.20e-01 0.47 2.35e-02 | 0.59 1.41e-01 0.42
120 || 1.65e-02 || 1.13e-03 1.91 2.94e-01 0.47 2.09e-02 | 0.65 1.30e-01 0.43
140 || 1.42e-02 || 8.48e-04 1.90 2.73e-01 0.47 1.86e-02 | 0.75 1.22e-01 0.43

METHOD 5 USING BOUNDARY CONDITION 2

TesT 3.2 17—, 1820, U = waally || [32ymU —waylly || [1850,U = usyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.21e-14 — 1.52e-13 — 1.10e-13 — 1.83e-13 —
20 || 9.52e-02 || 2.68e-13 | -2.86 7.57e-13 | -2.49 6.05e-13 | -2.64 7.81e-13 | -2.25
40 || 4.88e-02 || 1.10e-12 | -2.11 4.56e-12 | -2.68 2.82e-12 | -2.30 4.16e-12 | -2.50
60 || 3.28¢-02 || 3.17e-12 | -2.66 1.21e-11 | -2.45 8.39%-12 | -2.75 1.07e-11 | -2.37
80 || 2.47e-02 || 4.73e-12 | -1.41 1.70e-11 | -1.21 1.27e-11 | -1.45 1.58e-11 | -1.37
100 || 1.98e-02 || 4.47e-12 | 0.26 1.81e-11 | -0.30 1.30e-11 | -0.13 1.78e-11 | -0.55
120 || 1.65e-02 || 2.30e-13 | 16.42 1.24e-11 2.10 6.99e-12 3.44 1.23e-11 2.04
140 || 1.42e-02 || 4.55e-12 | -19.52 || 2.4le-11 | -4.32 1.62e-11 | -5.49 2.32e-11 | -4.15
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SOLUTION 3: u(z,y) = e*v+

METHOD 1

Test 3.3 o~ ull, 182, U = ey || 152, = wsslly || 1820, U = wll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.14e-02 — 3.55e-01 — 3.84e-01 — 2.78e-01 —
20 || 9.52e-02 || 1.17e-02 1.96 1.23e-01 1.64 1.45e-01 1.50 1.03e-01 1.54
40 || 4.88¢-02 || 3.05e-03 2.01 3.82¢-02 1.75 4.52¢-02 1.75 3.03e-02 1.83
60 || 3.28¢-02 || 1.39e-03 1.99 1.85e-02 1.82 2.18e-02 1.83 1.43e-02 1.90
80 || 2.47e-02 || 7.89e-04 1.99 1.07e-02 1.94 1.28e-02 1.87 8.32¢-03 1.91
100 || 1.98¢-02 || 5.06e-04 2.01 7.05¢-03 1.88 8.43e-03 1.91 5.43e-03 1.93
120 || 1.65e-02 || 3.53e-04 1.99 4.98¢-03 1.92 5.96e-03 1.92 3.83e-03 1.94
140 || 1.42e-02 || 2.60e-04 2.00 3.70e-03 1.95 4.43¢-03 1.94 2.85¢-03 1.93

METHOD 2 USING BOUNDARY CONDITION 1

TEsT 3.3.1 o = ull, 152 8, U = waally || 182 0m0 = wanlly || [520,0 o]l
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.32e-01 — 3.05e+00 — 1.41e+00 — 6.20e-01 —
20 || 9.52e-02 || 1.00e-01 1.85 1.44e+00 1.16 7.29e-01 1.02 4.22¢-01 0.60
40 || 4.88¢-02 || 2.82¢-02 1.90 1.10e+00 | 0.40 3.75e-01 0.99 2.27e-01 0.92
60 || 3.28e-02 || 1.31e-02 1.93 8.42¢-01 0.68 2.81e-01 0.73 2.32¢-01 | -0.05
80 || 2.47e-02 || 7.52e-03 1.96 6.38e-01 0.98 2.12e-01 0.99 1.99e-01 0.55
100 || 1.98¢-02 || 4.85e-03 1.99 5.15e-01 0.97 1.68e-01 1.07 1.68e-01 0.75
120 || 1.65e-02 || 3.38e-03 1.99 4.31e-01 0.98 1.39e-01 1.02 1.45e-01 0.83
140 || 1.42e-02 || 2.48e-03 2.02 3.71e-01 0.98 1.19e-01 1.03 1.26e-01 0.90
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METHOD 2 USING BOUNDARY CONDITION 2

2

TesT 3.3 10—, 1824, U = waally || 32 0mU —uaylly || [350,U = upll,
Ny h ERROR | RATE || ERROR | RATE | ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.22e-01 — 1.03e+00 — 1.06e+00 — 8.26e-01 —
20 || 9.52e-02 || 4.04e-02 1.71 4.54e-01 1.27 4.11e-01 1.47 3.88¢-01 1.17
40 || 4.88¢-02 || 1.12e-02 1.92 1.61e-01 1.55 1.30e-01 1.72 1.23e-01 1.72
60 || 3.28¢-02 || 5.24e-03 1.92 8.12e-02 1.73 6.41e-02 1.77 5.74e-02 1.91
80 || 2.47e-02 || 3.02¢-03 1.94 4.86e-02 1.81 3.78e-02 1.87 3.42¢-02 1.83
100 || 1.98¢-02 || 1.95e-03 1.97 3.25e-02 1.82 2.49e-02 1.89 2.27e-02 1.85
120 || 1.65e-02 || 1.37e-03 1.96 2.33e-02 1.85 1.77e-02 1.91 1.62e-02 1.87
140 || 1.42e-02 || 1.01e-03 1.97 1.74e-02 1.89 1.32e-02 1.93 1.22e-02 1.88

METHOD 3

TesT 3.3 17—, 182, U — usally || [3%0mU —usylly || 1182,,U = uyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE

