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Bianchi modular forms are a generalization of classical modular forms to imaginary
quadratic fields. The study of computational aspects of Bianchi modular forms started in
the 1980s by Elstrodt, Grunewald, and Mennicke. John Cremona and several of his students
made notable contributions to developing theory for computing Bianchi modular forms. This
thesis extends their work by providing algorithms for computing Bianchi modular forms
over imaginary quadratic fields with general class groups. We also provide results, including

dimension tables, of the implementation for the imaginary quadratic field Q(+/—17).
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Chapter 1: Introduction

Modular forms play a central role in number theory and many other branches of mathematics.
Modular forms were first introduced by Jacobi and Eisenstein in the nineteenth century
through the theory of elliptic functions. The discriminant function and j-function were
modular forms studied in their work. The study of modular forms was given a new life
when Wiles [37] proved the Taniyama-Shimura conjecture for a large class of elliptic curves.
As a corollary, we have an elegant proof of Fermat’s last theorem. Since this development,
researchers have been interested in studying if such conjectures hold for other generalizations
of classical modular forms. One such generalization gives rise to Bianchi modular forms,
which are modular forms over imaginary quadratic fields.

The main goal of this thesis is to analyze Bianchi modular forms from a computational
perspective. To this end, this thesis describes an algorithm and its implementation to compute
Bianchi modular forms as Hecke eigensystems. In particular, we compute Bianchi modular
forms over an imaginary quadratic field with order 4 class group extending the computations
done by Cremona and several of Cremona’s students [6,12,14,28,36].

The study of computations of Bianchi modular forms started in 1980 by Grunewald,
Mennicke, and others [18,20]. They compute Bianchi modular forms for F' = Q(v/—d) where
d = 1,2, 3 using modular symbols techniques. In [7], Cremona extended these computations
to all five Euclidean fields. In the years that followed, some of Cremona’s students worked
on extending these computations. Whitley [36] in her thesis worked on extending modular

symbol techniques to class number 1 fields. Bygott [6] in his thesis developed techniques for



computing Bianchi modular forms over an imaginary quadratic field with class number 2.
He computed explicit examples over the field Q(y/—5). Lingham [28] in his thesis worked
on the odd class number case and computed explicit examples for the fields Q(y/—23) and
Q(v/—=31). Aranes |1] extended the M-symbol techniques over @ to number fields.

Similar to the work of Cremona et. al., we exploit the connection between Bianchi modular
forms and the homology of certain quotients of the hyperbolic 3-space Hj for our computations.
To compute homology we require tessellations of the hyperbolic 3-space H3 with an action of
the congruence subgroups. Cremona and his students utilize an algorithm coming from the
work of Swan [33| to compute such a tessellation. In this thesis, we use the work of Ash [3] and
Koecher [25] coming from the theory of perfect Hermitian forms. Further, for Hecke operator
computations, we use the reduction theory introduced by Gunnells [21]. Conveniently, we
can use the implementations of these techniques by Yasaki [39].

In Chapter 2, we discuss the classical modular forms and some computational techniques.
In Chapter 3, we introduce homological modular forms and discuss techniques for computing
them. This section includes a brief exposition of the Voronoi theory, modular symbol, and
M-symbol techniques for imaginary quadratic fields.

In Chapter 4, we introduce the notion of Bianchi modular forms and how to view them as
Hecke eigensystems. This approach allows us to understand how to use homological modular
forms from Chapter 3 to compute the Hecke eigensystem attached to a Bianchi modular form.
In Chapter 5, we introduce the notion of a homological eigenform and explain how to use
them to compute Hecke eigensystems. In this chapter, we provide algorithms for computing
Bianchi modular forms over imaginary quadratic fields.

Finally in Chapter 6, we discuss the results from the implementation to the imaginary
quadratic field Q(v/—17). We provide various types of examples observed within the scope
of the computation. We also provide dimension tables and tables of Hecke eigensystems for

certain levels.



Chapter 2: Classical Theory

In this chapter, we provide a discussion of the classical theory of modular forms. The goal of
this chapter is to help the reader see Bianchi modular forms are a natural generalization of

the classical case.

2.1 Classical Modular Forms

In this section, we state some facts regarding classical modular forms. We use generalizations
of some of these facts to Bianchi modular forms for our computations. For more details, we
refer the reader to [9,16,32].

Let Hy = {z € C | Im(z) > 0} denote the upper-half plane, and let Hj = Hy U Q U {ioo}
denote the extended upper-half plane obtained by including the cusps P'(Q) = Q U {ioco}.

The group SLy(Z) acts on Hy by fractional linear transformations:

a b az+b
(c d) T ard (2.1)

We can extend the action of the group SLs(Z) to cusps QU {ico} by

ap + bq
(a b).f_?: , (2.2)
c d) g cp+dg

We define modular forms as complex-valued functions on Hy satisfying symmetry with re-



spect to this action by congruence subgroups of SLy(Z). In particular, we consider congruence

subgroups of the form

where N € 729,

Definition 2.1. A classical modular form of weight k and level N is a complex-valued

function f : Hy — C that satisfies the following conditions.

1. f is holomorphic on Hy

2. For cach 5 € Ty(N), we have f[x}y = f, where f[] = j(7,7)*f(77) and j(7,7) =

ct +d.

3. f[vlx is holomorphic at ico where v € SLy(Z) such that y(oco) = a € Q U {ico}.

The third condition can also be stated as a growth condition. Explicitly, we want | f[v]x(2)|
to be bounded as Im(z) — oo.

These conditions imply that a modular form f has Fourier expansion

for any z € Hy. Further, the space of modular forms My (N) of weight k and level N is a
finite-dimensional C vector space, and we have an explicit formula for the dimension of space
of modular forms [16, Theorem 3.5.1].

If we consider the subspace of modular form f € M (N) that vanishes on cusps, we get
the space of cuspforms denoted Si(/N). Our main focus will be to compute the space of
cuspforms as they are related to objects like elliptic curves.

Now we look at the interaction between levels. If M | N, then for any g € S,(M) and for
any divisor d of N/M, the form f(z) = d*1g(dz) is in Si(NN). We call the subspace S ()

4



of such forms the oldforms at level N. The space Si(IN)™" that cannot be constructed from
oldforms is called the the space of newforms at level N.

From a computational standpoint, computing Si(N)"* is important as these are the
forms that truly are level N. In practice, we do this by computing Si(N) systematically and
accounting for oldforms at levels M | N. Since every form in Si (M) shows up in Si(NN) with
multiplicity equal to the number of divisors of N/M, we can recognize oldforms by looking

at multiplicities.

2.2 Hecke Operators

In this section, we introduce a collection of operators on the space of cuspforms Si(N) called
Hecke operators. These operators are diagonalizable and they commute. Therefore, we can
obtain a basis for Si(/N) consisting of simultaneous eigenforms of Hecke operators away from
N. By “computing”, we mean computing these Fourier coefficients of eigenforms using Hecke
operators.

For 3 € GLj (Z), we can extend the action on Si(T') by:

Bl = det(8)*"5(8,7)7" f(7)-

Here GL3 (Z) is the subgroup of matrices in GLy(Z) with positive determinant.

Definition 2.2. We define an operator T, : Si(I') — Si(I') for any prime p by

k

flode = f1Bilk,
i=1
. 10 5 10 i . .
with I"{ ) I' =U,_,I'B; where 5, = 0 p) i and {~;}7_, are orbit representatives of

10
the coset I'\I" (0 p) I.



Remark 2.1. We can define Hecke operators more generally by looking at the double coset

a 'TaNnT for any o € GL3 (Q).

We set T7 = 1, the identity operator. We can define an operator T)- inductively by
Ty = TpTyr—1 + p" s

for r > 1 and 7T, as

1

T, = HTpn, where n = Hp:’
i
Now we can show that the Hecke operators have the following properties:

Theorem 2.3. For any m,n € Z*,

2. Ton =TT, if (myn) =1
Proof. These follow from the definition of 7,, and [16, Proposition 5.2.4]. ]
Theorem 2.4. Hecke operators T, for (n,N) =1 are simultaneously diagonalizable.

Proof. By [16, Theorem 5.3.3|, any Hecke operator T}, with (n, N) = 1 on the space of cuspform
Sk(N) is normal with respect to the Peterson inner product given in [16, Definition 5.4.1].
Therefore, T), is diagonalizable. Since Hecke operators commute, they are simultaneously

diagonalizable. |

Definition 2.5 ([16, Definition 5.8.1]). A nonzero modular forms f € Sj(NN) that is an eigen-
form for all Hecke operators T, is an eigenform. An eigenform f(z) = >, a,(f)q", and g =

e*™* is normalized if a;(f) = 1. A normalized eigenform in Sj,(N)"** is called a newform.

Now we have the following theorem about newforms.



Theorem 2.6 ([16, Theorem 5.8.2]). The set of newforms of level N gives an orthogonal basis
of Sk(N)"™™ with respect to the Petersson inner product. Further, each newform f satisfies

T.(f) = an(f)[f for each n € ZF.

This means, by computing eigenvalues of the Hecke operator T),, we can recover the
Fourier coefficient a,(f) of any newform f. As Si(N)"" has a basis consisting of newforms,

we have a complete description of the space.

2.3 Lattices

Now we look at an alternative definition for modular forms. The definition of Bianchi modular
form in Section 4 is a generalization of this. For details, we refer to [16, Section 1.3 and
Section 1.5]. A lattice in C is a discrete set of the form L = Zw; + Zws where {wy,ws} is a

basis for C over R.

Definition 2.7. An enhanced elliptic curve over I'o(N) is a pair (E, C'), where E is a complex

elliptic curve and C'is a cyclic subgroup of E of order N.

Alternatively, we can view an enhanced elliptic curve (E,C) as a pair of lattice (L, L)
with L C L' where E(C) =C/L and L/L' ~7Z/NZ [24].

We say two enhanced elliptic curves (E,C) and (E’,C") are equivalent if there is an
isomorphism F — E’ that sends C' to C’. The set of equivalence classes of enhanced elliptic
curves is denoted by So(N).

Functions on Sy(N) satisfying the transformation

F(C/mL,mC) =m *F(C/L,C) (2.4)

for any m € C*, can be viewed as modular forms of level N and weight & [16].



In this approach, there is a natural notion of Hecke operators which can be thought of as
“averaging” operators. These operators are compatible with the Hecke operators defined in
Section 2.2.

We use a generalization of this to imaginary quadratic fields in Section 4.1 to define
Bianchi modular forms. This approach gives an intuitive understanding of the subtleties that

arise due to the class group.

2.4 Homology

Now we restrict our attention to computational techniques for weight 2 classical modular
forms.

The quotient Xo(N) = I'o(N)\H; is a compact Riemann surface [16, Chapter 2]. Now we
consider the pairing

(5 ) 52(N) x Hy(Xo(N); Z) — C,

(f.) = 2ri / f(2)dz

for any path 7 in Xy (V).

This pairing is non-degenerate and Hecke equivariant [32, Theorem 3.4]. That is, for any
Hecke operator T,,, we have (T,,f,~v) = (f, T,,y). Here the action of T;, on Hy(X(N);Z) is as
described in 32, Chapter 3|. This means we can use the homology H;(X¢(NV);Z) to compute
the space of cuspforms as a Hecke module. See [32, chapter 3] for more details.

The homology H;(Xy(N);Z) can be computed by taking a tessellation of Xo(N) with
vertices on cusps. One such tessellation can be obtained using the theory of perfect forms.

Let us consider the vector space V of 2 x 2 real symmetric matrices with the positive

definite inner product given by (z,y) = Tr(zy). By C we denote the space of positive definite



symmetric matrices of V. This is an open convex cone that is self-adjoint. That is,
C=C"={yeV|(z,y)>0, forall z € C\{0}},

where C' = {y € V | (z,y) > 0, for all x € V'} is the closure of C. The boundary of the cone
0C = C\C is the collection of positive semidefinite symmetric matrices in V.

The space C' can also be viewed as a space of positive definite quadratic forms with a
given Gram matrix. This allows us to view the space of quadratic forms as an inner product
space, where evaluating a quadratic form on a vector can be viewed as an inner product.
Explicitly, suppose @ is a positive definite quadratic form with the Gram matrix A. Then by
the Cholesky decomposition [27] of positive definite matrices, we have that A = gg* for some
g € GLy(R). Then the inner product between A and the semidefinite form vv' € dC can be

viewed as evaluating the quadratic form @) at the vector v as follows:
Qlv] = Tr(v'Av) = Tr(v'gg'v) = Tr(gg" - vv') = (gg', vv") = (A, v0').

Under this interpretation, dC' corresponds to the space of positive semidefinite quadratic
forms. Further, this gives a way of identifying positive semidefinite forms using linear
conditions. Explicitly, A € 0C' is the same as saying that the orthogonal complement of A
will intersect AC non-trivially. That is, if A € 9C, then there must exist u € R?\{0} such
that (A, uu') = 0. This is the same as saying that uu® is a non-zero vector in the orthogonal
complement of ().

The group G = GLy(R) acts transitively on C' from the left by -2z — gxg'. The stabilizer

of the identity is K = O(2). Thus, we have the identification,

C/R”? — GLy(R)/R7°0(2) ~ Hy.



Figure 2.1. Farey tessellation of the hyperbolic plane
Define the map ¢ : Z*> — 9C by v — vv!, and put © = ¢(Z?\{0}). Now we define the

Voronoi polytope as follows:
Definition 2.8. The Voronoi polyhedron 11 is defined to be the convex hull of ©.

The Voronoi polyhedron has a nice combinatorial structure. In particular, all the facets
of IT are triangles. Also, each element in ¢(v) € © can be identified with the cusps ¢ € P'(Q)

where v = <Z

identification. That is, for any ¢ > 0, since v and (v corresponds to the same element in

) € Z?. Up to homotheties, the action of SLy(Z) is well-defined for this

PYQ), g q(v) = g-q(¢v) in C/R>°. This means after modding out by homotheties, we can
identify the vertices of II with elements in P*(Q). Then up to homotheties, the facets of IT
under this becomes ideal triangles in Hj = H, UP'(Q). Thus, we get a triangulation of Hj
with vertices on cusps. Further, we have a natural action by SLy(Z) on this triangulation
which is induced by the action of SLy(Z) on C.

In practice, we can also compute this tessellation using perfect forms as introduced by

Voronoi [35].

Definition 2.9. We define the minimum of a quadratic form ) with Gram matrix A, denoted
m(A), to be the minimum value of Q[x] = (A, zz*) for all z € Z*\{(0,0)}. We define the set

of minimal vectors of A,

M(A) = {z € Z\{(0,0)} | Q[z] = m(A)}.

10



With this notion of a minimum, we say a quadratic form is perfect if it is uniquely
determined by m(A) and M (A).

In [35], Voronoi proved that there are only finitely many perfect forms up to the action
of SLy(Z). He also proved that each facet of Il can be identified with a perfect form where
vertices of the facet up to homotheties are given by ¢(v) for v € M(A). This shows that there
are only finitely many facets of IT up to the action of SLy(Z). Further, Voronoi also provided
an algorithm to enumerate these perfect forms.

From this algorithm, we can

1. find the cell ¢ in II containing a form A € C

2. find a path along the edges of II between A, B € C.

These two tasks are extremely useful in computing Hecke operators.

2.5 Modular Symbols and M-symbols

Modular symbols and M-symbols provide a concrete way of writing generators and relations
that describes the relative homology group Hy(Xo(N),0Xo(N); C), where 0Xo(N) is the set

of cusps modulo the action of I'y(V).

Definition 2.10. For I' C SLy(Z) the space of modular symbols of weight 2, denoted My (I),

is a free Abelian group generated by pairs of cusps of the form {«, f} modulo the relations

{Oé,ﬁ}—F{ﬁ,CY} =0
{o, By +{B:7} + {7, 0} =0

g{a, 5} —{a, B} =0 for each g € T.

Theorem 2.11 ([29]). The space of weight 2 modular symbols My(I'o(N)) is isomorphic to
the homology group Hy(Xo(N),0Xo(N);C).

11



Remark 2.2. We can define an action by Hecke operators on both sides compatibly. Thus,

this is an isomorphism of Hecke modules.

Now we introduce the so-called Manin’s trick, to show that space of modular symbols is
computable.

Suppose {g;}i_; is a set of right coset representatives of I'g(N) in SLy(7Z) so that SLy(Z) =
L]; To(N)g;. Then for each modular symbol {«, 8}, the list {g;{c, 8}}/_; is the complete list
of distinct I'g(V)-translates of the symbol {«, 5} in My(Tg(N)).

Theorem 2.12 (|29]). Let N be a positive integer, and let {g;}I_, be a set of right coset
representatives of Uo(N) in SLy(Z). Then any {«, B} € Ma(I'o(N)) can be written as

{a,B} = Z a;gi{0,i00},

for some a; € 7.

This shows that the collection {g;{0,i00}}l_, gives a complete list of generators for
M(T'o(N)). We call such modular symbols unimodular.

By PY(Z/NZ), we denote the set of pairs (¢, d) € Z* such that ged(c,d, N) = 1 modulo
the relation

(Cl, dQ) ~ (CQ, dQ) < Cld2 = Cle mod N.

We denote the equivalence class of a pair (¢,d) by (¢ : d). Then by [10, Proposition 2.2.2],
we have I'g(N)\ SLy(R) ~ P} (Z/NZ). This means we can use P}(Z/NZ) to identify coset

representatives g;.

Definition 2.13. A Manin symbol or M-symbol (c : d) is the class in Hy(Xo(N),0Xo(N);C)
of the modular symbol (CCL Z) {0, 00}, where <CCL Z) € SLy(Z).

M-symbols are especially convenient for computations, but the action of Hecke operators

does not preserve the space of unimodular symbols. However, we have techniques that use

12



continued fractions like Heilbronn matrices to compute Hecke operators. More details of this

process are available in [10, Chapter II].

Remark 2.3. In generalizing to imaginary quadratic fields, we will see that not every symbol
can be represented by a translation of the symbol {0,700}. Thus, we require to keep track of

the edge “type” as well as the coset representative.

13



Chapter 3: Homological Modular Forms

In Section 2.4, we saw that the homology H;(X(V);C) could be used to compute classical
modular forms. Here Xo(N) = ['o(N)\H; and H} = H, U P'(Q), the upper half-plane H,
with cusps. In this section, we discuss how to generalize this to imaginary quadratic fields.
For the purpose of this thesis, we restrict ourselves to weight 2 modular forms. Treatment
of higher weight modular forms over Euclidean imaginary quadratic fields is available in [15].
Let F' be an imaginary quadratic field with a ring of integers Op. In the classical
case, we considered the action of SLy(Z) on the hyperbolic plane Hy by fractional linear
transformations. In the Bianchi case, we consider the general linear group GLs(Op) on the

hyperbolic 3-space Hz = {(z,t) € C x R|t > 0} by

r s

(2 o=,

where

(pz +q)(rz+s) + (pt)(st) , ps — qrlt
7 = and t = .
Irz + 8|2 + |r|?t? Iz + 8|2 + |r|?t?

Similar to the classical case, we can extend this action to H} = Hs U P!(F), the extended

hyperbolic 3-space, by defining an action on cusps P!(F) = F U {oo} as

(p q>-(c:d):(cp+qdzrc+8d).

r S
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Now for any ideal n of O, we can define a congruence subgroup

cen}.

This is similar to the congruence subgroups given in (2.3) for the classical case.

To(n) = {(Z fl) € GLy(OF)

If I'y(n) is torsion-free, then the quotient Xy(n) = Io(n)\H} will be a compact differentiable
manifold, and the homology H;(Xo(n);C) is a generalization of the classical homology from

above.

Definition 3.1. We define a homological modular form of level n to be a class in the homology

H1<X0<11); C)

Remark 3.1. It is not obvious that this homology has a connection to modular forms. Fortu-
nately, the work of Kurcanov [26] establishes a duality between the homology H;(Xo(n); C)
and the “principal” part of Bianchi modular forms defined in Chapter 4 for imaginary quadratic

fields. A more general result for other number fields is available in [19] by Franke.

Remark 3.2. In practice, we compute the relative homology group H;(Xy(n),9Xy(n); C) where
0Xo(n) denotes the set of cusps up to action of I'g(n). This is more convenient because any
path between cusps in Xy(n) denotes a class Hy(Xo(n), 0Xo(n); C). To obtain H;(Xo(n); C),

we need to compute 0Xy(n). This can be done using methods introduced in Section 4.5.

In the remainder of this section, we summarize techniques for computing homological
modular forms. In Section 3.1, we discuss a generalization of Voronoi theory by Ash and
Koecher. This allows us to obtain a tessellation of the hyperbolic 3-space with an action
by a congruence subgroup. In Section 3.2, we describe a generalization of modular symbols,
M-symbols, and a reduction theory to compute the action of principal Hecke operators on
homology.

We omit proofs in this section to keep this chapter concise. The details in this section

can be found in [3,21,25]. For an exposition, we refer the reader to a set of lecture notes by
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Gunnells [22].

3.1 Voronoi Theory

In this section we discuss techniques for computing a tessellation of Hj from the work of Ash
[3] and Koecher [25]. This is a generalization of the classical Voronoi theory introduced in
Section 2.4. We state most of the results over imaginary quadratic fields, although we can
work more generally on other self-adjoint homogeneous cones.

Let F' be an imaginary quadratic field, and let Op be the ring of integers as before. We
consider the algebraic group G = Resg/g GL2, where Resp g denotes the Weil restriction of
scalars. Let G = G(R) denote the group real points in G.

The group G acts the vector space V' = Hermy(C) of Hermitian matrices with complex
coefficients by

g-Aw— gAg,

where ¢g* represents the conjugate transpose of the matrix g.

Let C' C V denote the space of positive definite matrices. Then from results in [2], we can
show that C' is a self-adjoint cone with respect to the inner product given by (x,y) = Tr(xy*)
on V. The cone C' is also homogeneous as the action by G is transitive. Details of a proof of
both these facts for imaginary quadratic fields can be found in |23, Proposition 4.1.1].

Let ¢ : C> — C be the map defined by v + vv*. Here by C, we denote the union of C'
with the boundary dC', which consists of positive semidefinite Hermitian forms. If we fix an
embedding F' — C, we can identify vectors in O% as a discrete set in C2. This allows us to

introduce a notion of minimum and minimal vectors for a Hermitian matrix.

Definition 3.2. We define the minimum of A € C by

m(A) = inf{{q(x), A) | =+ € OF\{0}},
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and the set of minimal vectors by
M(A) = {z € O\{0} | (g(x), A) = m(A)}.

Note that since O% is a discrete set in C?, the set of minimal vectors M (A) is a finite
set. We can see this by looking at the inner product ( , ) as defining a metric and noticing

that the ball of radius m(A) about A can only have a finite intersection with the discrete set
9(O%).

We say a form A € C' is perfect if A is completely determined by m(A) and M(A). In
[25], Koecher proved the existence and the finiteness of perfect forms up to the action of

GL2(OF).

Definition 3.3. A perfect cone o(A) attached to a perfect form A is given by

a(A) =9 D Agv) | A >0

veM(A)
Let ¥ denote the collection of perfect cones and their proper faces.
Theorem 3.4 (|25]). The set ¥ satisfies the following properties:
1. Any compact set in C' meets finitely many perfect cones in 3.

2. Any perfect cone o € X meets finitely many other perfect cones o’ such that o N o’

contains an element in C'.
3. Let 0,0’ € X be different perfect cones.

(a) 0,0’ do not share any interior points, that is Int(o) N Int(o’) = 0.

(b) ocNa' is a common face of both o and o’.
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4. If T 1s a facet of a perfect cone o that meets C, then there must exist another perfect

cone o' such that T =oNo’'.

5. C=U,enonC

This implies that ¥ gives us a polyhedral decomposition of C'. Further, we can show that

the action of the group GLy(OF) on O% induces an action on ¥ with the following properties:
Theorem 3.5. The set X satisfies the following properties:

1. There are only finitely many GLo(OF) orbits in ¥
2. Anyy € C is contained in the interior of a unique cone in 3

3. Gwen any cone o € X with a point in C, o has finite stabilizer.

In particular, this means that for any congruence subgroup I' of GLy(OF), we can choose
a finite list of cones in ¥ which are I' orbit representatives. We can compute this list by
enumerating perfect forms. For an explicit algorithm for this, we refer the reader to [31].

We have the following identification between the cone C' and the hyperbolic 3-space Hj.

Theorem 3.6. Let C' be the cone of positive definite Hermitian matrices in V', then

O/R>0 ~ Hg.

Proof. First, we know that Hjs is the symmetric space attached to G = Resp/g GLy and we
have that H3 ~ G/ K Ag where G = G(R) = GLy(C) and K = U(2) is the maximal compact
subgroup of G and Ag is the set of positive scalar matrices.

On the other, recall that G acts on C' by g- A — gAg*. By [2, Chapter II|, we have that
C ~ G/K. Since A can be identified with R>?, the result follows. O

Thus, the decomposition of C' into polyhedral cones up to homotheties gives us a decom-

position of Hj into ideal polytopes with an action by GLy(Op). We call this the Voronoi
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tessellation of Hj for GLy(Op). From the properties in Theorem 3.5, each polytope in the

Voronoi tessellation will have a finite orbit and finite stabilizers.

Remark 3.3. If v € M(A) for some perfect form A, then for any ¢ € OF, (v is also a minimal
vector. Then the ray through ¢(v) coincides with the ray through ¢({v) in the perfect cone
o(A). Thus the polytope in Hj induced by o(A) has a strictly smaller number of vertices
than the number of minimal vectors of A. Further, there might also be cases where two

different minimal vectors correspond to the same cusp in Hf. For example, let F' = Q(1/—91)

w+1

and w = Y9 The vectors v =
2 —w+4

> and u = (—w5— 3) corresponds to the same

cusp ¢4 in Hj.

3.2 Modular Symbols and M-symbols

In this section, we define modular symbols and M-symbols, which gives us a concrete way to
write generators and relations that describe the homology group H;(Xy(n); C). The parallel
of this material for the classical case is given in Section 2.5. We also introduce a reduction
theory for modular symbols coming from the work of Gunnells [21]|. This reduction theory

will be helpful in computing principal Hecke operators introduced in Section 4.2.

Definition 3.7. A modular symbol [u,v] is defined as the class in H;(X((n),0X(n); C) of a

directed path from u to v, where u,v € P(F).

We say a modular symbol [u, v] is Voronoi reduced if the class is induced by an edge in the

Voronoi tessellation.
Theorem 3.8 (|21]). The set of Voronoi reduced modular symbols spans Hy(Xo(n), 0Xo(n); C).

Proof. This follows from a specialization of Proposition 5 in [21]| to imaginary quadratic

fields. O

19



Now, we have a nice geometric algorithm for expressing an arbitrary symbol [u,v] as a

sum of Voronoi reduced symbols:

Theorem 3.9 (|21, Theorem 4|). Given a modular symbol [u,v], there exists a set of points

{z; : 1 <i < n} with the properties:
1. q(u) € R(x1) and q(v) € R(zy,)

2. For any 1 <i<n—1, there is a ray q(r;) in R(x;) N R(x;11) such that

[w,v] = [u, 1] + [r1,72] + ... + [rn, V],

where R(x) denotes the rays in the cone C' containing q(x).

M-symbols are a convenient way to compute modular symbols. Over Euclidean number
fields, the translates of the modular symbol {0, ic0} give us a collection of all symbols. Thus,
as described in Section 2.5, M-symbols will simply be elements (¢ : d) € P'(n). On the
other hand, non-euclidean fields have modular symbols that are not translates of the symbol

{0,i00}. Therefore, we require more than one orbit representative.

Example 3.10. Let F' = Q(y/—17) with the ring of integers O = Z|w], where w = /—17.
Consider the edges e; = {0,1}, eo = {0,3/(w+2)}. We claim that e; and e are not equivalent.
We can see this easily by looking at the cusp classes of the vertices. Since the class group of

F'is cyclic of order 4, we have the lists of cusps

o= (l,w),c; = (3,w+2),co=(9,w+8),c5 = (27,w + 8).

Both vertices of the edge e; have cusps in the class ¢g. The edge e5 has one vertex of class
¢ and one of ¢;. Since the action GLy(Op) preserves the class of a vertex, e; and e, are not

GL2(OpF) equivalent.
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Moreover, two edges with the same types of cusps are not guaranteed to be equivalent
under GLy(Op). For example, the edge es = {0,3/(w + 3)} has the same cusp class as e; but
they are not equivalent under the action of GLy(OF). A full list of cusps and edges for this

case is available in Section 6.1.
This leads to the following definition:

Definition 3.11. A M-symbol is a pair {(c : d), e} where e is an oriented edge representative

of a GLy(OF)-equivalence class of edges in the Voronoi tessellation and (c : d) € P(Op/n).

Note that we can conveniently go back and forth between modular symbols and M-symbols
in the following way. If e is an edge with vertices on cusps u and v, then the M-symbol
{(c: d),e} can be identified with the modular symbol [gu, gv] where g = ((2 Z) € GLy(Op).

In practice, we select edge representative e; to be the edges in the Voronoi tessellation.

Therefore, it is possible that certain edges have non-trivial stabilizer groups. For example,

the edge es from Example 3.10 is stabilized by the matrix

h = (;wtgg —w_?: 3) eg — —es.

To account for this, we can further take the quotient of P!(OF/n) by the stabilizer group
of edge representatives from the right. Explicitly, suppose e is an edge representative of
a certain edge type, and suppose H C GL2(Op) stabilizes the edge. Then GLy(Or)/H
parameterize the GLy(Op) orbit of the edge e. Then for a congruence subgroup I'y(n), the
double coset space T'g(n)\ GL2(Op)/H parameterizes T'o(n) orbits of the edge e. Here the

right action of H on P!(n) is given by

(c:d).(f z):(cp—i-dr:cq—i—ds).
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Example 3.12. Consider the level po; = (2,w + 1) and T' = T'g(p2.1). The points
P'(p21) = {(1:0),(0:1),(1: 1)},
corresponds to the coset representatives
(r ((1) ‘01> T ((1) (1)) T <(1’ _11>} € T\ GLy(Op).
The orbits of the edge e; = {0,3/w + 3} contain the following edges:

e ={(0:1),e;} ={0,3/w + 3},
ea ={(1:0),e1} = {oo,w + 3/3},

es={(1:1),e1} = {1, (~w=3)/(w+6).}

However, the edge e; is stabilized by the matrix
S wH+3 -3 ) B
h_(Qw—3 _w_3).ell—> e1.

w—3 —2w+3
orbit of T'. We can see this also by looking at the action of the matrix h on P!(ps ),

Let t = <_ -3 W 3) € I'. Then, t-ey = —eq. Thus, e; and ey are in the same

0:Dh=Q2w—-3:—-w—-3)=(1:0).

Since h swaps (1 :0) and (0 : 1), we only need to consider representative e; and ez to

span the orbit of e; in the homology.

From the above discussion, we see that M-symbols give a convenient way of writing down

a list of generators for homology. Now we give an example of how to express face relations
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H={4w+4} — G ={-w,—w+4}

A={4,w+2}
B={ w426 ——C={wt+lw-4 E={01} —— F={1,1}

Figure 3.1. Faces in the Voronoi tessellation for GLy(Op)
using M-symbols.

Example 3.13. Two faces in the Voronoi tessellation for F' = Q(1/—17) and level py; are
given in Figure 3.1.

From the triangular face, we get the relation,

{(0:1),AB}+{(0:1),BC}+{(0:1),CA} =0.

2w+9 w—9
4o —4 —2w-—11

relation of the face becomes

For the matrix g = < > € I'o(p), we have g(AB) = —(BC'). Thus the

{(0:1),AB} —{(0:1),(AB)} = {(0: 1), AC} = 0, which implies {(0: 1), AC} = 0.
The rectangular face gives us the relation
{(0:1),AB} +{(0:1),BC} +{(0:1),CD}+{(0:1),DA} = 0.

Since the edges satisfy

(DC) = (“’_‘84 o 4> (0:1)(AB) = (0: 1)(AB)
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and

B50) = (5 1) 0:0(4D) = (0: D(AD)

this relation will become trivial.

Remark 3.4. Principal Hecke operators introduced in Section 4.2 act on the homology
H;(Xo(n);C). Let p be a principal prime ideal, and let m; be the Hecke matrices given in
Theorem 4.20 for the Hecke operator 7,. Then the action of the Hecke operator 7, on an
M-symbol {(c: d),{«a, 5}} is given by

Tp((c cd),{a, B}) = Zmz{

(2

ac+b af+0b
ca+d cB+d]f’

where (ch b) € GLy(Op). We can apply the reduction theory for modular symbols from

d
the work of Gunnells [21] for each modular symbol in the sum to express it as a finite sum of

M-symbols.

The structure of the Voronoi tessellation determines the number of generators and relations
required to identify the space of homological modular forms. Thus, understanding the number
and the combinatorial types of polytopes in the tessellation is helpful in determining the
difficulty of computing homological modular forms. Motivated by this, we computed and
studied tessellations for a range of imaginary quadratic fields in [30].