10 || 1.82e-01 || 4.08e-02 — 3.54e-01 — 8.72e-01 — 2.78e-01 —
20 || 9.52e-02 || 1.15e-02 1.96 1.23e-01 1.63 3.04e-01 1.63 1.03e-01 1.54
40 || 4.88e-02 || 3.01e-03 2.01 3.81e-02 1.75 9.16e-02 1.80 3.03e-02 1.83
60 || 3.28¢-02 || 1.37e-03 1.98 1.85e-02 1.82 4.35e-02 1.88 1.43e-02 1.90
80 || 2.47e-02 || 7.79e-04 1.99 1.06e-02 1.94 2.53e-02 1.91 8.32¢-03 1.91
100 || 1.98¢-02 || 5.00e-04 2.01 7.03e-03 1.88 1.65e-02 1.93 5.43e-03 1.93
120 || 1.65e-02 || 3.49e-04 1.99 4.97¢-03 1.92 1.16e-02 1.94 3.83e-03 1.94
140 || 1.42e-02 || 2.57e-04 2.00 3.69e-03 1.95 8.63e-03 1.95 2.85e-03 1.93
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METHOD 4

TesT 3.3 U =, 162 1, U —uzally || 1182V —wanlly || 1550, U = uuylly
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.95¢-02 — 3.54e-01 — 1.15e+00 — 2.80e-01 —
20 || 9.52e-02 || 1.12e-02 1.95 1.23e-01 1.64 3.39e-01 1.88 1.03e-01 1.54
40 || 4.88e-02 || 2.91e-03 2.01 3.80e-02 1.75 1.03e-01 1.78 3.05e-02 1.83
60 || 3.28¢-02 || 1.33e-03 1.98 1.84e-02 1.82 4.99e-02 1.83 1.44e-02 1.90
80 || 2.47e-02 || 7.54e-04 1.99 1.06e-02 1.94 2.90e-02 1.92 8.35¢-03 1.91
100 || 1.98¢-02 || 4.84e-04 2.02 7.02e-03 1.88 1.92e-02 1.87 5.46e-03 1.93
120 || 1.65e-02 || 3.37e-04 1.99 4.96e-03 1.92 1.35e-02 1.96 3.84e-03 1.94
140 || 1.42e-02 || 2.49e-04 2.00 3.68e-03 1.95 9.85¢-03 2.04 2.86e-03 1.93

METHOD 5 USING BOUNDARY CONDITION 1
TEsT 3.3.1 o ull, 1320, 0 = wsslly || 152 0mU = wsylly || 82,0 = ueells
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.37e-01 — 1.90e+00 — 1.46e+00 — 6.89¢-01 —
20 || 9.52e-02 || 1.33e-01 0.89 2.17e+00 | -0.21 1.37e+00 | 0.09 1.05e+00 | -0.65
40 || 4.88¢-02 || 5.53e-02 1.31 1.90e+00 | 0.20 1.30e+00 | 0.09 1.32e4+00 | -0.35
60 || 3.28¢-02 || 2.97e-02 1.57 1.46e+00 | 0.66 1.06e+00 | 0.50 1.12e+00 | 0.40
80 || 2.47e-02 || 1.97e-02 1.45 1.16e+00 | 0.81 9.18e-01 0.52 9.07e-01 0.76
100 || 1.98e-02 || 1.27e-02 2.00 9.55e-01 0.87 7.72e-01 0.79 7.27e-01 1.00
120 || 1.65e-02 || 9.34e-03 1.68 8.27e-01 0.79 6.76e-01 0.74 6.13e-01 0.95
140 || 1.42e-02 || 7.28e-03 1.63 7.40e-01 0.73 6.22e-01 0.54 5.45e-01 0.77
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METHOD 5 USING BOUNDARY CONDITION 2

2

TesT 3.3 U =, 1820, U = waally || [320mU —usylly || 135.0,U =yl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 5.41e-01 — 2.18e+00 — 1.17e+00 — 3.71e+00 —
20 || 9.52e-02 || 2.0le-01 1.53 1.16e+00 | 0.97 6.17e-01 0.99 2.71e+00 | 0.49
40 || 4.88e-02 || 6.40e-02 1.71 4.91e-01 1.29 2.93e-01 1.11 1.59¢+00 | 0.80
60 || 3.28¢-02 || 3.14e-02 1.79 2.74e-01 1.46 1.74e-01 1.31 1.06e+00 | 1.02
80 || 2.47e-02 || 1.86e-02 1.85 1.77e-01 1.55 1.17e-01 1.41 7.89e-01 1.03
100 || 1.98e-02 || 1.24e-02 1.82 1.22e-01 1.67 8.59e-02 1.39 6.00e-01 1.24
120 || 1.65e-02 || 8.88e-03 1.87 8.99e-02 1.71 6.59e-02 1.47 4.89e-01 1.13
140 || 1.42e-02 || 6.65e-03 1.89 6.89e-02 1.74 5.28e-02 1.45 4.13e-01 1.11

3 % 5
SOLUTION 4: u(z,y) = 91”—8(3 log(z?) — 11) + (y - %) ‘x + %‘
METHOD 1
Test 3.4 o~ ull, 182,10 = waally, || 1820l —vaull, || 1182, = sl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE

10 || 1.82e-01 || 3.68e-03 — 2.62e-02 — 1.79e-01 — 3.13e-02 —

20 || 9.52e-02 || 1.37e-03 1.53 1.19e-02 1.21 5.39e-02 1.85 1.47e-02 1.17

40 || 4.88e-02 || 5.17e-04 1.45 5.65e-03 1.12 1.51e-02 1.91 6.47¢-03 1.23

60 || 3.28e-02 || 2.92e-04 1.44 3.42e-03 1.26 7.03e-03 1.92 3.75e-03 1.37

80 || 2.47e-02 || 1.95e-04 1.43 2.35¢-03 1.33 4.10e-03 1.90 2.64e-03 1.25
100 || 1.98e-02 || 1.41e-04 1.46 1.77e-03 1.29 2.70e-03 1.89 1.92e-03 1.43
120 || 1.65e-02 || 1.09e-04 1.45 1.40e-03 1.29 1.93e-03 1.87 1.53¢-03 1.27
140 || 1.42e-02 || 8.70e-05 1.45 1.14e-03 1.34 1.45e-03 1.84 1.23e-03 1.41
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METHOD 2 USING BOUNDARY CONDITION 1