The two figures below summarise the trends observed from the computations. From Figure
3.2, we see that the number of perfect forms increases with the discriminant of the number
field. This means that the number of polytopes in the tessellation also increases with the
discriminant. Thus, we expect the homology computations to get harder with the discriminant
since the number of generators and relations depends on the tessellation.

Figure 3.3 shows that tetrahedra are the mostly common polytope, especially for large

discriminants.
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Note that the number of perfect forms Npe(F') is the number of polytopes in the

tessellation. We also obtained a lower bound for Npe(F).

Theorem 3.14 ([30], Theorem 4.7). Let F' be an imaginary quadratic field of discriminant

Ap. Then
|Ar*?¢r(2)
Nperf(F> Z T )

where the constant C' ~ 1200.

26



Chapter 4: Bianchi Modular Forms

This section follows a preprint by John Cremona extending the work of his students Aranes,
Bygott, and Lingham [1,6,28].

In Section 4.1, we define lattices and modular points over imaginary quadratic fields.
Then we define a Bianchi modular form as a function on modular points. This approach
allows us to understand the role of the class group. This generalizes the classical theory of
viewing modular forms as functions on enhanced elliptic curves discussed in Section 2.3.

In Section 4.2, we define Hecke operators and study their properties. Similar to the
classical case, Hecke operators commute and are diagonalizable. Thus, we have a basis for
the space consisting of simultaneous eigenforms. We discuss this perspective of viewing a
modular form as a Hecke eigensystem in Section 4.3.

In Section 4.4, we introduce the notion of matrices of type (a,b) which is used to identify
Hecke matrices for principal Hecke operators. Finally, in Section 4.5, we discuss an application

of matrices of type (a,b) to identify cusp equivalence.

4.1 Bianchi Modular Forms

We start by defining Op-lattices which are a generalization of classical lattices.
Definition 4.1. An Op-lattice L is Op-submodule of C? that satisfies the following:

1. CL = C?, that is L contains a basis for C2.
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2. L is a finitely generated free module so that F'L is a 2-dimensional F' vector space.
From the structure theorem of Op-modules, we have the following:

Theorem 4.2 (|34, Theorem 9.3.6]). For any lattice L, there exists x1,xy such that L =

a, 71 P a,xo for some fractional ideals a; and as.

The class of the product a;a, in the class group Clp is independent of the choice of z;
and xy. This invariant is called the Steinitz class or simply the class of a lattice. We use the
notation ¢l/(L) to denote this.

Now we define modular points for I'g(n), which is the generalization of the enhanced

elliptic curves for the classical case.

Definition 4.3. A modular point for Ty(n) is a pair (L, L) of lattices in O%, where L C L'/
and L'/L ~ Op/n. We call n the index of the sublattice L in L' and denote it by [L' : L].
Here L is called the underlying lattice of (L, L'). The class of a modular point is the Stenitz

class cl(L) of the underlying lattice L. The set of modular points is denoted by My(n).
Now we define Bianchi modular forms.

Definition 4.4. A Bianchi modular form of weight 2 for I'y(n) is a function
f : M()(n) — (Cg,

which satisfies

f(Pzk) = f(P)p(zk)

for each z € Z and k € K. Here p is an 3-dimensional representation of ZK, where Z is the

center of GLy(C) and K is the maximal compact subgroup U(2).

We have the decomposition of My(n) = | | Méc) (n) where M(gc) (n) is the collection of

CGC]F
modular points of class ¢ € Clg. Therefore, we can view Bianchi modular forms as a tuple of

functions (f.), where f. : Méc) (n) — C3.
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We can understand the connection between each component in the tuple (F.) by selecting
special representatives for the classes in Clg as follows.

Let p; for 1 <7 <k be a set of prime ideals such that {[p;] : 1 <1i < k} is a list of cosets
in Clp / Cl5. Let q; for 1 < j < h/k be ideals such that the ideal classes [q3] comprise CI3..

We fix p; = q;1 = Op. Then each class of the class group can be written as ¢;; = [piqf].

Definition 4.5. The standard lattice of class c;; is given by L;; = p,q; © q;. Further, a
standard modular point of class c¢;j is Py; = (Lyj, L;j) where L;j = piq; @an_l. Here ¢;; € Clp
is a representative described above.

Every modular point in the GLy(C)-orbit of standard modular points of the same class.

Proposition 4.6 (|11]). Let P be a modular point for I'o(n) in class ¢;j. Then there exists a
matriz U € GLy(C) such that P = P;;U.

Corollary 4.7 (|11]). We have the following identification:
My™ (n) = T (w)\ GLa(C), (4.1)

where T (n) = {(CCL Z) € GLy(F) ‘ beptce npi}.

Now we can write Mo(n) = [, cci, Mécij )(n) and view a Bianchi modular form f as a
tuple (f;;), where f;; : Méc” )(n) — C®. We can also view a Bianchi modular form as a h-tuple
of functions g = (g;;) : Hz — C?. Details are available in [6].

Note that the group I'f(n) is a congruence subgroup of GLy(Op) only if i = 1. Therefore
we can compute fi; : [o(n)\ GLy(C) — C? by relating it to the homology group H;(Xo(n); C)
from the work of Kurcanov [26].

Remark 4.1. If the class number is odd, then Cl3 = Clg. This means each tuple of f has the
form f;;. Thus, we can compute each component using the homology group H;(Xy(n); C). On

the other hand, if the class number is even Cl3, # Cl, thus the homology group H;(X,(n); C)

only captures certain components of the Bianchi modular form.
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4.2 Hecke operators

We define Hecke operators as “averaging” operators on the space of modular points. We use

the notation N(a) to represent the ideal norm of a of Op.

Definition 4.8. For each integral ideal a coprime to n, we define

T.(L,.L')=N(@) Y (M M)

MCL
[L:M]=a
(M, M")€Mo(n)

for each (L, L") € My(n) where M is a sublattice of L of index a and M' = M + alL’.

Definition 4.9. For each fractional ideal b coprime to n, we define
Too(L, L") = N(b)*(bL,bL’).
Define the action of a Hecke operator given above on Bianchi modular form by

T(f)=foT.

Cremona [11] defines the Atkin Lehner operator for a special case using sublattices as

follows:

Definition 4.10. Let p be a prime divisor of the level n with (p,np™') = 1. The Atkin
Lehner operator is

Wy(L,L') = N(p)(pL +nL', L+ pL’).
Remark 4.2. Cremona defines a more general class of Atkin Lehner operators in [11].
Now we state some properties of Hecke operators.

Theorem 4.11. The Hecke operators T, and Ty satisfy the following properties:
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1. If a and b are coprime then

TaTb = Tab = TbTa-

2. If a and b are coprime and b coprime to the level n then

ToTep = Ty pTh.

3. If p does not divide the level n then
Tpn+1 — T nTp — N(p)TpnflT%p,

for allmn > 1.
Proof. Details are and proofs are given in [11]. O

Let T denote the algebra of endomorphisms generated by operators of the form 7,7 .
We say a Hecke operator T has class ¢ € Clg if T(M) € Méccl)(n) for any M € Mécl)(n).
Similar to the space of modular points, we also have a decomposition of the Hecke algebra T

into a disjoint union of Hecke operators T of class c.

Remark 4.3. Note that Hecke operators of non-principal classes permute the components of a
tuple f = (f.). In particular, this means non-principal Hecke operators do not act on the

homology group H;(Xo(n);C).

4.3 Hecke Eigensystems

From the previous section, we saw that Hecke operators are commutative. These operators
are also diagonalizable and therefore are simultaneously diagonalizable. Thus, there exists
an eigenbasis for the space of modular forms consisting of Hecke eigenforms. Each such

eigenform can be viewed as a Hecke eigensystem.
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This perspective is especially helpful in computations over imaginary quadratic fields
with non-trivial class groups. Although we cannot compute non-principal Hecke operators
directly, considering eigenforms allows us to use properties of Hecke operators to extract the

eigenvalues of non-principal ideals. See Chapter 5 for more details.

Definition 4.12. Let f be a Bianchi modular form that is a simultaneous eigenvector for all
Hecke operators in the Hecke algebra T. We call a function Ay : T — C a Hecke eigensystem
if

for each T' € T. Alternatively, we can identify f with the pair (As, x) where Af(a) = A¢(T})

and x7(b) = A¢(Tpp). We call x the character of the Hecke eigensystem.

The identification of f with a pair (A, x) is used more commonly in this document than
as a function Ay : T — C.

Now we can restate the properties of the Hecke operators in terms of Hecke eigensystems.

Theorem 4.13. The eigenvalues of a Hecke eigensystem (X, x) satisfy the following proper-

ties:

e [fa and b are coprime, then

A(@A(B) = A(ab).

o Ifp does not divide the level n then

A(P™)A(P) = A" + Np) A" ) x(p),

for allm > 1.

Given a Hecke eigensystem, we can twist by any character of the class group to obtain

another Hecke eigensystem.
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Definition 4.14. Let (), x) be a Hecke eigensystem and let ¢ be a character of the class

group. We call the system (A, x1?) a twist of (X, x) by .

Theorem 4.15. If (N, X') is a twist of (A, x) by ¢ then x = X" if and only if ¥ is a quadratic

character.

Proof. 1f (X, x) is a twist of (A, x), by definition there is a character ¢ such that, for any
ideal a, we have x'(a) = x(a)?(a). Then x’' = x if and only if ¥*(a) = 1 for all a. Thus, the

character 1 is a quadratic character of the class group. O]

Definition 4.16. Let (A, x) be a Hecke eigensystem. We say the system has an inner twist

if for some be a character 1 of the class group, we have (A, x) = (A, x1?).

We call the set of Hecke eigensystems obtained by twisting a system (A, x) by the characters
of the class group, the twist orbit of (A, x). The size of the twist orbit is at most the class
number, and it is strictly less than the class number if and only if (A, x) has inner twists.
In Chapter 5, we show that computing twist orbit representatives of Hecke eigensystems is
sufficient to obtain the space of Bianchi modular forms.

From Theorem 4.15, if (A, x) has an inner twist by ¢ then 1) must be a quadratic character.
In particular, if the class group is odd, quadratic characters are not present which makes it
the “easy” case.

Note that, if (A, x) has an inner twist by a character ¢ then for each a,

A@)((a) — 1) = 0. (4.2)

Then if ¢(a) = —1, we have A(p) = 0. Therefore A is identically zero on all classes with

¥(p) = —1. We use this in Section 5.6 to identify Hecke eigensystems with inner twists.

33



4.4 Hecke Matrices

In this section, we discuss techniques for computing principal Hecke operators using explicit

Hecke matrices.

Lemma 4.17 (|28, Lemma 1.2.5). Let a and b be ideals in O such that ab = (g) is principal.
Then there exists a matric M € GLy(Op) with determinant g with the lower left entry in n

which induces an isomorphism: Op & Op — a® b.

Proof. Write a = a1Op + asOp, where ay € n. Since ab = (g) is principal there exists some

B1, P2 € b such that g = a8y — anfy.

az  fBo

Or @& Op. Here elements in O @ Or and a @ b are represented as row vectors with the

Now the isomorphism is given by right multiplication by the matrix M = (al /81) on

action matrix multiplication on the right. That is if (z,y) € Op ® O,

(= v) (al gi) = (za1+yas xf1+yh) €ad®b.

a2

We call a matrix that gives such an isomorphism a matrix an (a, b)-matriz of level n.

There are two applications of (a, b)-matrices of level n for our computations. In this
section, we discuss how to use them to find Hecke matrices for certain types of principal
Hecke operators. We can also use them to identify cusp equivalence. This is discussed in

Section 4.5.

Proposition 4.18 (|12, Proposition 3] ). Let a and b be two ideals. Then for any v € GLo(F),

we have (a @ b)y = (a® b) if and only if v € A(a,b), where

son-{(: )

z,we Op,y€ealb,zeab™ zw—yze O;}
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Now we will use (a, b)-matrices of level n to parameterize subspaces of the principal lattice

Or ® Op.

Theorem 4.19 ([28]). The collection of submodules of Op @ OF of principal index m can be

parameterized by the set

{(OF @ Op)Mypg | g € To(ab™)\ GLy(OF)},

where a, b runs over ideals satisfying m = ab and b | a.

Proof. Let M = (Op®Op)M, g for some (a, b)-matrix M, and g € GL2(Op). By definition,
we have (Op @ Op)M,p = a®b. Thus the lattice M is isomorphic to a & b. Further, since ab
is principal, we have M,pg € GL2(Op). Thus, the lattice M is a sublattice of L isomorphic
to ad b.

Now we determine when two lattices M = (Op @ Op)M,pg and M' = (Op & Op) M, g’
give us the same sublattice of L.

Suppose M = M'. Then (Op & Op)Mypg = (O & Op)M,pg'. This means

(a®b)g=(ab)g".

Since b | a, we have g(¢')~! € GLy(OF). Further, by Proposition 4.18, we have g(¢’)~"! is in
A(a, b). Then the lower left entry of g(¢’)~" is in ab=!. Thus, we have ['y(ab™")g = T'y(ab™!)g'.
This means the coset space I'g(ab™')\ GLy(Or) parameterizes the sublattices of L isomorphic
toad®b.

[

Now we consider the relation between standard principal modular point (O @& Op, Of &

n~!) and other principal modular points (L, L'). If (L, L') is a principal modular point, then
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L is a principal lattice. Then by Proposition 4.6, there is U € GLy(C) such that
(L, L) = (Op ® Op,Op ®n )U.

Consider M = (O & Op)gU and M’ = (O & n')gU, where g is an (a, b)-matrix of
level n such m = ab is principal and b | a. Then M is a sublattice of L of index ab. Further,
the lattice M’ is a superlattice of M such that M’/M ~ Og/n. Thus, the pair (M, M’) is in

the sum defining the Hecke operator Ty, in Definition 4.8. See [11] for additional details.

Lemma 4.20 (|28]). For any ideal m in a principal class we can compute the Hecke operator

T on principal lattices by

T(L,L)=Nm)> > (Op®Op,Op &™) MyegU,

alb, gelg(ab=1)\T
ab=m

where I' = GLo(Op) and Mgy is an (a,b)-matriz of level n.

We can also compute the Hecke operator T, , when a? is principal using matrices as

follows:

Theorem 4.21. Let a be an ideal coprime to n such that a® is principal. Then
Too(L, L) = N(a)*(Op @ Op, O @ 0™ )M, .U,

where Mo is a matriz of type (a,a) of level n and L = (Op @ Op)U.

Proof. By Definition 4.9, we have
Too(L, L) = N(a)?(aL,al’).

Suppose L = (O & Op)U for some U € GLy(C). Then al is a sublattices of L such that
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L/aL ~ Op/a® Op/a. Therefore, we have
al = (Op ® Op) M, U
for some (a, a) matrix M, ,. Further if M, , has type n, then we have
Too(L, L) = N(a)*(aL,al’) = N(a)*(Op @ O, Or & n )M, U.

[]

Now we look at other types of principal Hecke operators that will be useful for computations

in Chapter 5.

Theorem 4.22 (Hecke Matrices for the principal operator Ty (1},). For any prime ideal p
and prime ideal a such that pa* is principal, the following matrices can be used to compute

the Hecke operator T,T, 4:
{MpaoaV |V € To(p)\ GL2(OF)},

where Myqq 15 a matriz of type n.

That s,
TpTa,a(L: L/) = TpTa,a(OF ® Op,Or @ n_l)U

= N(pa?) Y (Or®Op,Op@&n )My VU.
VeTo(p)\ GL2(OF)
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Proof. By definition,

TooTp(L, L) = Ty o(To(L, L))

=N(a’p) Y (aM,aM).
McL,
[L:M]=p
(M, M")€Mo(n)

If a is an integral ideal, then aM is also an Op-submodule of L, and we have aM C M C L.

Then we can compute the index of aM in L as follows:
c([L : aM]) = cl(aM)/cl(L) = cl(a*)cl(M)/cl(L) = [a®p].

Therefore, the lattice aM is a principal index submodule of L such that M is an Op-
submodule of L of index p. This means aM ~ ap @ a. Thus, we have aM = L - My, 4 -V,

where V' € I'y(p)\ GL2(OF). Since we can select Mg, o to have level n, the result follows. O

Theorem 4.23. We can compute the principal Hecke operator Ty T2 using the following
matrices:

{Mamap} U {Map%l -V | Ve FO(pQ)\ GL?(OF)}-

Proof. By definition,

TooTy2(L, L") = Ty o(Ty2(L, L))

=N’ ) (aM,alM’)
MCL,
[L:M]=p*
(M,M'"eMy(n))

If a is an integral ideal, then aM is also an Op-submodule of L, and we have aM C M C L.
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Then we can compute the index of aM in L as follows:
cl([L :aM]) = cl(aM)/cl(L) = cl(a*)cl(M)/cl(L) = [a*p?]