2

2

TesT 3.4 U =, 182 0, U = waally || 132umU —waylly || 32,0 = uscll;
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.97e-02 — 2.62e-01 — 1.50e-01 — 8.25¢-02 —
20 || 9.52e-02 || 1.22e-02 2.17 1.56e-01 0.80 8.29¢-02 | 0.92 5.38e-02 0.66
40 || 4.88e-02 || 3.41e-03 1.91 8.04e-02 0.99 4.25e-02 1.00 3.07e-02 0.84
60 || 3.28¢-02 || 1.58e-03 1.94 5.92e-02 0.77 2.90e-02 | 0.96 2.38e-02 0.64
80 || 2.47e-02 || 9.30e-04 1.87 4.41e-02 1.04 2.13e-02 1.08 1.79¢-02 1.00
100 || 1.98¢-02 || 6.06e-04 1.94 3.54e-02 1.00 1.70e-02 1.03 1.46e-02 0.93
120 || 1.65e-02 || 4.34e-04 1.85 2.95e-02 1.01 1.39e-02 1.10 1.21e-02 1.03
140 || 1.42e-02 || 3.23e-04 1.94 2.53e-02 1.00 1.19e-02 1.02 1.04e-02 1.00

METHOD 2 USING BOUNDARY CONDITION 2

TesT 3.4 17—, 1820, U = waally || [32ymU —waylly || [1850,U = usyll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.70e-02 — 1.28e-01 — 1.14e-01 — 1.10e-01 —
20 || 9.52e-02 || 3.64e-03 2.39 4.19¢-02 1.73 4.83e-02 1.32 5.10e-02 1.18
40 || 4.88e-02 || 9.53e-04 2.00 2.05e-02 1.06 1.71e-02 1.55 1.89e-02 1.49
60 || 3.28e-02 || 4.47e-04 1.91 1.18e-02 1.40 9.71e-03 1.43 1.02¢-02 1.55
80 || 2.47e-02 || 2.71e-04 1.76 7.77e-03 1.47 6.39e-03 1.48 6.71e-03 1.47
100 || 1.98¢-02 || 1.85e-04 1.72 5.55e-03 1.52 4.62¢-03 1.47 4.84e-03 1.48
120 || 1.65e-02 || 1.38e-04 1.64 4.23e-03 1.51 3.53e-03 1.49 3.73e-03 1.44
140 || 1.42e-02 || 1.07e-04 1.64 3.36e-03 1.50 2.80e-03 1.52 2.94e-03 1.57
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METHOD 3

TEst 3.4 o~ ull, 182, U = wselly || 1320 = waslly || 1820, 0 = wll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 3.65e-03 — 2.58e-02 — 9.49¢-02 — 3.03e-02 —
20 || 9.52e-02 || 1.35e-03 1.54 1.19¢-02 1.20 3.01e-02 1.78 1.43e-02 1.16
40 || 4.88e-02 || 5.12e-04 1.45 5.62e-03 1.12 8.78e-03 1.84 6.35¢-03 1.21
60 || 3.28e-02 || 2.89e-04 1.44 3.40e-03 1.26 4.24e-03 1.83 3.70e-03 1.36
80 || 2.47e-02 || 1.93e-04 1.42 2.34e-03 1.32 2.56e-03 1.78 2.61e-03 1.24
100 || 1.98e-02 || 1.40e-04 1.45 1.76e-03 1.29 1.73e-03 1.77 1.90e-03 1.43
120 || 1.65e-02 || 1.08e-04 1.44 1.39e-03 1.29 1.27e-03 1.72 1.51e-03 1.26
140 || 1.42e-02 || 8.64e-05 1.45 1.14e-03 1.34 9.82e-04 1.67 1.22e-03 1.40

METHOD 4

Test 3.4 o~ ull, 182,10 = waslly || 182 0l —vaully || 1182, = sl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.37e-03 — 2.52e-02 — 1.60e-01 — 3.24e-02 —
20 || 9.52e-02 || 1.58¢-03 1.58 1.17e-02 1.18 4.86e-02 1.85 1.50e-02 1.19
40 || 4.88e-02 || 5.72¢-04 1.52 5.61e-03 1.10 1.37e-02 1.90 6.55¢-03 1.24
60 || 3.28¢-02 || 3.16e-04 1.49 3.41e-03 1.26 6.41e-03 1.90 3.79e-03 1.38
80 || 2.47e-02 || 2.08e-04 1.47 2.34e-03 1.32 3.77e-03 1.88 2.65e-03 1.25
100 || 1.98e-02 || 1.50e-04 1.49 1.76e-03 1.29 2.49e-03 1.88 1.93e-03 1.44
120 || 1.65e-02 || 1.15e-04 1.48 1.40e-03 1.29 1.78e-03 1.85 1.54e-03 1.28
140 || 1.42e-02 || 9.15e-05 1.48 1.14e-03 1.34 1.35e-03 1.83 1.24e-03 1.41
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METHOD 5 USING BOUNDARY CONDITION 1