Therefore, the lattice aM is a principal index submodule of L. This means aM ~ ap? @ a or
aM >~ ap © ap.

If L =(0p @ Op)U for some U € GLy(C), then aM = (Op & OF) - My ,V - U where
V € To(p?)\ GL2(OF), or aM = (Op & Op)Mgp ap - U. Therefore, the Hecke matrices required
are

{Mapap} U{ MgV |V € Do(p®)\ GL2(Op)}.
O

Theorem 4.24. If p and q are prime ideals such that (pga,n) = 1, then we can compute the

principal Hecke operator T, Tq using the following matrices:
{Mapga -V |V € D'o(pg)\ GL2(Op)}.
Proof. By definition,

Ta,anq (L7 L/) = Ta,a(qu(La L/))

= Ta,aN<pq) Z (Ma M/)
McCL,
[L:M]=pq
(M,M")eMy(n)

= N(a’pq) > (aM,aM).
McL,

[L:M]=pq
(M,M")eMq(n)

If a is an integral ideal then alM is also an Op-submodule of L, and we have aM C M C L.
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Then we can compute the index of aM in L,
cl([L : aM]) = cl(aM)/cl(L) = cl(a®)cl(M)/cl(L) = [a®pq].

Therefore, the lattice aM is a sublattice of L of principal index pqa®. By the structure theorem
of Op-modules, we have M ~ pqa & a. Such sublattices are parameterized by matrices of the

form Myqq.V, where I'g(pq)V is a coset representatives of I'g(pq)\ GL2(Op). O

Cremona [11] identifies Hecke matrices for the Atkin Lehner operator W, where prime
q || n with (mgq, m)-matrices whose transposes are also (mq, m)-matrices. For this thesis, we

use the following proposition from his work:

Proposition 4.25 (Hecke matrices for Atkin Lehner operators T,W;). Suppose p is a prime
not dividing the level n and q is prime with q || n such that pq is principal. Then the operator

T, Wy 1s described by the matrices M that satisfy the following:

1. pq = (det(M)),

2. M€ (q OF),
noq
3. (OF@OF)MCL,

where L runs through lattices of index p.

4.5 Cusp Equivalence

To compute H;(Xo(n); C), we need to understand the set 0.X,(n), which is the set of cusps

P!(F) = F U {occ} modulo the action of T'y(n). In this section, we state an algorithm from

[12] that allows us to use (a, b)-matrices introduced in Lemma 4.17 to enumerate cusps.
The group GLy(OF) acts on cusps by left multiplication if we identify elements in P!(F)

with the column vector in O%\{0}.
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Theorem 4.26. The set of cusp modulo the action of GLy(OF) is parameterized by the class
group. That 1s,
GLQ(OF)\]Pl(F) ~ CIF,

a

b) e PY(F) — [{a,b)] € Clg

where the isomorphism is given by mapping GLy(OF) (

We can see from the theorem above that if /' has a non-trivial class group, then there are

multiple cusp classes. We also have more cusp classes for congruence subgroups of GLy(OF).

Example 4.27. For the number field F' = Q(1/—17), there are 4 cusps up to the action of
GL2(Op). Namely,

co = (1,w), = (3,w+2), o =(9,w+38), c3 = (27,w + 8).

The list of cusps up to the action of the congruence subgroup I'g(p2.1) is contained in the

set

o= (l,w), = 3,w+2), ¢ =(9,w+38), 3= (27,w+8)

do=(1,0), d1=(—w—2,w+5), dy=(—w+10,2w—2), dsy=(2w—11,—2w — 16).

Therefore, we have at most twice as many cusp classes because I'g(p2.1) is an index 2 subgroup

of GLy(Op).

More generally, the double coset I'g(n)\ GLy(OF)/I', parameterizes the I'g(n)-orbit of a
cusp «, where I, is the stabilizer in GLy(Op) of a. A systematic way to parameterize the
['o(n)-orbit of a cusp « is to first obtain a list of coset representative for I'y(n)\ GL2(OFr) to
get a total list of cusps. Then check their equivalence using techniques given by Aranes and
Cremona [12].

We first state two necessary conditions for cusp equivalence, which provide two quick

exits.
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Theorem 4.28 ([12]). If a and o/ are two cusps that are T'y(n)-equivalent then
1. o] = [o/] where [a] denotes the class of a cusp.

2. 0(a) = 0,(a’) where d(a)y, = 0(a) + n and 0(«) is the denominator ideal of a cusp

a = (Z) given by d(«) = (b)/{a,b).
The following theorem provides a technique to check I'g(n)-equivalence of cusps.

!/
Theorem 4.29 ([12, Theorem 6|). Suppose o = (Zl) and o/ = (Z}) are cusps that satisfy
2 2

the necessary conditions above. Let a = (ay, as) = (a', ab) Then the following are equivalent:
1. There exists v € T'g(n) such that v(a) = .

/ /
2. There exist (a,b)-matrices M = <a1 bl) and M' = (a,l bl), where b = a=! such

a9 b2 Ay b/2
that for some v € GLy(Op) we have yM = M.

3. There ezist u € Op coprime to n and v € OF such that

(a) ay = uay mod (an),

(b) uay =wva; mod (da).
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Chapter 5: Algorithm

In Section 4.1, we introduced Bianchi modular forms and remarked on the deficiency of the
homology group H;(Xo(n;C)) when the class group of the field is non-trivial. Further, we
commented in Section 4.3, that by considering eigenforms and eigensystems, one can extract
Hecke eigenvalues of non-principal Hecke operators. In this chapter, we describe an explicit
algorithm to compute Bianchi modular forms as Hecke eigensystems using principal Hecke
operators. Parts of this section are closely related to the preprint by John Cremona. We cite
and remark on these connections throughout the chapter.

In Chapter 3, we described techniques to compute the homology group H;(X,(n;C)),
which is a finite-dimensional complex vector space with an action by principal Hecke operators.
Since Hecke operators are diagonalizable and simultaneously diagonalizable, we can construct
a basis for this space in terms of eigenforms. We defined these as homological eigenforms
in Section 5.1 and explain how to compute them. Further, we define what it means for
a homological eigenform to match an eigensystem. In Section 5.2, we show that Hecke
eigensystems that match the same homological eigenform are in the same twist orbit. The
main goal is to compute a representative of the Hecke eigensystem orbit for each homological
eigenform.

In Section 5.3, we classify the characters of Hecke eigensystems that match a homological
eigenform. We call this the character orbit. Then we explain how to compute the eigenvalues
of other Hecke operators if the character is fixed. In Section 5.4, we show that for any prime

p, the Hecke eigenvalue A(p) is a root of a certain quadratic polynomial. If [p] € CI%, we
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show that this root is known exactly. On the other hand, if [p] ¢ CI3., each choice of root
occurs in the twist orbit. Then we explain how to make choices of roots to obtain a single
Hecke eigensystem in the twist orbit. In Sections 5.5 and 5.6, we explain how to carry out
computations for Hecke eigensystems with and without inner twists. Finally, we conclude

this chapter by providing an algorithm that utilizes these techniques.

5.1 Homological Eigenforms

Definition 5.1. We say a class f in the homology H;(X(n); C) is a homological eigenform if

1. T,f = ay(a)f, for each principal ideal a;

2. Touof =ayp(b,b)f, for each ideal b € Clp[2].

In particular, this means f is a simultaneous eigenvector for all Hecke operator 7,7} , where

ab? is principal.

Remark 5.1. From the work of Kurcanov [26], we know that the eigenvalues of a homological
eigenform lie in a finite extension of Q. However, we do not know this field until we compute

Hecke eigensystems.

Now we explain how we compute homological eigenforms over an imaginary quadratic
field F of a given level n.
First, we compute the homology H;(Xy(n); C) using M-symbol techniques introduced in

Section 3.2. Then up to a certain bound B, we compute:

1. Hecke operators T}, on H;(Xo(n); C) for all principal prime ideals p up to norm B using

Hecke matrices in Theorem 4.20;

2. Hecke operators T,Tq o on Hi(Xo(n); C) for all non-principal prime ideals p € CI% up to
norm B using the Hecke matrices from Theorem 4.22. Here a is any prime ideal such

that a® € [p~!].
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Finally, we compute the simultaneous diagonalization of these matrices using standard

techniques from linear algebra to obtain a list of homological eigenforms.

Remark 5.2. Tt is possible for the bound B to not be sufficient to obtain a complete diagonal-
ization. In theory, the bound B might depend on the discriminant of the number field and
the degree of the Hecke field. In our implementation for F' = Q(1/—17) a bound B = 100

was sufficient for the scope of our computation.

We denote the subgroup of order 2 elements in the class group Clg by Clg[2]. This means

that [p] € Clp[2] if and only if p? is a principal ideal.

Definition 5.2. We say a homological eigenform f matches a Hecke eigensystem (A, ) if

the following are satisfied:
1. For each principal ideal a, we have A(a) = as(a), where T, f = as(a)f.

2. For each ideal b coprime to the level n in Clp[2], that is b? is principal, we have

x(b) = as(b,b), where Typf = ays(b,b)f.

In [11], Cremona characterizes the Hecke eigensystems with the same restriction to
the principal component, i.e., those Hecke eigensystems that match the same homological
eigenform.

In the remainder of this chapter, we explain how to compute Hecke eigensystems using
homological eigenforms. First, we show that computing one Hecke eigensystems representative
per homological eigenform is sufficient to compute all Hecke eigensystems attached to Bianchi
modular forms. Next, we explain how to pick a character for the representative eigensystem
using the action of Ty, for [a] € Clp[2]. Finally, we explain how to compute eigenvalues A(p)
for various primes p. By definition, if p is principal then we can compute A(p) from the action
of T, on the homological eigenform. If the character is fixed, we show how to compute A(p)

for primes p with [p] € CI%. Computing A(p) with [p] ¢ CI% is more technical. We explain
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how to do this in Section 5.5 for eigensystems without inner twists and in Section 5.6 for

eigensystems with inner twists.

Remark 5.3. Homological eigenforms are sufficient to compute newforms as their restrictions
to the principal component are non-trivial. However, there are certain oldforms with trivial

restriction to the principal component. We give an example of this in Section 6.3.

5.2 Twist Orbit of Hecke eigensystems

In this section, we discuss the connection between Hecke eigensystems that match the same
homological eigenform. We claim that two different Hecke eigensystems can match the same
homological eigenform if and only if they are in the same twist orbit. In particular, this
means if we can identify a Hecke eigensystem (), x) that matches a homological eigenform f,
then we can obtain all the systems that match f by twisting (A, x).

The converse of this claim is not hard to see because the characters of the class group are
trivial on the principal component. Proving the forward direction requires the bulk of work.
The results in this section will follow a preprint by Cremona [11] closely.

The main group theoretical result needed for the proofs in this section is the ability to
extend a quadratic character of a subgroup of a 2-group to the full group. We state this

result for our context.

Theorem 5.3. Let H be a subgroup of Clp such that C1% C H. Then any quadratic character

v H — {1,—1} can be extended to a quadratic character ¢’ : Clp — {1, —1} such that
V'lg = .

Proof. Since Cl3. C H and quadratic characters are trivial on Cl3, we can view v as a group
homomorphism of H/ Cl%. From the third isomorphism theorem, we have H/ C1% < Clp / Cl3,

thus H/ CI% is also a 2-group. Therefore, we can view H/ Cl3 as a Fy vector space with a basis

{[a;] C13. | 1 < <1} and v as a linear transformation. Now, we can extend the basis above
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to a basis {[a;] C13. | 1 <14 < k} of Clp /Cl3 and extend v to ¢'colon Clp / C1} — {1, —1},
by v'(a;) = €;, where ¢; = ¥([a;] C13.) for i <1 and €;(a;) =1 fori > [ .

Since {[a;]Cl3 | 1 < i < k} is a basis for Clp /Cl3% and 1 is a linear transformation
defined on a basis, it extends to Clp / Cl% by linearity. The composition of 1) with the
projection map from Clg to Clg / Cl3. determines a quadratic character 1’ of the class group.

Now by construction, we have ¢/'|y = 1. O

We look at the relation between the eigenvalues of two Hecke eigensystems with the same

character that matches the same homological eigenform.

Theorem 5.4 (|11]). Let (A, x) and (X, x) be two Hecke eigensystems that match a homological
eigenform f. Then either \(T) = N(T) or N(T') = —=N(T) for any Hecke operator T

Proof. Suppose T is a Hecke operator of class [a]. Let b € [a™!] be a prime ideal coprime to
the level. Then the Hecke operator 72Ty is a principal Hecke operator. Since both (A, x)

and (N, x) match f, we have

/\(TZTb7b> = CLf(T2Tb,b) = /\/(TQT[,J,).

Since the two Hecke eigensystems have the same character, we have A\(T?) = X' (T?). From
the multiplicative property of A and X, we get A\(T')* = X (T')%. Therefore either \(T") = N'(T)

or N(T') = =N(T), as desired. O

Note that the above theorem gives a result only at the level of a single Hecke operator.
To compare two eigensystems, we need to consider their connection in the full Hecke algebra.
For a large collection of Hecke operators, namely Hecke operators with classes in Cl%, we

can prove more.

Theorem 5.5 (|28]). Let (A, x) and (X, x) be two Hecke eigensystems that match a homological

eigenform f. Then \(T) = N(T) for any operator T in the Hecke algebra T of class [a] € Cl%.
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Proof. Let [a] € C1}.. If the ideal b € [a™'] then ab? is principal. Therefore, for any T € T of
class [a] € lep, the Hecke operator 7T} is a principal. Since both Hecke eigensystems match
with the same eigenform f, we have A(1TTy ) = af(TTpp) = N (TTpp). Since both systems

have the same character, A\(T') = (7). O
Now with these ingredients, we can show the following:

Theorem 5.6 ([11]). Let f be a homological eigenform that matches two different eigensystems

(A, x) and (XN, x). Then there exists a quadratic character 1 such that X = X\ .

Proof. Let H C Clg be the subset where A is not identically zero on Hecke operators with
classes in H. Since A\(T') = £X(T'), Theorem 5.4 implies that X" is also not identically zero
on Hecke operators with classes in H. That is, for every class ¢ € H, there exists a Hecke
operator T' € T of class ¢ where A(T") # 0 and X' (7T") # 0. Note that H is a subgroup because
A is multiplicative, that is \(T'T") = A(T)A(T"). Also, we have Cl3. C H because T, , is not

identically zero for any class [a] in Clp.
A(T)
()

Note that since [a] € H, we can always find such a Hecke operator. From Corollary 5.4, we

Let ¢ be a map on H given by ¢([a]) where T" € T of class [a] such that X'(T) # 0.
know that ¢([a]) € {1, —1}.

Now we show that v is well-defined. That is, the value of v does not depend on the
choice of the Hecke operator T € T of class [a]. Suppose T and 7" in T of class [a] such that
N(T) # 0 and N (T") # 0. Then TT" is a Hecke operator of class [a?]. Theorem 5.5 implies

that A(T'T") = N (T'T"). This means % - )’\\,((7;,)) = 1. Since ;‘,((?) and ;\,((7;,)) are =1, we have

AT) _ MT)

N(T) — N(T)-

Now we show that ¢ is a group homomorphism on H. That is for any [a;], [as] € H, we
need to show that ¥ ([a;as]) = ¥([a1])¥([az]). Suppose T1,T» € T are Hecke operators of class

[a1] and [ag], respectively. Then the operator T' = T1T5 has class [a;a;] and A(T') # 0 because
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A is multiplicative. By definition

AT)  MNTT) MIATL)

w([alaﬂ) = )\’(T) = )\/(TlTQ) - )\/(Tl))\/<T2) = Qﬂ([al])lb([ag])

This means v is a quadratic character of H. Now by Theorem 5.3, we can find a quadratic
character 1)’ of the class group that restricts to ) on H. Thus we have A = ¢\

]

Remark 5.4. Note that the quadratic character ¢ from the above theorem might not be
unique. However, this only happens if (), x) has an inner twist. For example, suppose the
eigensystems A and A" have eigenvalue zero for all ideals in some class [q]. This means that

(A, x) has an inner twist by a quadratic character non-trivial on ¢ and trivial everywhere else.

Up to now, we have only compared systems with the same character. The following
corollary gives the more general result for systems with different characters that match the

same homological eigenform:

Corollary 5.7. Let f be a homological eigenform. Both Hecke eigensystems (A, x) and (N, x')

match f if and only if (N, X') is a twist of (A, x).