2

2

TesT 3.4 U =, 182 4, U = waally || 13%0mU —aylly || 82, U = ussll
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.58e-01 — 1.40e+00 — 3.76e-01 — 6.71e-01 —
20 || 9.52e-02 || 5.51e-02 1.63 1.13e+00 | 0.33 2.16e-01 0.85 4.32e-01 0.68
40 || 4.88e-02 || 1.60e-02 1.85 9.04e-01 0.34 1.23e-01 0.85 3.46e-01 0.33
60 || 3.28¢-02 || 7.48¢-03 1.91 7.80e-01 0.37 9.44e-02 | 0.66 3.10e-01 0.28
80 || 2.47e-02 || 4.34e-03 1.92 6.94e-01 0.42 7.91e-02 0.63 2.82e-01 0.33
100 || 1.98¢-02 || 2.85e-03 1.92 6.33e-01 0.42 6.88¢-02 | 0.63 2.63e-01 0.33
120 || 1.65e-02 || 2.00e-03 1.95 5.85e-01 0.43 6.07e-02 0.69 2.46e-01 0.36
140 || 1.42e-02 || 1.48e-03 1.96 5.45e-01 0.46 5.37e-02 | 0.79 2.31e-01 0.42

METHOD 5 USING BOUNDARY CONDITION 2

TesT 3.4 17—, 1820, U = waally || [32ymU —waylly || [1850,U = usyll,

Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.31e-01 — 8.15e-01 — 4.16e-01 — 7.35e-01 —
20 || 9.52e-02 || 7.19e-02 1.81 3.29e-01 1.40 1.61e-01 1.47 2.73e-01 1.53
40 || 4.88¢-02 || 1.96e-02 1.94 1.40e-01 1.28 5.37e-02 1.64 9.80e-02 1.53
60 || 3.28¢-02 || 9.03e-03 1.95 9.12e-02 1.08 2.81e-02 1.63 5.59e-02 1.41
80 || 2.47e-02 || 5.23e-03 1.92 6.79e-02 1.04 1.80e-02 1.57 3.91e-02 1.26
100 || 1.98¢-02 || 3.40e-03 1.95 5.40e-02 1.04 1.26e-02 1.60 2.95e-02 1.27
120 || 1.65e-02 || 2.39e-03 1.96 4.49¢-02 1.02 9.50e-03 1.58 2.38e-02 1.19
140 || 1.42e-02 || 1.77e-03 1.96 3.85e-02 1.00 7.52e-03 1.53 1.99e-02 1.16
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8.4. Test 4 Results

Recall from Sections 5.1 and 5.5 the following matrix and solution:

2/3 1/3,,1/3
SOLUTION 5: u(z,y) = z** —y*3  A(x,y) = 156 _;f/; s 2/;?:3 /
Y Yy
METHOD 1
TesT 4.5 U =, 162 1, U = waally || 1820l —uaull, || 157,V — vl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.94e-02 — 1.12e+00 — 2.12e-01 — 1.12e+00 —
20 || 9.52e-02 || 2.21e-02 0.44 1.07e+00 | 0.08 2.52¢-01 | -0.26 1.07e+00 | 0.08
40 || 4.88e-02 || 1.62e-02 0.46 9.90e-01 0.11 2.53e-01 | -0.01 9.90e-01 0.11
60 || 3.28¢-02 || 1.36e-02 0.44 9.39¢-01 0.13 2.48e-01 0.05 9.39¢-01 0.13
80 || 2.47e-02 || 1.21e-02 0.43 9.03e-01 0.14 2.42¢-01 0.08 9.03e-01 0.14
100 || 1.98e-02 || 1.10e-02 0.42 8.75e-01 0.14 2.37e-01 0.11 8.75e-01 0.14
120 || 1.65e-02 || 1.02e-02 0.41 8.52e-01 0.15 2.31e-01 0.12 8.52e-01 0.15
140 || 1.42e-02 || 9.59e-03 | 0.41 8.33e-01 0.15 2.27¢-01 0.14 8.33e-01 0.15
METHOD 2 USING BOUNDARY CONDITION 1

TesT 4.5 10—, 1824, U = waall, || 132ymU = waylly || 1320, U = ualls
N h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE

10 || 1.82e-01 || 3.27e-02 — 9.63e-01 — 1.59e-01 — 8.53e-01 —
20 || 9.52e-02 || 2.32¢-02 | 0.53 9.50e-01 0.02 2.14e-01 | -0.46 8.80e-01 | -0.05
40 || 4.88¢-02 || 1.72¢-02 | 0.45 9.04e-01 0.08 2.44e-01 | -0.19 8.57e-01 0.04
60 || 3.28¢-02 || 1.43e-02 | 0.45 8.68e-01 0.10 2.49¢-01 | -0.06 8.32e-01 0.08
80 || 2.47e-02 || 1.26e-02 | 0.45 8.41e-01 0.11 2.48e-01 0.02 8.10e-01 0.09
100 || 1.98¢-02 || 1.15e-02 | 0.44 8.20e-01 0.12 2.45e-01 0.06 7.92e-01 0.10
120 || 1.65e-02 || 1.06e-02 | 0.43 8.01e-01 0.12 2.41e-01 0.09 7.76e-01 0.11

140 || 1.42¢-02 || 9.93e-03 | 0.43 7.86e-01 0.13 2.36e-01 0.12 7.63e-01 0.11
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METHOD 2 USING BOUNDARY CONDITION 2

2

2

TEST 4.5 o~ ull, 152 8, U = waally || 152yl —waally || 11550, U — vl
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.74e-02 — 9.88e-01 — 1.54e-01 — 9.88e-01 —
20 || 9.52e-02 || 2.29e-02 | 0.28 9.53e-01 0.05 2.07e-01 | -0.46 9.53e-01 0.05
40 || 4.88¢-02 || 1.71e-02 | 0.44 9.04e-01 0.08 2.39¢-01 | -0.21 9.04e-01 0.08
60 || 3.28¢-02 || 1.43e-02 | 0.45 8.68e-01 0.10 2.46e-01 | -0.07 8.68e-01 0.10
80 || 2.47e-02 || 1.26e-02 | 0.44 8.41e-01 0.11 2.45e-01 0.00 8.41e-01 0.11
100 || 1.98e-02 || 1.15e-02 | 0.44 8.19e-01 0.12 2.43e-01 0.05 8.19e-01 0.12
120 || 1.65e-02 || 1.06e-02 | 0.43 8.01e-01 0.12 2.39¢-01 0.09 8.01e-01 0.12
140 || 1.42e-02 || 9.92e-03 | 0.43 7.86e-01 0.13 2.35e-01 0.11 7.86e-01 0.13