Proof. Suppose (A, x) and (XN, x') are two Hecke eigensystems that match the homological
eigenform f. Then for any a € Clg[2], we have that y(a) = x/(a). This means the character
x(x')~!is a character that is trivial on Clz[2]. Therefore x'(x) ™! is a square. That is X' = x1)?
for some character ¢. Now the twist of (A, x) by ¥ is (A, x/).

Using Theorem 5.6, there exists a quadratic character ¢’ such that the twist of (A, x/)
by ¢ is (X, x'). We can twist (X, x) by ¥ to obtain (X, x’). Thus, they are in the same

twist orbit. O

Corollary 5.8. Let f be a homological eigenform. There are at most h = |Clg| Hecke

eigensystems (X, x) that match f.
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Proof. We have shown in Corollary 5.7 that any two eigensystems matching the same
homological eigenform must be in the same twist orbit. Since the size of the twist orbit is at

most h, the result follows. O

From Corollary 5.7, we know that all Hecke eigensystems matching a homological eigenform
are in the same twist orbit. This means computing a single Hecke eigensystem will be sufficient

to compute all eigensystems that match it.

5.3 Computing the Character

In this section, we explain how to identify the characters of Hecke eigensystems matching a
given homological eigenform f using principal Hecke operators.

Note that twisting a system (A, x) by a character only changes x by a square. This means
the number of distinct characters in the same twist orbit of a Hecke eigensystem is | Cl5 |.
In particular, if the order of the class group is even then Cl% # Clp. Thus, a homological
modular form f can only match Hecke eigensystems with certain characters. Since this
collection of characters only depends on the homological eigenform, we call it the character

orbit of a homological eigenform or simply the character orbit.

Theorem 5.9. Let f be a homological eigenform that matches the Hecke eigensystem (A, x).

Then we can compute the characters x up to twist using principal Hecke operators on f.

Proof. Using Theorem 4.21, we can compute the Hecke operator T, , on f for each ideal a
such that a? is principal. Thus x(a) can be computed for each a € Clg[2]. Also, we know
that x(a) € {1, —1} because x(a?) = x(a)?> = 1 for any a € Clg[2]. Let x’ be a character of
the class group such that x(a) = x/(a) for each a € Clz[2]. Then yx'~*(a) must be trivial
on Clp[2]. Since the characters that are trivial on order two elements are squares, we have

x = x'¢* for some 1. Thus X’ determines the character y up to a twist. ]
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Remark 5.5. In practice, for a list of ideal representative a; from classes in Clg[2], we compute
T4, ., and pick a character of the class group that agrees with the eigenvalues of Ty, 4,. As
stated before, since we only need to identify one eigensystem, we do not miss anything by

fixing a character from the character orbit.

5.4 Hecke Eigenvalues

Once we fix a character from the character orbit, we can obtain certain information about
the eigenvalues of any Hecke eigensystem matching f. Recall that we can view a Hecke
eigensystem as a function on the Hecke algebra A : T — C or as a pair (A, x). We write A(a)

for A\(T,) and x(a) for A(Tyq)-

Corollary 5.10. Let f be a homological eigenform. If (X, x) is any Hecke eigensystem
that matches f with a known character x, then A(p) can be computed using principal Hecke
operators for any prime p where [p] € Cl3.. In particular, at a fived prime p with [p] € Cl3,

all eigensystems with the same character that match f have the same eigenvalue.

Proof. Consider the Hecke operators T,. Since [p] € Cl3, there exists an ideal a such that

T,T, 4 is principal. Using Hecke matrices from Theorem 4.22, we can compute

af<TpTa,a) = /\<TpTa,a) = /\<p)X(a)'
Since y is known, we know A(p) is computable. The second statement follow from Theorem
5.5 for T'=T,. ]

We define the quantity

t(p) = af(Tp2Ta,a) + N(p) (5'1)

for any a € [p~!]. Note that ¢(p) only depends on the homological eigenform f and the

principal Hecke operator T,2Tg .

51



Now we study the Hecke eigenvalues for Hecke operators of the form T, where p is prime.

Theorem 5.11. Let f be a homological eigenform. If (X, x) is any Hecke eigensystem matching

f, then for any prime ideal p the value of X(p) is a root of the polynomial x® — t(p)x(p).

Proof. Since a € [p~'], the ideal p?a® is principal. By Definition 5.2, we have A\(Ty2Ty,) =

ap(TyeTya), where TpoTy of = ay(T2T4q) f. From the properties of Hecke eigenvalues, we get

AW = 20 ) (T Te) = 1Pl (TToo),
and
Ap)* = Ap*) + x(P)N(p) = x(p)ag(Ty2Toa) + x(p)N(p) = x(p)t(p).
Therefore A(p) is a root of the polynomial z? — ¢(p)x(p)- O

Corollary 5.12. Let f be a homological eigenform. Any Hecke eigensystem (A, x) that
matches f satisfies A(p) € {/x(P)t(P), —/x(P)t(p)}.

Proof. This follows easily from Theorem 5.11. O]

We now make several observations. First, if ¢(p) = 0, then A(p) = 0 in any Hecke
eigensystem. Otherwise, if [p] ¢ CI% both values will occur in the twist orbit. That is, for
a fixed prime ideal p ¢ CI%., there exists systems (), x) and (X, x) that matches f, where
N(p) = v/ x(p)t(p) and A(p) = —/x(p)t(p)-

Since our goal is to compute a single eigensystem in its character orbit, we must make
certain choices for primes [p] ¢ Cl3.. That is, if for a certain prime p we have (p) # 0, then we
must decide whether to compute the system with the eigenvalue \/m or —\/m .
Also, there is a limit on the number of choices because the size of the twist orbit is bounded
by the class number. Further, after making a choice for an ideal p where t(p) # 0, then any

other ideal q with [q] € [p] C1}. is known. For example, suppose p ¢ Cl3. is a prime ideal and
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(A, x) is the Hecke eigensystem with A(p) = \/x(p)t(p). Let g be a prime ideal such that pq
is principal. Then we can compute the eigenvalue \(pq) exactly using the principal Hecke

operator Tp,. Then we have A(q) = Alp)

t(p)
It is possible for ¢(p) = 0 for all ideals in certain classes of Clz \ Cl%. This only happens if
the Hecke eigensystem has inner twists. We discuss how to compute such systems in Section

5.6.

5.5 Eigensystems without Inner Twists

Recall from Definition 4.16, we say a Hecke eigensystem (A, x) has inner twist if for some
character ¢ of the class group (A, x) = (A, A, x¥?). This section discusses techniques to

compute Hecke eigensystems without inner twists.

Definition 5.13. We call a set of ideals {a; | 1 < i < k} admissible for the Hecke eigensystem

(A, x) if the set {[a;] C1% | 1 <4 < k} is a Z-basis for Clp / Cl% and A(a;) # 0 for all 4.

If a set of ideals is admissible for a Hecke eigensystem then it is also admissible for any
eigensystem in its twist orbit. Therefore, an admissible set only depends on the homological

eigenform.

Theorem 5.14. Let (A, x) be a Hecke eigensystem. The eigensystem has an admissible set if

and only if (A, x) does not have inner twists.

Proof. Suppose (A, x) is a system without inner twists. Let {a;,1 < i < k} be any set such
that {[a;] | 1 <i < k} is a Z-basis for Clp / Cl3. Suppose A(a;) = 0 for some j. Applying
Theorem 5.3 for H = Clg, we can find a quadratic character ¢ defined by

1 ifi=g,

(i) =
1 for i # j.
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Since (), x) does not have an inner twist by 1, there exist a ideal b such that \i) # A.
This could only happen if A\(b) # 0 and ¢ (b) = —1. By the definition of a Z-basis, we have
[6] C12 = [a}] CI1 for some exponents I; € {0,1}. Since ¢ is trivial on Cl%, we have that
¥(b) = Hle ¥(a;) = —1. Therefore, for some j, we have [; = 1 and ¢(a;) = —1. This
means, we can replace a; by b to obtain a new set where A(a;) # 0. We can repeat this

process iteratively to obtain an admissible set. O

Remark 5.6. In practice, we have the freedom to pick a set {a;} that is a Z-basis of Clp / Cl7..
However, for computational running time reasons, there might be a better basis where the
norms of the ideals a; are smaller. The Example 5.15 demonstrates this. See Remark 5.7 for

additional details.

Example 5.15. Suppose F = Q(v/—5190) where w = /—5190. Then Clr = (g;) x (g2) X
(gs) ~ Cy x Cy x Cs . Thus Cl% = (g2) x (g2) ~ Cy x Cy and Clp /CI% = (g, CI2) x
(g2 C1%) x (g3 C13.) ~ C3. Thus, we can pick a; = (2,w+1) € g1, a = (499, w+171) € g and
as = (7,w+5) € g3 to be a Z-basis. Alternatively, we can replace ay by a, = (43, w+20) € gog3
to get another Z-basis. The second collection might be preferable because the norm of @ is

significantly smaller than the norm of as.

Theorem 5.16. Let f be a homological eigenform without inner twists. For any admissible
set {a; | 1 <i <k}, there is a Hecke eigensystem (X, x) that matches f such that for all i,

we have A(a;) = v/ x(a;)t(a;) .

Proof. Let {a;}¥_, be an admissible set for f. Let (), x) be the Hecke eigensystem that

matches f. Suppose (€;) € {1,—1}* where A(a;) = e;4/x(a;)t(a;). Let ¢ be the unique
quadratic character with ¥ (a;) = ¢; obtained from Theorem 5.3 for H = Clp. Then the

statement holds for the twist of the system (A, x) by . O

Now we show that the knowledge of the eigenvalues on an admissible set is sufficient for

computing the Hecke eigenvalues of other ideals using principal Hecke operators.
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Theorem 5.17. Let f be a homological eigenform without inner twists, and let {a;} be an
admissible set. Suppose (X, x) is the Hecke eigensystem where A(a;) = v/ x(a;)t(a;). Then for
any ideal p, we can compute the Hecke eigenvalue A(p) from the action of principal Hecke

operators.

Proof. Let (A, x) be a Hecke eigensystem that matches f with A(a;) = y/x(a;)t(a;). Note
that since {a;}*_, is an admissible set such a Hecke eigensystem exists by Theorem 5.16.
Now for any p, there exists exponents I; € {0,1} such that [p] C1% = [[[, a¥] C12. Let
T ={i|l; # 0}, and set b = p[[,.; a;. Note that [b] € CI}, therefore, we can compute the

eigenvalue A\(b) using the action of the principal Hecke operator 1,75, of f for some a such

that ab is principal. Now using properties of Hecke eigenvalues, we have

AB) = APAM] [ o) = Alp) [ Maw):

i€ €L

Therefore,
A(b)
AMp) = .
) [Lier Vt(@i)x(a:)

]

The main takeaway of these results is as follows. If f is a homological modular form
without inner twist with a fixed character x from the character orbit, then the pairs (a;, A(a;))
for an admissible set are sufficient to compute all eigenvalues of the system (\, x) that matches

f. Thus, the datum {f, x, {(a;, A(a;))}} identifies a unique Hecke eigensystem that matches
f.
Remark 5.7. The speed of computing a Hecke operator depends on the number of Hecke

matrices used. To compute A(p) using the theorem above, we need about

k k

N(p) [N (a) + ) N(a,)* + 2k

i=1 =1
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matrices, where & = |Clg /CI%|. Alternatively, we can first compute eigenvalues for a
complete list of small norm representatives for Clp and use the representative of the inverse

class of p to compute A(p). This requires about

N(p)N(a;) + > N(a;)* + 2k

i=1

matrices. If the norm of the ideal p is large, this method might be faster.

5.6 Eigensystems with Inner Twists

In this section, we discuss some aspects of computing Hecke eigensystems with inner twists.
The existence of an inner twists makes the computations over imaginary quadratic fields with
even-order class groups interesting and challenging. One aspect that makes computations
difficult is the non-existence of admissible sets. Therefore, we require more information to
identify a unique Hecke eigensystem that matches a homological eigenform.

First, we discuss a strategy that we use to identify systems with inner twists. This strategy
is the main idea behind Algorithm 5.22. The theory behind the statement was explained
through personal communications with J. Cremona [13].

Suppose (A, x) is a Hecke eigensystem that matches the homological eigenform f of level
n. Suppose f has an inner twist by a quadratic character ¢. Then the contribution of f
to the oldspace at level m is equal to #{0 | 9|(m/n),1(0) = 1}. This means that for a set
of prime ideals {a; | 1 < i < k} where {[a;] | 1 <i < k} is a Z-basis for Clp / Cl},, we can
compare the oldform contribution of f to level na; for each a;. If the contribution of f to
the oldspace is one dimensional, then ¢ (a;) = —1 and if it is 2-dimensional then ¢ (a;) = 1.
Therefore, by Theorem 5.3, we can identify ¢ uniquely.

For example, suppose the set of prime ideals {a;,as, a3} is a basis for Clp /Cl3. The

table 5.1 describes three quadratic characters of Clp.
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Table 5.1. Character values

a; | az | as
Y111
Wo | 1 |-11]1
Vs | 1] -11]1

If the system has inner twist by 11, the old space contribution of f to na;, nas, nag would
be 1, 2 and 2, respectively. If the system has inner twist by 5, the old space contribution of
f to nay, nas, naz would be 2, 1 and 2, respectively. Finally, if the system has inner twist
by 3, the old space contribution of f to naj, nas, nas would be 1, 1 and 2, respectively.
This means we can identify the inner twist character uniquely by looking at the oldspace
contribution to na;, nas, nas.

Now we discuss how to identify a Hecke eigensystem that matches a homological eigenform
f if the inner twist character ¢ is known. By Theorem 5.7, if we can find a Hecke eigensystem
that matches f, then its orbit gives all the eigensystems matching f. However, unlike the

non-twist case, the Hecke eigensystem orbit has strictly fewer than h = # Clg elements.

Theorem 5.18. Let f be a homological eigenform and let (X, x) be a Hecke eigensystem that
matches [ with an inner twist by a quadratic character 1. Let H be the subgroup of classes of

Hecke operators in Clg where X is not identically zero. Then there ezists a set of ideals {b;}

such that H/ Cl3 = ([b;] C13) and A(b;) # 0.

Proof. Since the Hecke eigensystem has a twist by v, this means A cannot be identically zero

on the classes in H. Therefore, we can find some ideal b; with A(b;) # 0. O

Now we show the existence of a Hecke eigensystem with known eigenvalues on a certain

set of ideals satisfying the condition in the Theorem 5.18.

Theorem 5.19. Let f be a homological eigenform with an inner twist by . Let H be the
subgroup of classes [p] of ideals with ) (p) = 1. Let {b;} such that H/ Cl% = (Cl%[b;]) and
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t(b;) # 0. Then there is a Hecke eigensystem (X, x) that matches f such that for all i, we
have A(b;) = /x(b;)t(b;).

Proof. The proof is similar to that of Theorem 5.16. We define ¢; to be A(b;) = €;4/x(b;)t(b;)
for a basis {b;} of H/CI% that satisfies ¢(b;) # 0 for all 4. From Theorem 5.3, we can find a

quadratic character ¥ such that the twist of (A, x) by ¢ desired the property. O]

Remark 5.8. In contrast to the non-twist case, the quadratic character 1 from Theorem 5.6

is not unique.

Now we show the uniqueness of the eigensystem from Theorem 5.19. In particular, we
show that once eigenvalues for a set of ideals {b;} are computed, then the eigenvalues of any

other ideal are known.

Theorem 5.20. Let f be a homological eigenform with inner twists by v. Let {b;} such
that H/Cl3. = (Cl1%[b;]) and t(b;) # 0. Suppose (\,x) is the Hecke eigensystem where
A(b;) = +/x(b,)t(b;). Then for any ideal p, we can compute the Hecke eigenvalue A(p) from

the action of principal Hecke operators.

Proof. 1f (p) = —1, then A(p) = 0. On the other hand, if ¥)(p) = 1 then [p] € H. Therefore,
for some I; € {0,1} we have [p] C1% = [b;]% Cl%. Now pb' € Cl%, so we can compute the

eigenvalue using principal Hecke operators. Then

A(pbl)

M) = oA e

The following example demonstrates this strategy:

Example 5.21. Let f be a homological eigenform over a field F', where

CIF = <g1,gg> ~ C4 X 04.
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Then Clp / Cl: = (g1 C13) x (go C13.). Suppose f has inner twist by the quadratic character

¥ g — —1,go — —1. Then

H = {17 g%? g%? 9192, g%g; glgg? g2g:13}

Then H/Cl3 = {Cl3,Cl%(g192)}. Let b be an ideal in [g1gs] such that #(b) # 0. This is
possible since any Hecke eigensystem that matches f is not identically zero in [g1¢2]. Then
there is a eigensystem (), x) that matches f with A(b) = \/x(b)t(b).

If p is a prime ideal with ¢(p) = —1, then we know A(p) = 0. On the other hand if
Y(p) = 1, then [p] € H. Thus, either [p] € C13 or [p] € CI%[b]. If [p] € Cl3, we can compute

A(p) exactly. On the other hand if [p] € C12[b] then [pb] € C1% and A(p) = \/%

Remark 5.9. In the non-twist case, there are 2% systems matching a homological modular
form f with the same character, where k = |Cly /Cl3.|. Therefore, there are k ideals to
pick signs arbitrarily. If the system has inner twists, we only have 2*~! systems matching a
homological modular form f with the same character. Therefore, we only have k — 1 ideals

to pick signs arbitrarily.

If the imaginary quadratic field has a cyclic class group of even order, the case is much

simpler because there is only one quadratic twist. See 6.10 for an example of such a system.

5.7 Algorithms for Computing Eigensystems

In this section, we give algorithms for computing the Hecke eigensystems attached to Bianchi
modular forms with general class groups.

First, we give an algorithm to check if a homological modular form f has inner twists. If
the class number is odd, there are no quadratic twists. Thus, we only check inner twists for

fields with even class numbers.
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Algorithm 5.22 (Checking inner twists).
Input: Homological eigenform [ of level n over the imaginary quadratic field F' with even
class number

Output: “True” if f has inner twist or “False” if f does not have inner twists

1. Select a list R of small prime ideal representatives of each class in the class group Clp.
2. Identify a subset {a;} of R whose classes form a Z-basis for Clp / Cl%.

3. For each a;, compute the dimension contribution of f to the oldspace homological
modular forms at level a;n. Let T be the set of indices where the oldspace dimension of

f in an is 1-dimensional.
4. If T is non-empty, output “True”, I else return “False”.

If f is a homological eigenform without an inner twist, we use the following algorithm to

identify a Hecke eigensystem that matches f.

Algorithm 5.23.
Input: Homological eigenform f over the imaginary quadratic field F

Output: List R of ideal representative O, character x in the character orbit of f, set of

pairs {[a;, AM(a;)] }

1. Select a list R of small prime ideal representatives of each class in the class group Clg.

2. For each ideal a € R where a® is principal, compute the Hecke operator T, , using Hecke

matrices from Theorem 4.21. Select the character x such that Ty of = x(a)f.

3. Check if inner twist using Algorithm 5.22. If no inner twists, let H = Clg. Otherwise
if f has inner twists by ¥, let H = ker(v).

4. Identify a subset {a;} of R whose classes form a Z-basis for H.
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5. Compute t(a;) for each i where t(p) = ap(T2Toq) + N(p).

6. If t(a;) # 0 for each i, return R,x, set of pairs {[a;, /x(a;)t(a;)]}. Also, return i if

the system has inner twists.

7. If t(a;) = 0 for some i, select a different set in step 3 and repeat.

If the Hecke eigenvalues of a full collection of representatives of the class group are known,
then computing the Hecke eigenvalue of another ideal p would simply amount to finding the
representative q for the class [p~!] with A(q) # 0 and computing the principal Hecke operator
T,q using Hecke matrices in Theorem 4.20. As this is a speedup especially if the norm of the

prime q is large, we give a grid algorithm to compute the eigenvalues of such a list.

Algorithm 5.24 (Constructing the Grid).
Input: Homological eigenform f over the imaginary quadratic field F' without inner twists,
R,x, set of pairs {[a;, AN(a;)]}
Output: {(p, A(p)) : p € R}
For each p € R, we do the following:

1. Compute exponents I; € {0,1} such that [p] C1% = [[1-_,[a¥] CIZ.

2. Letb =1p Hli:l a;. Pick an ideal a such that a®b is a principal ideal. Compute the

principal Hecke operator TyTy q.

3. Compute \(p). See proof of Corollary 5.17 for more details.
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Chapter 6: Computational Results

In this chapter, we summarize the results from the implementation of our algorithms to the
imaginary quadratic field F' = Q(1/—17) with the LMFDB label 2.0.68.1, with the ring of
integers Op = Z[w], where w = y/—17. The class group Clg of F'is a cyclic group of order 4,

and its unit group is {£1}. The scope of our computation is as follows:
1. We compute the homology H;(Xy(n); C) for levels n with norm N(n) < 850.

2. For level n with N(n) < 300, we computed Hecke operators for prime ideals and certain

composite ideals with class in C13. with norm less than 100.
3. The space of Bianchi modular forms for levels n with norm N (n) < 200.

In this chapter, we use the notation p,, to represent a prime ideal with LMFDB label

p.n. Examples of this are given in Table 6.1.

6.1 Voronoi Tessellation

In this section, we state information about the structure of the Voronoi tessellation of the
full modular group GL2(Op).
There are 12 perfect forms up to GLs(Op) equivalence. Table 6.2 lists these forms and

the number of minimal vectors. The second column of the table contains [a, by, by, ¢] where

a by + bz(.u)

the matrix representation of each form is
bl — bgw C
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Table 6.1. Ideals of Of and their generators

Norm | LMFDB Label | Generators | Symbol
2 2.1 (2,w+1) | p2a
3 3.1 (3, w +4) P31
3 3.2 (3,w+2) P32
7 7.1 (T,w + 4) P71
7 7.2 (T,w+T) P79
11 11.1 (11w +4) P11
11 11.2 (11,w+T7) P12
13 13.1 (13,w+3) | Ppiss
13 13.2 (13,w+10) | Ppi3e2
17 17.1 (17,w) Pi7.2
23 23.1 (23,0 + 11) | pass
23 23.2 (23, w+12) | Ppaga
25 25.2 (5) P25.1
31 31.1 (3l,w+13) | p311
31 31.2 (3l,w+18) | Pps12
53 53.1 (53, w + 6) P53.1
53 53.2 (53, w+47) | Pss2
89 89.1 (89, w +28) | Psoa
89 89.2 (89,w +61) | Ppgo2
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Table 6.2. Perfect forms up to GL2(Op) equivalence for the number field F' = Q(v/—17)

[a, by, b, ] number of minimal vectors
j2) 5/3,—1/2,29/102, 1] 6
P [19/9, —5/6,29/102, 1] 4
Py | [13/3,—31/18,223/306, 25/9] 4
Py | [24/5,-39/20,137/170,31/10] 5
Py 25/12, —7/8,14/51, 1] 5
Ps [5/3, —11/18,83/306, 1] 5
Py | [25/12, —41/48,227/816, 1] 4
Py | [35/8,—85/48,601/816, 17/6] 4
Py [7/4,—7/8,4/17,1] 6
Pi [13/8, —5/8,9/34,1] 4
Py [5/4, —5/8,15/68, 1] 9
Pr [1,-1/2,7/34,1] 12

Table 6.3 gives the combinatorial type, the face vector of each polytope, and the number
of distinct polytopes of each type observed in the tessellation. The face vector is a tuple of
integers [v, e, f], where v, e, f are the number of vertices, edges, and faces of each polytope

type respectively.

64



Table 6.3. Combinatorial types of polytopes in the Voronoi tessellation for F' = Q(v/—17)

Combinatorial type polytope | Face Vector | Number of polytopes
Tetrahedron A 4,6,4] 5
Square Pyramid A 5,8, 5] 3
Triangular Prism ‘ 6,9, 5] 2
Hexagonal Cap ° 9,15, 8] 1
Truncated Tetrahedron O (12,18, 8] 1

We list below the 27 vertices of the 12 polytopes:

Cy = [0,1] Cy = [1,0] Cy = [1,1] Ci=3,w+1]
Cs =[3,w+2] Cs = [3,w + 3] Cr = [4,w+ 2] Cs = [4,w + 3]
Co=[4,w+4] Cio = [5,w +2] Ci =[5, w+ 3] Ci2 = [~w, —w + 4]
Ciz = [~w,—w+5] Cuu=[-w+2,4] Cis = [—w + 2,5] Cie = [—w + 2,6]
Ci7 = [~w +3,5] Cig = [~w+ 3,6] Cio=[-w+6,w+8 Cy =[w+1,w—14]

021:[w+1aw_3] 022:[w+2’w_4] 023:[w+27w_3] 024:[w+25w_2]

Cop=[w+3,w—2] Cyp=[w+b52w—1] Co =[2w+3,2w — 7]

There are 18 types of edges up to GLy(Or) equivalence. Thus, these are the generators
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of the homology for the full group GL2(OF).

E,=CCs Ey,=0C E3=0:C Ey=CCr Es = CsCy  Eg = C1C
E; =CiCy Es=C19Cy Eyg=C7Cy Eig=CyxCy Ei =CsCy% Eig = CsCho
Ei3 =CsCy; Eyy=Ci1Cy Ei5=C0CsCy Eyg=C1Cs Ei7=CCs5 Eig=CsCy

There are 29 types of faces. These faces contribute relations in homology.

Fy = CgCy%Car F, = CC,C5 Fy = C105C5 Fy = C5CsCy

Fy = C1CsCy Fs = C1C5Cy Fr; = C1C5C5 Fy = C16C19C0

Fy = C7C19C Fip=C7C6Cy  Fi1 = C7C16Ch0 Fiy = CsCh5Co

Fi3 = CsC%Cy Fiy = CsC19Cy  Fi5 = C1C7Cy Fig = CsC19C7

Fiz = C1CGsCy Fig = C7CsCy Fig = C1CCs Fyy = CsCyCl3

Fy = C1C7;Cy Fyy = C1CsCy Fos = C1CC7C5  Foy = C1C5CCha
Fys = C1C3C5Cy Fys = C1CsCoCh3  For = CyC5C6C  Fog = C19C0C9%6Car

F29 = 010307011023024

6.2 Hecke Eigensystems

In this section, we discuss and provide a detailed example of how to compute Hecke eigensys-
tems matching a homological eigenform f over the imaginary quadratic field F' = Q(y/—17).

The class group Clg of F'is a cyclic grop of order 4. Let g be a generator of Clg such
that ps1 € g, where p3; = (3,4 + w). The character group is also a cyclic group of order 4.
Let x1 be the character defined by x1(g) =i = v/—1, and let y;. denote x*. For concreteness,
the character values are given in Table 6.4.

By Clr[2] we denote the order 2 elements in the class group Clp. From Theorem 5.9 and
Remark 5.5, we know computing T, , for all a € Clp[2] is sufficient to identify the character

orbit. For the field F, since Clp[2] = {1, ¢*}, we can use one ideal p € g to compute the
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Table 6.4. Characters of the class group of Q(v/—17)

Y|l 1 1 1
vi|l i 1 —i

2|1 -1 1 -1

character orbit. If A(T,,) = 1 for some Hecke operators T}, with p € ¢g* then x must be
a character that is trivial on Clg[2]. Thus, x = xo or x = x2. On the other hand, if the
eigenvalue for T, , for some p € ¢g? is —1, then y = x; or x3. To make our computations
simpler, if A(7,,) = 1, we pick x = xo and otherwise pick x = x;.

Because Clp / CI% is generated by g Cl%, the set {q} where q € g and A(q) # 0 is an
admissible set. Therefore, by computing the Hecke eigenvalue A(q) for some such ideal q € g,

we can uniquely identify a Hecke eigensystem.

Example 6.1. At level po; = (2,1 + w), there is one homological eigenform f,. Since the
homology is one-dimensional, the principal eigenvalues of f, are rational.

Let p = pi13; = (13,3 4+ w). Then p € CI3, and the eigenvalue of the principal Hecke
operator T}, is 1. Therefore, the character orbit of fy is {xo,Xx2}. Now, we can fix the
character to be x = xp to identify a Hecke eigensystem.

The smallest non-principal prime ideals are the two primes above 3, p3; = (3,4 +w) € ¢
and p3o = (3,2 +w) € ¢g. The Hecke eigenvalue of the principal Hecke operator Ty, ,p, , 18
non-zero. This means that the set {ps;} is an admissible Z-basis for Clg / Cl5. Now we
compute ¢(pz ;) with Theorem 5.11 and picking A(ps1) = /t(ps.1) for some a € [p~!]. Note
that x(ps.1) = 1.

For this example, picking a = p3o and using matrices in Theorem 4.23, we get that

MT, T, ) = 3. Then we get A(ps1) = 2v/2.

P31 P3.2,P3.2
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Table 6.5. Hecke eigensystem representative at level po ;

prime | P31 P32 Pra Pro P2 Pia Piza Piz2 Pira Posa Pase

class 2 3 1 3 1 3 2 2 0 1 3

f2 20 —2a 0 0 —2a¢ 2a -2 -2 —6 —4da 4«

Now, we can compute all the eigenvalues in this particular system using principal Hecke
operators. For example, for the eigenvalue of p35, we only need the principal Hecke operator

Ty 19y, t0 compute A(psips2) = —8. Then,

A(p3aps2) —8

Mps2)  2v2 22

A(ps2) =

With these choices, we get the Hecke eigensystem given the Table 6.5, where o = v/2.

Now we discuss how to obtain the full space of Bianchi modular forms using homological
eigenforms. Recall from Chapter 5 that we can compute a complete collection of all Hecke
eigensystems that match a homological eigenform f; by twisting one Hecke eigensystem (A, x)
that matches with f, by the characters of the class group. For the field F = Q(y/—17), the
characters in consideration are given in Table 6.4. If the homological eigenform f matches

(A, x), then the twist orbit

LN X)5 (Axa, xxz)s (Axz, x), (Axa, xxa) b

gives us all eigensystems matching fs.

Example 6.2. Table 6.5 describes a Hecke eigensystem matching the unique homological
eigenform at level ps ;. This Hecke eigensystem does not have inner twists since we have an
admissible basis for Cly / Cl5. Now we can twist this system by the character of the class

group to obtain the Hecke eigensystems given in Table 6.6, where v = /2 and 8 = /—2.
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Table 6.6. Hecke eigensystems at level poyy

prime | P31 P32 Pr2 Pra Puz Pia Piz2 Piza Pira P2sa Pos2 Posa

class 3 1 1 3 3 1 2 2 0 1 3 0

f2 200 —2« 0
f@xi| 286 28 0
fo®x2 | —2a 2« 0

f2®xs | 28 28

—2a 2« -2 -2 -6 —4o 4o 2
—28 =25 2 2 —6 4p 443 2
20 2« -2 -2 -6 4o 4o 2

o
o o o O

28 28 2 2 —6 —48 —48 2

Note that the twist orbit decomposes into two Galois orbits with the following Galois

alignments:

01(f2) = f2® X2 and o2(f2 @ x1) = f2 @ X3,
where 01 : a— —a and 0y : f — —f.
Now we give an example of a case where the Galois orbits and twists orbits align exactly.

Example 6.3. At level p3, = (9, —1 — w), we observe one homological eigenform. As before,
the principal Hecke operators are rational. Let p = py3:. The eigenvalue of the principal
Hecke operator T, , is —1. Therefore, the character orbit of the homological eigenform is
{x1, x3}. Table 6.7 gives a Hecke eigensystem that matches the homological eigenform where
« is a root of 2% + 1.

In this case, we recover all the systems using the action of the Galois group of z* + 1.

Table 6.8 shows these four systems.

If all the systems in the twist orbit are distinct, as it is in the examples above, the
dimension of the space of Bianchi modular forms is 4 times the dimension of the space of

homological eigenforms. We have non-distinct eigensystems in the twist orbit only when the
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Table 6.7. Hecke eigensystems at level p3

prime | Po1 P32 Pro Pra Pz P P2 Piza Pira Pz Pase Posa

class 2 1 1 3 3 1 2 2 0 1 3 0

fo | —a® 20 —40® 20 —-3a —60® —20%® 2a° 0 40 2a 4

Table 6.8. All Hecke eigensystems at level p2,

prime | Pai P32 P72 Pz1 P2 P Piz2 Piza Pira P23 Poso

class 2 1 1 3 3 1 2 2 0 1 3

fo —a? 20 —4o® 200 —3a —6a —20°> 22> 0 4o® 20«
fo@xi| &> 20 —4a 20 —-3a® —6a 20> —22%* 0 4o 203
fo®@x2 | —a? —202 40® —2a 3a 6 —2a% 2a? 0 -4 -2«

fo@xs| o> —2a 4o —2a 3¢ 6a 202 -2 0 —4a 2o

homological eigenform has inner twists. In that case, the dimension of the twist orbit will be
2 times the dimension of the homological eigenform. Up to norm 200, the only inner twist
cases observed are at level p§,. Thus, we can accurately compute the dimension of the space

of Bianchi modular forms up to level norm 200.