METHOD 3

TEST 4.5 o ull, 82,0 = wselly, || 132l = sy, || 1152, U = i,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.86e-02 — 1.12e+00 — 1.66e-01 — 1.12e+00 —
20 || 9.52e-02 || 2.18e-02 0.42 1.07e+00 | 0.08 2.11e-01 | -0.37 1.07e+00 | 0.08
40 || 4.88¢-02 || 1.62e-02 0.45 9.87e-01 0.11 2.31e-01 | -0.13 9.87e-01 0.11
60 || 3.28¢-02 || 1.36e-02 0.44 9.37e-01 0.13 2.33e-01 | -0.02 9.37e-01 0.13
80 || 2.47e-02 || 1.20e-02 0.43 9.01e-01 0.14 2.31e-01 0.03 9.01e-01 0.14
100 || 1.98e-02 || 1.10e-02 0.42 8.73e-01 0.14 2.28e-01 0.06 8.73e-01 0.14
120 || 1.65e-02 || 1.02e-02 0.41 8.51e-01 0.14 2.25e-01 0.09 8.51e-01 0.14
140 || 1.42e-02 || 9.58e-03 | 0.41 8.32e-01 0.15 2.21e-01 0.11 8.32e-01 0.15
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METHOD 4

TEST 4.5 o —ull, 182,10 = wasll, || 182,00 = wanlly | (82,0 il
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 2.73e-02 — 1.14e+00 — 1.58e-01 — 1.14e+00 —
20 || 9.52e-02 || 2.12e-02 0.39 1.08¢+00 | 0.08 1.94e-01 | -0.31 1.08e+00 | 0.08
40 || 4.88e-02 || 1.59e-02 0.43 1.00e+00 | 0.12 2.12¢-01 | -0.13 1.00e+00 | 0.12
60 || 3.28e-02 || 1.34e-02 0.43 9.49e-01 0.14 2.15e-01 | -0.04 9.49¢-01 0.14
80 || 2.47e-02 || 1.19e-02 0.42 9.11e-01 0.14 2.15e-01 0.01 9.11e-01 0.14
100 || 1.98e-02 || 1.09e-02 0.41 8.82e-01 0.15 2.13e-01 0.04 8.82e-01 0.15
120 || 1.65e-02 || 1.01e-02 0.40 8.58e-01 0.15 2.11e-01 0.06 8.58e-01 0.15
140 || 1.42e-02 || 9.52e-03 | 0.40 8.38e-01 0.15 2.08e-01 0.08 8.38e-01 0.15

METHOD 5 USING BOUNDARY CONDITION 1

2

TesT 4.5 10—, 1824, U = waall, || 132umU —waylly || (1825, U = ussll
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 5.74e-02 — 1.00e+00 — 3.30e-01 — 9.05e-01 —
20 || 9.52e-02 || 4.56e-02 0.36 1.08¢+00 | -0.11 4.18¢-01 | -0.37 1.02e+00 | -0.18
40 || 4.88¢-02 || 3.30e-02 0.48 1.21e+00 | -0.18 4.47¢-01 | -0.10 1.18e+00 | -0.22
60 || 3.28¢-02 || 2.72e-02 0.49 1.33¢+00 | -0.23 4.48¢-01 | -0.00 1.31e+00 | -0.26
80 || 2.47e-02 || 2.38¢-02 0.46 1.43e+00 | -0.26 4.44e-01 0.03 1.41e+00 | -0.27
100 || 1.98e-02 || 2.16e-02 0.44 1.52e+00 | -0.27 4.38¢-01 0.06 1.50e+00 | -0.28
120 || 1.65e-02 || 2.00e-02 0.42 1.59e+00 | -0.27 4.33e-01 0.07 1.58¢+00 | -0.28
140 || 1.42e-02 || 1.88e-02 0.41 1.66e+00 | -0.28 4.28¢-01 0.08 1.65e+00 | -0.29
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METHOD 5 USING BOUNDARY CONDITION 2

2

2

TesT 4.5 10—, 182 4, U = waally || [132umU —uaylly || 1390,V = upll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 6.31e-02 — 1.01e+00 — 3.50e-01 — 1.01e+00 —
20 || 9.52e-02 || 4.67e-02 0.46 1.07e+00 | -0.08 4.23e-01 | -0.29 1.07e+00 | -0.08
40 || 4.88e-02 || 3.32e-02 0.51 1.21e+00 | -0.19 4.50e-01 | -0.09 1.21e4+00 | -0.19
60 || 3.28¢-02 || 2.73e-02 0.50 1.33¢+00 | -0.24 4.50e-01 | -0.00 1.33e+00 | -0.24
80 || 2.47e-02 || 2.39e-02 0.47 1.43e+00 | -0.26 4.46e-01 0.04 1.43e+00 | -0.26
100 || 1.98e-02 || 2.16e-02 0.44 1.52e+00 | -0.27 4.40e-01 0.06 1.52e+00 | -0.27
120 || 1.65e-02 || 2.00e-02 0.43 1.59e+00 | -0.27 4.34e-01 0.07 1.59e+00 | -0.27
140 || 1.42e-02 || 1.88e-02 0.41 1.66e+00 | -0.28 4.29e-01 0.08 1.66e+00 | -0.28
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8.5. Truncation Errors

We record the truncation errors for the various solutions and operators 5120, ﬁﬁ,ﬁi.
SOLUTION 1: u(z,y) = sin (%(m + y)2>

APPROXIMATING 1z, USING BOUNDARY CONDITION 1

SOLUTION 1 || 82, u—waall, || [82,,u—wasll, || (5200 waall, || 15240~ uoels
Nz h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 1.82e-01 || 7.18e+00 — 6.62e-01 — 3.82e+4-00 — 3.20e+00 —

20 9.52e-02 || 4.80e+-00 0.62 2.49e-01 1.51 2.49e+00 0.67 6.10e-01 1.18

40 4.88e-02 || 3.03e-+00 0.69 7.53e-02 1.79 1.53e+-00 0.72 2.27e-01 1.48

60 3.28e-02 2.39e+-00 0.59 3.55e-02 1.89 1.20e+00 0.61 1.19e-01 1.64

80 2.47e-02 2.04e+00 0.55 2.06e-02 1.93 1.03e+-00 0.56 7.21e-02 1.75

100 1.98e-02 1.82e+-00 0.53 1.34e-02 1.94 9.11e-01 0.54 4.83e-02 1.81

120 1.65e-02 1.65e+00 0.52 9.42e-03 1.95 8.29e-01 0.53 3.46e-02 1.85

140 1.42e-02 1.53e+-00 0.52 6.98e-03 1.96 7.65e-01 0.52 2.60e-02 1.88

APPROXIMATING 1z, USING BOUNDARY CONDITION 2

SOLUTION 1 || 182, u—uaelly, | (132, u—usally || 820, uael,
Nz h ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 4.51e+00 — 6.62e-01 — 2.50e+00 —

20 9.52e-02 1.90e+-00 1.34 2.49e-01 1.51 1.04e-+00 1.36

40 4.88e-02 7.09e-01 1.47 7.53e-02 1.79 3.76e-01 1.52

60 3.28e-02 3.95e-01 1.47 3.55e-02 1.89 2.06e-01 1.51

80 2.47e-02 2.60e-01 1.48 2.06e-02 1.93 1.34e-01 1.51

100 1.98e-02 1.87e-01 1.48 1.34e-02 1.94 9.63e-02 1.51

120 1.65e-02 1.43e-01 1.49 9.42e-03 1.95 7.33e-02 1.51

140 1.42e-02 1.14e-01 1.49 6.98e-03 1.96 5.82e-02 1.51
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APPROXIMATING Uy

2

SOLUTION 1 || |82 ju—wayll, || 182 0u—uayly, || [162ymu = uayll,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE
10 1.82¢-01 || 4.31e+00 — 6.62¢-01 — 2.48e¢+00 —

20 9.52e-02 1.70e+00 1.44 2.49e-01 1.51 9.75e-01 1.45

40 4.88e-02 5.24e-01 1.76 7.53e-02 1.79 2.99e-01 1.76

60 3.28e-02 2.48e-01 1.88 3.55e-02 1.89 1.42e-01 1.88

80 2.47e-02 1.44e-01 1.92 2.06e-02 1.93 8.22e-02 1.92

100 1.98e-02 9.37e-02 1.94 1.34e-02 1.94 5.36e-02 1.94

120 1.65e-02 6.59e-02 1.95 9.42e-03 1.95 3.76e-02 1.95

140 1.42e-02 4.88e-02 1.96 6.98e-03 1.96 2.79e-02 1.96

SOLUTION 2: u(z,y) = 2® + 3zy + 3y° + 3

APPROXIMATING Uz, USING BOUNDARY CONDITION 1

SOLUTION 2 || |32, w—uaall, | (182, u—weally || [02n,u—usslly | 24,0~ vaoells
Ng h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 1.82e-01 || 8.13e-01 — 2.76e-14 — 4.07e-01 — 1.33e-01 —

20 9.52e-02 6.02e-01 0.46 1.19e-13 -2.26 3.01e-01 0.46 2.42e-14 -2.65

40 4.88e-02 4.36e-01 0.48 4.77e-13 -2.07 2.18e-01 0.48 1.10e-13 -2.26

60 3.28e-02 3.59e-01 0.49 1.13e-12 -2.18 1.80e-01 0.49 2.67e-13 -2.23

80 2.47e-02 3.12e-01 0.49 1.88e-12 -1.77 1.56e-01 0.49 4.54e-13 -1.87

100 1.98e-02 2.80e-01 0.49 2.92e-12 -2.01 1.40e-01 0.49 7.04e-13 -1.99

120 1.65e-02 2.56e-01 0.50 4.42e-12 -2.29 1.28e-01 0.50 1.14e-12 -2.68

140 1.42e-02 2.37e-01 0.50 6.00e-12 -1.99 1.19e-01 0.50 1.50e-12 -1.77
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APPROXIMATING u,, USING BOUNDARY CONDITION 2

SOLUTION 2 || |32, w—waall, || 182, u—usally || |82, u—ussl,
Nz h ERROR | RATE || ERROR | RATE || ERROR | RATE
10 1.82e-01 || 1.72e-14 — 2.76e-14 — 1.70e-14 —

20 9.52e-02 8.35e-14 -2.44 1.19e-13 -2.26 4.77e-14 -1.60

40 4.88e-02 3.55e-13 -2.16 4.77e-13 -2.07 1.56e-13 -1.77

60 3.28e-02 8.54e-13 -2.21 1.13e-12 -2.18 3.13e-13 -1.75

80 2.47e-02 1.39e-12 -1.72 1.88e-12 -1.77 5.28e-13 -1.84

100 1.98e-02 2.21e-12 -2.10 2.92e-12 -2.01 8.12e-13 -1.95

120 1.65e-02 3.28e-12 -2.19 4.42e-12 -2.29 1.24e-12 -2.34

140 1.42e-02 4.51e-12 -2.07 6.00e-12 -1.99 1.63e-12 -1.81

APPROXIMATING Uy

SOLUTION 2 || [[82 = wayll, || (192 e = waylly || [[82ymte — wayll,
Nz h ERROR | RATE || ERROR | RATE || ERROR | RATE
10 1.82¢-01 || 1.71e-14 — 1.53e-14 — 5.41e-15 —