6.3 Oldforms and Newforms

From the last section, we saw how to compute the dimension of the space of Bianchi modular
forms. Now we discuss how to identify the space of newforms.

Similar to the classical case, if m divides n then Sa(m) C Sp(n). For each divisor ? of n/m,
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Table 6.9. Hecke eigensystem at level p3

prime | po1 P31 Pse Pro2 P71 P2 Piia Pise Piza Pira Posa Pose | multiplicity

class 2 3 1 1 3 3 1 2 2 0 1 3

fa 1 a —a 3a —-3a —a @« 4 4 6 a  —« 1

fa 1 20 —2a O 0 —-2a 200 -2 -2 -6 —-da 4« 2

there is a map Sa(m) — Sa(n). Therefore, each Hecke eigensystem of level m contributes to
the old space of Sy(n) with the multiplicity of the number of divisors of n/m. We can see
this contribution at the homology level as well. However, if the Hecke eigensystem has inner
twists, the dimension of the old space in homology might be lower. See Section 6.8 for more

details.

Example 6.4. At level p2,, we observe 2 homological eigenforms, one with multiplicity 1
and the other with multiplicity 2. Table 6.9 represents one Hecke eigensystem representative
that matches each homological modular form, where a = V2.

Up to the scope of the computation, fo matches the Hecke eigensystem from level po; as
expected from Atkin Lehner theory.

At level p3 |, the 7 homological eigenforms are given in Table 6.10, where o = v/2.

The Hecke eigensystem at level po; shows up with multiplicity 3, and the new Hecke

eigensystem for level p2 , shows up with multiplicity 3 as expected.

The oldform contribution in the homology of the inner twist systems is more subtle.
Suppose f € Sa(n) with inner twists by ¢. Then the contribution of f to the homology at
level n is the number of divisor d|(m/n) with ¢(9) = 1. From communications with Cremona,
it was explained that this is due to the image of the adelic analog of the map “multiplication

by 97 for ¢¥)(9) = —1. If the system has an inner twist by v, then these images will only
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Table 6.10. Hecke eigensystems at level p3

prime | P31 P32 Pre  Pra Pz Piia Piz2 Pis1 Pz Posa Pose | multiplicity

class 3 1 1 3 3 1 2 2 0 1 3

fsi | 0 0 —2a 20 —4a da -2 -2 -6 2a 2« 1
fs2 | 2 -2 -2 2 2 -2 2 2 2 6 —6 1
fa a —a 3a -3a —a @« 4 4 6 Q —« 2
fo 20 —2a 0 0 —2a 200 -2 -2 —6 —4da 4« 3

be supported on non-principal classes. Hence, we cannot observe them in homology. The

following example demonstrates this phenomenon:

Example 6.5. At the levels p3,p31 and p3 p32, there are 80 homological eigenforms. All
homological eigenforms, except the two from level p§;, do not have any inner twist. Therefore,
the size of the twist orbit of each of these 78 homological eigenform is 4. The two homological
eigenforms from level p$, each only have an orbit of size 2. Thus, the total number of Hecke
eigensystems coming from the twist orbits of homological eigenforms is 316.

Now, we look at the oldspace contributions to level p§ ps; from the Bianchi modular
forms. This is given in the table below: From this we can see that the total dimension of the
space of Bianchi modular forms is 320. This means that the homology is missing 4 Hecke
eigensystems. These four “missing” systems are the ones that are supported on non-principal
components. These are coming from the image of the map “multiplication by ps1” on the

four inner twist eigensystems at level p§ ;.
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Table 6.11. Oldspace dimensions at level pg.1p3,1

level d | dpeyw || Multiplicity || xo | x1 | X2 | X3
por | 4 | 4 12 21020
p2, |12 | 4 10 210210
pd, | 28 | 8 8 410410
pi. | 60 | 16 6 0l8|0]8
pS, | 144| 20 2 50555
pipsl | 28 | 4 5 02|02
paips1 | 136 | 4 3 210210
PS5 131 92 | 68 | 92 | 68

6.4 Dimension Tables

In this section, we provide tables of dimensions of the space of Bianchi modular forms and
spaces of newforms up to level norm 200.

The columns of Tables 6.13 and Table 6.14 give the following information. The first
column of these tables represents the LMFDB label of ideal n. The second column is the total
dimension d of the cuspidal space. The third column specifies the dimension of new space d,,e-
The fourth column is a pair [t, n] where ¢ represents the number of Hecke eigensystems with
character orbit {xo, x2} and n represents the number of Hecke eigensystems with character
{x1,x3}. We indicate the level with Hecke eigensystems with an inner twist with an asterisk.

For example, the column corresponding to level pig; is given below. The dimension of

the Bianchi modular forms space at this level is 60 with 16 eigensystems that are new. Since

[t,n] =[0,16], all 16 Hecke eigensystems had character either x; or ys.
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Table 6.12. Excerpt of Table 6.13

n | d|dpew| [t,n]
16.1]60| 16 |[0,16]

Remark 6.1. From the independent work of Cremona, dimension tables are available for
the field Q(v/—17) in LMFDB up to level norm bound 1000. With a careful analysis, we
confirmed these agreed with our computations up to level norm 200. For all levels in this
range, the newspace dimensions from the LMFBD tables are always half the number ¢ in the
pair [n,t] on Tables 6.13 through Table 6.17. For example, from our tables the dimension of
the total cuspidal space at level p3 |, the pair [t,n] = [4,16]. This means the newspace at this
level has 4 Hecke eigensystems with character yg or xo. Therefore, the new space dimension
in LMFDB tables for this level is 2. Since our table does not explicitly state character details
for oldspaces, direct comparisons are not possible. However, since oldform contributions are

well understood, one can compute and verify the data in these tables.

6.5 Newform Tables

In this section, we provide tables with information about levels containing newforms.

The first four columns have the same format as in the dimension Tables 6.13 and 6.14.
Note that on each row t +n = d,,.,. The fifth column gives information about the restriction
of Hecke eigensystems to the principal component. The sixth column gives information about
the Hecke field of the Hecke eigensystem. The entries in both columns are sequences of pairs
of integers. The first entry of a pair corresponds to the degree of the Hecke field and the
second to the total number of systems over the Hecke field. The number of such pairs gives
the number of distinct Hecke fields observed at each level.

For example, the row corresponding to the level pi6; is given below.
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Table 6.13. Dimension tables for levels 0 < N(n) < 200

n | d | dpew | [t,7] n | d | dpew | [t,n] n d | dpew | [t,n]
110] 0 |[0,0| |161]60] 16 |[0,16]| |27.3| 44 | 20 |[4,16]
201 | 4| 4 |[40] |1714] 4 |40 | |282/36| 0 | [0,0]
32 10| 0 |[0,0] 183120 0 | [0,0] 281136 | 0 | [0,0]
3110] 0 [[0,0] |181]20] 0 |[0,0| [31.2] 0 | 0 | [0,0]
41 (12| 4 [[4,0]] |182]36| 4 |40 | |31 0 | 0 | [0,0]
62 18| 0 [[0,0]] |2t1|12] 4 | [40 | 321192 0 | [0,0]
61 8| 0 |[0,0]] |214]12] 4 | 4,0 | [332] 0| 0 | 0,0
7104 4 |[4,0] 21318 0 | ]0,0] 33.1] 0 0 | [0,0]
7204 4 [[40] |21.2/8] 0 |[0,0| [333 0| 0 | [0,0]
81 (28] 8 |80/ 22218 0 [[0,0] |334] 0| 0 |0,0]
01 4| 4 [[0,4] |221/8] 0 |[0,0 | [341] 20| 4 | [4,0]
93 14| 4 [[0,4] |231/0] 0 |[0,0| 363 60| 4 | [4,0]
92 | 8 | 8 |[8,0] 23210 0 [ ]0,0] 36.2 1100 | 4 | [4,0]
112 0] 0 |[0,0]| |241]64| 0 |[0,0] | |361]60 | 4 | [4,0]
1110 0 |[0,0| |242]64]| 0 | (0,0 | [391] 0 | 0 | [0,0]
12128 4 |[0,4]| |251]12| 12 |[12,0]| [394| 0 | 0 | [0,0]
12228 4 |[0,4]| |262]12] 4 | (0,4 | [393] 0 | 0 | [0,0]
1320 0 |[0,0| |261]12] 4 |[0,4] | [392] 0 | 0 | [0,0]
1310 0 [[0,0]| |274| 8| 0 |[0,0]| [421] 40| 0 | [0,0]
14.2116] 0 [[0,0]| |27.2]44| 20 |[4,16]| |42.4| 40 | 0 | [0,0]
14.1/16] 0 |[0,0]| |27.1]8| 0 |[0,0] | |423|40 | 8 | [4,4]
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Table 6.14. Dimension tables for levels 0 < N(n) < 200 (continued)

n d | dpew | [t,n] n d |dpew | [t,n] n d |dpew | [t,n]
22040 | 8 | 44| | 562 72| 0 | [0,0] 7120 0 | 0 | [0,0]
44124 0 | 0,00 | | 561 ] 72| 0 | [0,0] 723124 0 | [0,0]
44224 0 | 0,0 | |622] 12| 4 | @40 | |721]124] 0 | [0,0]
462 8 | 0 |[0,0] | |621| 12| 4 | [40 | |722|220| 24 | [24,0]
4610 8 | 0 | 0,00 | |636]36]| 8 | [0,8] 7520 24| 0 | [0,0]
4811136 4 | 4,00 | | 63340 0 | [0,0] | |71 24| 0 | [0.0]
4821136 4 | 40| |632]20| 0 | [0,0] 71l s | o | [0,0]
493 12 | 4 | [4,0] 63.1 | 36 | 8 [0, 8] 773 | 8 0 0,0]
492136 | 20 [[20,0]| |635| 20 0 | [0,0] | |77.4| 8 | 0 | [0.0]
491012 | 4 | 40| | 634 40| 0 | [0,0] 72l s | 0 | (0,0
50.1| 44 | 12 |[12,0]| |64.1% | 144| 20 |[10,10]| |78.1| 24 | 0 | [0,0]
5100 8 | 0 | [0,0] | 66120 4 | [4,0 | |783| 44| 20 | [4,16]
5120 8 | 0 | (0,00 | | 66228 | 12 | [0,12] | |784| 24| 0 | [0,0]
521032 | 0 | [0,0] | | 664 |20 | 4 | [40 | |78.2| 44| 20 | [4,16]
522 32 0 | (0,00 | | 663 |28 | 12 | (0,121 | [791] 0 | 0 | [0,0]
531 0 0 | [0,0] 68.1 | 52 | 8 8,0] 792 0 0 [0,0]
53.21 0 | 0 |0,0]| [691] 0| 0 | [0,0] | |81.3|164| 28 |[12,16]
544320 0 | (0,00 | 692 0| o | (0,00 | [811] 12| 0 | [0,0]
54.21120 0 | 0,00 | [694| 0 | o | [0,0] | |81.4]80 | 0 | [0.0]
543120 0 | (0,00 | | 693 | 0| o | [0,0] | |82/ 8 | 0 | [0,0]
5411 32| 0 | [0,0] 71.1 ] 0 0 0,0] 815 12 | 0 0,0]
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Table 6.15. Dimension tables for levels 0 < N(n) < 200 (continued)

n d | dpew | [t,n] n d | dpew | [t,n] n d | dpew | [t,n]
844192 0 |[0,0] | | 983 |40 | 4 | [4,0 | |1084| 92| 0 | [0,0]
841092 | 0 | (0,00 | | 981 |40 | 4 |40 | [1081] 92| 0 |]0,0]
843196 | 0 | [0,0] | [ 992 ] 8 | 0 |[0,0] | |1121|144| 4 | [0,4]
842196 | 0 | 0,00 | |995| 8 | 0 |00 | |1122]144| 4 | [0,4]
88256 | 0 |[0,0] | | 99.4 |32 16 |[0,16]| [117.5] 8 | 0 | [0,0]
881056 | 0 |[0,0] | | 993 |32 16 |[0,16]| |117.2| 8 | 0 | [0,0]
89.10 0| 0 | 0,00 | | 991 8 | 0 |00 [1174] 16| 0 | [0,0]
89.21 0 0 | [0,0] 99.6 | 8 0 | [0,0] 117.1] 8 0 | [0,0]
01.3] 8 | 0 |[0,0] | |100.1]100| 16 |[16,0]| |117.3| 16 | 0 | [0,0]
012 8 | 0 | (0,00 | |101.2] 0 | 0 | (0,0 | [1176] 8 | 0 | [0,0]
014 8 | o |00 | [1011] 0| 0 |[0,00 | |1192] 16| 0 | [0,0]
o1 8 | o |[0,0] | [1021]40| 0 | [0,0] | |1191] 16| 0 | [0,0]
92224 | 0 | (0,00 | |102.2] 40 | 0 | [0,0] | |121.2] 36 | 36 |[36,0]
021124 | 0 |[0,0] | |1042] 72| 4 | [40 | |1213| 4 | 4 | [0,4]
931 0 | 0 |[0,0] | |1041| 72| 4 | [40 | |1201] 4 | 4 | [0,4]
93.3| 8 | 8 | [44] | |1061| 12| 4 |[0,4 | |1242] 32| 0 | [0,0]
03.2| 8 | 8 | 44 | [1062] 12| 4 | [0,4 | |1241/ 32| 0 | [0,0]
934 0 | 0 |[0,00 | |107.1] 0 0,00 | 11264136 0 | [0,0]
96.1208| 0 |[0,0] | |1072] 0 0,00 | |1262] 80| 0 | [0,0]
96.2208| 0 | (0,0 | |108.2|280| 16 |[12,4]| [126.3]136| 0 | [0,0]
98.2 | 116 | 28 |[28,0] 108.3 {280 | 16 | [12,4] 126.5| 80 | 0 | [0,0]
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Table 6.16. Dimension tables for levels 0 < N(n) < 200 (continued)

n d | dpew | [t,n] n d | dpew | [t,n] n d | dpew | [t,n]
126.1] 108 | 12 | [4,8] 1434 0 | 0 | [0,0] | |1543] 32| 0 |[0,0]
126.6 | 108 | 12 | [4,8] 1433 0 | 0 | [0,0] | |1541] 32| 0 |[0,0]
12811196 | 0 [0, 0] 143.2| 0 0 | [0,0] 156.3 | 112 | 0 |][0,0]
13121 0 | o | [0,0] 1443252 | 8 | [4,4] | |156.1] 72| 0 |[0,0]
13110 0 | 0 | [0,0] 144.2 | 460 | 40 [[0,40)| [156.2|112] 0 |[0,0]
132.1 | 64 0 [0, 0] 144.1 | 252 | 8 [4,4] 156.4 | 72 0 0,0]
1323] 80 | 0 | [0,0] 1476 40 | 8 | [8,0] | |157.2] 0 | 0 |[0,0]
13241 64 | O [0, 0] 1475180 | 0 | [0,0] 157.1| 0 0 |10,0]
132280 | 0 | [0,0] | |1472| 80| 0 |[0,00 | |1581] 8 | 0 |[0,0]
136.1| 140 | 40 [[24,16]| |147.4| 24 | 0 | [0,0] | |[1582] 8 | 0 [[0,0]
13721 0 | 0 | [0,0] | |147.1] 40| 8 | [8,0] | |159.3] 4 | 4 |[4,0]
13710 0 | 0 | [0,0] | |1473| 24| 0 | [0,0] | |159.4] 0 | 0 |[0,0]
138.3] 20 | 4 | [0,4] 1492 0 | 0 | [0,0] | 1591 0 | 0 |[0,0]
138416 | 0 | [0,0] | |1491] 0 | o |[0,0] | |159.2] 4 | 4 |[4,0]
138.1] 16 | 0 | [0,0] 1501 92 | 4 | [4,00 | |161.4] 8 | 0 |[0,0]
1382] 20 | 4 | [0,4] 1502 92 | 4 | [4,0] | |161.3] 12| 4 |[4,0]
13911 0 | 0o | [0,0] | |1531] 20| o | 0,00 | |161.1] 8 [0, 0]
13921 0 | o | [0,0] 153320 | 0 | [0,0] | |161.2] 12| 4 |[4,0]
1421 8 | 0 | [0,0] 1532 44 | 12 |[12,0]| |162.5| 60 | 16 |[8,8]
14221 8 | 0 | [0,0] 1542132 0 |[0,0 | [1622]|212] 8 |[4,4]
143.1| 0 0 [0, 0] 1544132 | 0 | [0,0] 162.1 | 60 | 16 |[8,8]
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Table 6.17. Dimension tables for levels 0 < N(n) < 200 (continued)

n d | dpew | [t,n] n d | dpew | [t,n]
1624|212 | 8 [4,4] 182.3 | 40 [0, 0]
162.3|396 | 16 |[16,0]| | 182.2 | 40 [0, 0]
163.1 0 0 | [0,0] 184.1 | 56 [0,0]
1632 0 | 0 | [0,0] | | 184.2 | 56 [0, 0]
1672 0 | o | [0,0] | |186.1 | 28 [0, 4] 0| d | dew| [tn]
167.1 1 0O 0 [0, 0] 186.3 | 40 [0, 0] 196.2 | 228 | 16 | [16,0]
168.4 184 | 8 | [4,4] 186.4 | 28 0,4 | [196.1|84 | 4 | [0,4]
1681|184 | 8 | [4,4] | | 186.2 | 40 0,0]| 11984144 8 | [0,8]
1682184| 0 | [0,0] | | 1872 | 8 0,00 [1986] 48| 0 | [0,0]
1683|184 0 | [0,0] | | 1871 | 8 0,0]| |198.1]48 | 0 | [0,0]