20 9.52e-02 7.75e-14 -2.34 7.94e-14 -2.54 2.52e-14 -2.38

40 4.88e-02 2.72e-13 -1.87 2.72e-13 -1.84 9.13e-14 -1.92

60 3.28e-02 6.54e-13 -2.21 6.54e-13 -2.20 2.11e-13 -2.11

80 2.47e-02 1.18e-12 -2.07 1.17e-12 -2.06 3.78e-13 -2.06

100 1.98e-02 1.74e-12 -1.79 1.71e-12 -1.73 5.66e-13 -1.83

120 1.65e-02 2.63e-12 -2.27 2.62e-12 -2.36 8.26e-13 -2.09

140 1.42e-02 3.62e-12 -2.09 3.63e-12 -2.13 1.12e-12 -2.01
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SOLUTION 3: u(z,y) = e*v+

APPROXIMATING g, USING BOUNDARY CONDITION 1

SOLUTION 3 || 132, u—waell, || (82, u=—vaell, | [Gon,u—ueelly || [1824,U— uaells
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 1.82e-01 || 7.57e-01 — 4.46e-03 — 3.77e-01 — 3.60e-+-00 —

20 9.52e-02 7.39e-01 0.04 1.91e-03 1.31 3.69e-01 0.03 3.51e-03 0.05

40 4.88e-02 6.09e-01 0.29 6.18e-04 1.69 3.04e-01 0.29 1.68e-03 1.10

60 3.28e-02 5.22e-01 0.39 2.99e-04 1.83 2.61e-01 0.38 9.22e-04 1.50

80 2.47e-02 4.64e-01 0.42 1.75e-04 1.88 2.32e-01 0.42 5.77e-04 1.65

100 1.98e-02 4.21e-01 0.44 1.15e-04 1.91 2.10e-01 0.44 3.93e-04 1.73

120 1.65e-02 3.88e-01 0.45 8.12e-05 1.93 1.94e-01 0.45 2.85e-04 1.78

140 1.42e-02 3.62e-01 0.46 6.03e-05 1.94 1.81e-01 0.46 2.16e-04 1.82

APPROXIMATING Uz, USING BOUNDARY CONDITION 2

SOLUTION 3 || [[32 ), u—waally | 102, u—vaall, | 5241 vaoel,
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE
10 1.82e-01 || 9.42¢-02 — 4.46¢-03 — 4.67e-02 —

20 9.52e-02 5.49e-02 0.83 1.91e-03 1.31 2.73e-02 0.83

40 4.88e-02 2.50e-02 1.18 6.18e-04 1.69 1.25e-02 1.17

60 3.28e-02 1.48e-02 1.32 2.99e-04 1.83 7.38e-03 1.32

80 2.47e-02 1.00e-02 1.37 1.75e-04 1.88 5.00e-03 1.37

100 1.98e-02 7.35e-03 1.40 1.15e-04 1.91 3.67e-03 1.40

120 1.65e-02 5.69e-03 1.42 8.12e-05 1.93 2.84e-03 1.42

140 1.42e-02 4.57e-03 1.43 6.03e-05 1.94 2.28e-03 1.43
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APPROXIMATING Uy

SOLUTION 3 || [|82 u—usy[l, || 1182, mu—usully || (132 me = uay
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.31e400 — 3.64e-01 — 8.29¢e-01 —
20 || 9.52e-02 || 4.50e-01 1.65 1.24e-01 1.67 2.85e-01 1.65
40 || 4.88e-02 || 1.33e-01 1.82 3.63e-02 1.83 8.42¢-02 1.82
60 || 3.28e-02 || 6.27e-02 1.89 1.71e-02 1.90 3.96e-02 1.90
80 || 2.47e-02 || 3.63e-02 1.93 9.86e-03 1.93 2.29¢-02 1.93
100 || 1.98e-02 || 2.37e-02 1.94 6.42¢-03 1.95 1.49e-02 1.94
120 || 1.65e-02 || 1.66e-02 1.95 4.51e-03 1.96 1.05e-02 1.95
140 || 1.42e-02 || 1.23e-02 1.96 3.34e-03 1.96 7.78e-03 1.96

SOLUTION 4: wu(x,y) = ”1”—;<3 log(z?) — 11> + <y - %)

wloo

APPROXIMATING 1z, USING BOUNDARY CONDITION 1

SOLUTION 4 || 32, u—wsall, | 132, u—ueell, || |8 n,u—usslly || [325,U = wussll;
Ny h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.57e400 — 7.63e-02 — 7.93e-01 — 8.25e-02 —
20 || 9.52e-02 || 1.21e+00 | 0.41 3.28e-02 1.31 6.06e-01 0.42 9.27e-02 0.69
40 || 4.88e-02 || 8.93e-01 0.45 1.40e-02 1.28 4.47¢-01 0.45 5.06e-02 0.91
60 || 3.28¢-02 || 7.40e-01 0.47 8.63e-03 1.21 3.70e-01 0.47 3.43e-02 0.97
80 || 2.47e-02 || 6.46e-01 0.48 6.19¢-03 1.17 3.23e-01 0.48 2.60e-02 0.98
100 || 1.98e-02 || 5.81e-01 0.48 4.81e-03 1.14 2.91e-01 0.48 2.09e-02 0.99
120 || 1.65e-02 || 5.32e-01 0.49 3.93¢-03 1.12 2.66e-01 0.49 1.75e-02 0.99
140 || 1.42e-02 || 4.94e-01 0.49 3.32¢-03 1.11 2.47e-01 0.49 1.50e-02 0.99
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APPROXIMATING u,, USING BOUNDARY CONDITION 2

SOLUTION 4 || |32, w—waall, || 182, u—ueslly || |82, u—uesl,
Nz h ERROR | RATE || ERROR | RATE || ERROR | RATE
10 1.82¢-01 || 3.62e-01 — 7.63e-02 2.00e-01 —

20 9.52e-02 2.09e-01 0.85 3.28e-02 1.31 1.12e-01 0.89

40 4.88e-02 1.08e-01 0.98 1.40e-02 1.28 5.63e-02 1.03

60 3.28e-02 7.20e-02 1.03 8.63e-03 1.21 3.70e-02 1.05

80 2.47e-02 5.39e-02 1.02 6.19e-03 1.17 2.75e-02 1.04

100 1.98e-02 4.30e-02 1.02 4.81e-03 1.14 2.19e-02 1.04

120 1.65e-02 3.58e-02 1.02 3.93e-03 1.12 1.82e-02 1.03

140 1.42e-02 3.07e-02 1.01 3.32e-03 1.11 1.55e-02 1.03

APPROXIMATING Uy

SOLUTION 4 || 182w —wayll, || (182 e = waylly || [[82.pmte — wayll,
Nz h ERROR | RATE || ERROR | RATE || ERROR | RATE
10 1.82¢-01 || 1.39¢-01 — 1.79¢-01 9.70e-02 —

20 9.52e-02 4.34e-02 1.80 5.44e-02 1.85 3.08e-02 1.77

40 4.88e-02 1.23e-02 1.88 1.51e-02 1.91 8.92e-03 1.85

60 3.28e-02 5.74e-03 1.92 7.01e-03 1.94 4.21e-03 1.89

80 2.47e-02 3.32e-03 1.93 4.03e-03 1.95 2.45e-03 1.91

100 1.98e-02 2.16e-03 1.94 2.62e-03 1.96 1.61e-03 1.92

120 1.65e-02 1.52e-03 1.95 1.84e-03 1.96 1.14e-03 1.92

140 1.42e-02 1.13e-03 1.95 1.36e-03 1.96 8.46e-04 1.93
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SOLUTION 5: u(z,y) = x¥/% — y4/3

APPROXIMATING g, USING BOUNDARY CONDITION 1

SOLUTION 5 || |32, u — uaa|l, 102 5, u — taa ], 182 = waally || (1820, U = wesls
Nz h ERROR | RATE || ERROR | RATE || ERROR | RATE || ERROR | RATE
10 1.82e-01 || 1.19e+00 — 1.56e+00 — 1.12e+00 — 8.53e-01 —

20 9.52e-02 1.35e+4-00 -0.19 1.78e+-00 -0.20 1.27e+4-00 -0.20 1.20e+-00 -0.29

40 4.88e-02 1.52e+00 -0.18 2.01e+00 -0.18 1.44e+00 -0.18 1.40e+-00 -0.23

60 3.28e-02 1.63e+-00 -0.17 2.16e-+00 -0.18 1.54e+00 -0.18 1.51e+00 -0.20

80 2.47e-02 1.71e+00 -0.17 2.27e+00 -0.17 1.62e+00 -0.17 1.60e+-00 -0.19

100 1.98e-02 1.78e+-00 -0.17 2.35e+00 -0.17 1.68e+-00 -0.17 1.66e+-00 -0.18

120 1.65e-02 1.83e+00 -0.17 2.43e+00 -0.17 1.73e4-00 -0.17 1.72e+-00 -0.18

140 1.42e-02 1.88e+-00 -0.17 2.49e+00 -0.17 1.78e+-00 -0.17 1.77e+400 -0.18

APPROXIMATING Uz, USING BOUNDARY CONDITION 2

SOLUTION 5 || |82, u—uasll, || 11820~ vasll, || 1I32n,— esll,
Nz h ERROR | RATE || ERROR | RATE || ERROR | RATE
10 || 1.82e-01 || 1.18e+00 — 1.56e+00 — 1.11e+00 —

20 9.52e-02 1.34e+00 -0.20 1.78e+-00 -0.20 1.27e+4-00 -0.20

40 4.88e-02 1.52e+00 -0.18 2.01e+00 -0.18 1.44e+-00 -0.18

60 3.28e-02 1.63e+-00 -0.18 2.16e+00 -0.18 1.54e+-00 -0.18

80 2.47e-02 1.71e+00 -0.17 2.27e4-00 -0.17 1.62e+-00 -0.17

100 1.98e-02 1.78e+-00 -0.17 2.35e+00 -0.17 1.68e+-00 -0.17

120 1.65e-02 1.83e+00 -0.17 2.43e+00 -0.17 1.73e+-00 -0.17

140 1.42e-02 1.88e+-00 -0.17 2.49e+00 -0.17 1.78e+4-00 -0.17
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APPROXIMATING Uy

SOLUTION 5 || 182w = wayll, || (192 e = waylly || [[32.pmte — vayll,
Nz h ERROR | RATE || ERROR | RATE || ERROR | RATE
10 1.82¢-01 || 1.92e-15 — 2.56e-15 — 5.03e-16 —

20 9.52e-02 8.57e-15 -2.31 8.54e-15 -1.86 2.73e-15 -2.62

40 4.88e-02 3.63e-14 -2.16 3.79e-14 -2.23 9.10e-15 -1.80

60 3.28e-02 6.29e-14 -1.38 6.47e-14 -1.35 2.42e-14 -2.46

80 2.47e-02 1.26e-13 -2.45 1.29e-13 -2.44 3.68e-14 -1.48

100 1.98e-02 1.66e-13 -1.25 1.73e-13 -1.33 6.32e-14 -2.45

120 1.65e-02 2.7le-13 -2.71 2.75e-13 -2.57 7.78e-14 -1.16

140 1.42e-02 3.91e-13 -2.39 3.95e-13 -2.36 1.15e-13 -2.54
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