169.2 | 36 | 36 |[36,0] 189.4 | 132 198.3 | 144 | 8 [0, 8]

169.1| 0 | 0 | [0,0] 189.6 | 144 0,0 | |198.2] 84 | 20 | [12,8]
169.3| 0 | 0 | [0,0] 189.1 | 60 0,0 | |1985] 84 | 20 | [12,8]
175.2| 32 | 0 | [0,0] 189.8 | 60 0,0]| [199.1] 0 | 0 | [0,0]
175.1| 32 | 0 | [0,0] 189.5 | 132 0,8/ | [1992] 0 | 0 | [0,0]
176.2 120 | 0 | [0,0] 189.7 | 32 0,0 | |200.1|244| 72 | [40,32]
176.1120| 0 | [0,0] 189.2 | 32 [0, 0]

178.2 | 24 | 16 | [4,12] 189.3 | 144
178.1| 24 | 16 | [4,12] 192.1* | 320
182.4 | 40 0 [0, 0] 192.2* | 320

A O O O ©O © o o o © 0w O O O k&~ O k~k o o o o
=)
X,

182.1] 40 | 0 | [0,0] 196.3 | 84
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Table 6.18. Excerpt of Table 6.19

n | d |dyew | [t,n] | principal full
16160 16 |[0,16]| [1,16] |[2.8],[4 4], 4 4]

This means all of the 16 Hecke eigensystems are rational when restricted to the principal
component. Hence, we only observe one new homological eigenform at this level. The full
eigensystems come from two different Hecke fields. There are 8 Hecke eigensystem systems
over the degree two fields Q(z). There are four Hecke eigensystem with Hecke field Q((s)
where (g is a primitive 8 root of unity (4.0.256.1), and the other four are over the field
Q(¢12), where (19 is a primitive 12" root of unity (4.0.144.1). Note that this means the
Galois conjugates Hecke eigensystem over the degree 2 field and their twists are all different
eigensystems. However, the Galois conjugate and twists of the two eigensystems align with

each other.

6.6 Base Change

According to [8], a Hecke eigensystem over an imaginary quadratic field F' is base change of

a classical modular form f € Sy(N, ) if the eigenvalues satisfy the following properties:
1. If p is split and p = pp, then A(p) = A(p) = ay;
2. If p is inert, then A(p) = a2 — 2¢(p)p;
3. If p is ramified and if (p) = p?, then A\(p) = a,,

where a, is the Hecke eigenvalue of f at p.

Remark 6.2. A special case of base change can happen if level n is Galois stable. If f is

a homological eigenform of level n that matches (), x) then by f we mean the conjugate
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Table 6.19. Newforms space 0 < N(n) < 200
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Table 6.20. Newforms space 0 < N(n) < 200 (continued)
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Table 6.21. Newforms space 0 < N(n) < 200 (continued)

n | d | n| [t,n] |principal full
72.2 1220 [ 24 | [24,0] | [1,4],[2,4],[2,4],[3,12] | [1,2],[2,2],[2,4],[3,6], [4, 4], [6, 6]
78.3 | 44 |20 | [4,16] | [1,4],[4,16] [1,4],[8, 16]
782 | 44 |20 [4,16] | [1,4],[4,16] [1,2],[2,2],[16, 16]
81.3 | 164 | 28 | [12,16] | [1,12],[2,8], [2, 8] [1,4],[2,2],12,2], 2,4], [4,8], 8, 8]
03.3 | 8 | 8| [4.4 |[1.4],[24] 1,2],12,2], [4, 4]
932 | 8 | 8| [4,4] |[1,4],]2,4] [1,2],[2,2], 4, 4]
98.2 | 116 | 28 | [28,0] | [1,8],[2,8],[3,12] [1,6],[2,2], [2,4], 3, 6], [4, 4], 6, 6]
08.3 | 40 | 4 | [4,0] |[1.4] 2,2],12,2]
98.1 | 40 | 4 | [4,0] |[1,4] 2,2],[2,2]
99.4 | 32 | 16| [0,16] | [1,4],[3,12] [2,4],6,12]
99.3 | 32 |16 | [0,16] | [2,4],]6,12] [4,4],[12,12]
100.1 | 100 | 16 | [16,0] | [1,4],[3,6],[3, 6] [1,2],[2,2],[3,6], 6, 6]
1042 72 | 4 | [4,0] |[1,4] 2,2],[2,2]
1041 72 | 4 | [4,0] |[1,4] 2,2],[2,2]
106.1| 12 | 4 | [0,4] |[2,4] [4,4]
1062 | 12 | 4 | [0,4] |[2.4] [4,4]
108.2 | 280 | 16 | [12,4] | [1,8],[2, 8] [1,2], (2,2, (2, 4], [4,4], [4, 4]
108.3 | 280 | 16 | [12,4] | [1,8],[2,§] [1,2],[2,4], [2, 6], [4, 4]
1121|144 | 4 | [0,4] |[2,4] [4,4]
1122|144 | 4 | [0,4] |[2,4] [4,4]
121.2| 36 |36 | [36,0] |[1,4],[8,32] [1,2],[2,2], [8, 16], [16, 16]
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Table 6.22. Newforms space 0 < N(n) < 200 (continued)
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Table 6.23. Newforms space 0 < N(n) < 200 (continued)

n | d | n| [tn] |principal full

162.1| 60 |16 | [8,8] |[2,4],[2,4],[2,8] [4,4],[4,4], [4,4], [4, 4]

1624|212 | 8 | [4,4] |[1,8] [1,2],[2,2], [4, 4]

162.3 | 396 | 16 | [16,0] | [1,16] [1,2],[2,2], 2,6, 2, 6]

168.4 | 184 | 8 | [4,4] |[1,4],[2,4] [1,2],[2,2], [4, 4]

168.1| 184 | 8 | [4,4] |[1,4],[2,4] [1,2],[2,2], [4, 4]

169.2| 36 | 36| [36,0] | [1,4],[2,8], 1,2],[2,2], [4, 4], [4, 4],
13,12, [3,12] 6, 6], [6, 6], [6,6], 6, 6]

178.2| 24 [ 16| [4,12] | [1,16] [1,2],[2,10], [4, 4]

178.1| 24 |16 | [4,12] | [1,16] [1,2],[2, 14]

186.1| 28 | 4 | [0,4] |[2,4] [4,4]

186.4 | 28 | 4 | [0,4] |[2,4] [4, 4]

189.4 | 132 | 8 | [0,8] |[1,8] [4,4],[4,4]

189.5 | 132 | 8 | [0,8] |[L,8] [4,4],[4,4]

196.3| 84 | 4 | [0,4] |[2,4] [4,4]

196.2 | 228 | 16 | [16,0] | [4,16] [4,8],[8, 8]

196.1| 84 | 4 | [0,4] |[2,4] [4,4]

198.4 | 144 | 8 | [0,8] |[1,8] 2, 8]

198.3| 144 | 8 | [0,8] |[L,8] 2, 8]

198.2 | 84 |20 [12,8] | [1,8],[3,6],3,6] 2,8],[3,6], [6, 6]

198.5 | 84 20| [12,8] |[1,8],[3,6],[3,6] [2,8],[3,6], 6, 6]

200.1 | 244 | 72 | [40,32] | [1,16],[3,6],[3,18], | [1,10],[2,6],[4,8],[4,8],[6,6],
[4,8],[4,8],4,8],[4,8] | [6,6],[6,6],[6,6],[8,8],[8, §]
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eigenform that matches a conjugate system denoted by (X, ¥) satisfying

A(p) = A(p) and X(p) = x(p)-
Here the level of the conjugate form f is ai. If the level is Galois stable, that is if i = n,

then the forms f and f will have the same level. Further, if the eigenspace of f is one

dimensional, then f = f. Then there is an eigensystem that matches f with the property

A(p) = A(p) and x(p) = x(p)-

Then this system (), x) is base change.

Example 6.6. The level p17; = (17,w) is a Galois stable level with a one-dimensional
homological eigensystem as described in the remark above. Thus, we expect a Hecke
eigensystem that matches the homological eigenform to come from base change. The following

table represents such a Hecke eigensystem:

Table 6.24. Hecke eigensystem at level py7.1

prime | po1 P31 P32 Pre Pra P2 Pria P2 Pz Pz P2sa P2z Posa

class 2 3 1 1 3 3 1 2 2 0 1 3 0

-1 0 0 -4 —4 0 0 -2 =2 * -4 -4 -6

This system matches the point counts of the following rational elliptic curve

E:y*=2°—11z4+6

with LMFDB label 17.a. Thus, this system is a base change of the classical newform at level
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17 with trivial character (17.2.a.a).

Example 6.7. At level pi7.1p3,, there are two new homological eigenforms. Table 6.25 gives

two Hecke eigensystems that match these eigenforms where o = /3.

Table 6.25. Hecke eigensystem at level py71p3,

prime P31 P3.2 P71 Pr.o P112 P11 P13.1 P13.2 Pas.1

class 3 1 3 1 3 1 2 2 1

0 a+l a4+l —-a-1 —a-1 a—-3 a—-3 2a0+2 20+2 «o—-3

go —a—1 —a—-—1 a+1 a+1l —a+3 —a+3 20+2 2a+2 —a—+3

Both systems are one-dimensional in homology, so we expect the systems to come from
base change.

From the data available on LMFDB, we find that the base change of a newform with
level 68 with trivial character (68.2.a.a) matches g1, and the base change of the a newform
with level 272 with trivial character (272.2.a.e) matches with g, up to the scope of our
computation.

We also observe that the two systems have the following agreement:

g2 = 0(91) ® X2,

where o : @ — —a. On the classical modular forms side, we see similar symmetry. The
classical modular form with LMFDB label 272.2.a.¢ is a twist of the form with LMFDB label

68.2.a.a by the quadratic Dirichlet character with conductor 4 and LMFBD label 4b.

We also observe Hecke eigensystem (\, x) with the property A(p) = £A(p) on split primes.

Thus, finding a character 1 might be possible such that the twisted system (A, x1)?) is base
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change. We call such a system a twisted base change. The following is a detailed example

that demonstrates this phenomenon.

Example 6.8. We observe one homological eigenform at level poy = (2,w + 1). The system
f2 given in Table 6.5 is not base change because the eigenvalues on conjugate primes are
different. However, the two twists fo ® x1 and fs ® x3 given in Table 6.6 agree on conjugate
primes. Thus, the eigensystems fo ® x; and fy ® x3 are potentially base change of a classical
newform.

On split primes, the Hecke eigensystem f; ® x; agrees exactly with the classical newform
at level 34 with a quadratic Dirichlet character ¢ of conductor 34 (34.2.b.a). On inert prime,

we have the following relationship.

Table 6.26. Hecke eigenvalues of the system fo ® x; at inert primes

P 5) 19 43 59

Y o1

a, —2/-2 -4 —4 12

ap = az — 2¢(p)p 2 —22 —70 26

Thus the system f, ® y; agrees with the base change of the classical modular newform
mentioned above for the scope of our computations.

Further, the L-function attached to this Hecke eigensystem f; matches the L-function of
the Hilbert cusp form with LMFDB label 2.2.17.1-32.3-a for the scope of the computation.
This Hilbert modular form matches with the isogeny classes of two the elliptic curve of
conductor 32 over Q(+/17) (32.3a, 32.4a). These objects have the degree 4 L-function with
conductor 9248 (4-9248-1.1-cle2-0-2).

Another example of twisted base change can be found in Section 6.8.

88


https://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/34/2/b/a/
https://www.lmfdb.org/ModularForm/GL2/TotallyReal/2.2.17.1/holomorphic/2.2.17.1-32.3-a
https://www.lmfdb.org/EllipticCurve/2.2.17.1/32.3/a/
https://www.lmfdb.org/EllipticCurve/2.2.17.1/32.4/a/
https://www.lmfdb.org/L/4/9248/1.1/c1e2/0/2#moreep

L-function

BMF f, at level py, HMF 2.2.17.1-32.3-a
X1 \ /ﬁ
BMF f; ® x; at level poq HMF 2.2.17.1-4.1-a
base change to Q(v/—17) base change to Q(+/17)

CMF 34.2.b.a with character 34.b

Figure 6.1. Conjectural connections at level py7

6.7 Elliptic Curves

From the proof of the Shimura-Taniyama-Weil conjecture by Bruiel, Conrad, Diamond,
Taylor, and Wiles [4,38], we know that rational elliptic curves are modular. Explicitly, this
means that there is a rational newform f of weight 2 over the level equal to the conductor of
the elliptic curve that has the same L-function. It is of interest to understand if and when
there is such a relationship between elliptic curves over other number fields. By the work
of Dieulefait, Guerberoff, and Pacetti [17], we have an algorithm to prove modularity for a
given elliptic curve over an imaginary quadratic field. They also provide some of the first
known examples of modular elliptic curves over an imaginary quadratic field that are not
base change of an elliptic curve over Q. In this section, we add to this work by proving the
modularity of several elliptic curves over F' = Q(y/—17). To our knowledge, these are the

first explicit examples of modular elliptic curves over number fields with the class number 4.

Example 6.9. Here we show how we use the algorithm given in [17] to prove the modularity

of the elliptic curve,

E:y? = 2% + (—11664w — 23355)x + (—1714608w — 256662)
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with conductor p7; = (7,5 + w).
At level p7.1, there is one homological eigenform. The following table represents one Hecke

eigensystem that matches it.

Table 6.27. Hecke eigensystem at level p71

Po1 P31 P32 Pr2 Pra Puz P Pis2 Pisa Pz Pasa Pase Posa | field

class | 2 3 1 1 3 3 1 2 2 0 1 3 0

-1 -2 =2 0 1 -6 2 -2 6 -2 8 0 -2 |z—-1

Now we explain the details of using the algorithm [17, Algorithm 2.2| to show that the

above system matches the elliptic curve.

1. First we chose primes ideal, p; = po; and ps = ps31. The root of characteristic
polynomial of Froby,, oy, and f,, satisfy ay, + By, # 0. Also, 2 in the extension Q]oy,]
has inertia degree 1 as needed. At these primes, the trace of E is equal to the Hecke

Eigenvalues:

a(pai1) = —1 a(psq) = —2

2. For this case, the modulus mp = p3 ;p7.1p7.2p17.1. and the ray class group is

CIF(mF) >~ CQ X Cg X CQ X 024 X 096-

3. There are 31 index two subgroups of Clgp(mg). For each of these and the full group, we
consider the corresponding quadratic extension L of F. We compute the modulus my,

and the corresponding ray class group Clgp(my). Now for each of these ray class groups,
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we select a set of generators {x;}7_, of cubic characters. For each of these generators,

we pick a set of primes q; such that

(log(x1(a); -+~ log(xu(a;))joy = (Z/3L)"

for some n’ € Z. In our example, we only used prime above 3 and 23. The eigenvalue

for these primes are

a(ps.a) = a(ps2) = -2, a(paz.1) =0, a(pass) = 8.

Each of these eigenvalues was even as required. Thus, we proceeded to the next step.

. For this step, we needed a basis of quadratic characters {x;}!; of Clg(mpg). And we

also needed a set of prime ideal {p;} coprime to mg, such that

{log(x1(4;), log(x2(d)), - - - s log(xn(a;) Yioi " = (Z/2Z)"\{0}.

For our example, n = 5. Therefore, we needed to further compute the eigenvalue of

primes below

{11,13,5,31,53,79,89,107, 131, 149, 157,167, 257, 281,

361,457,593, 1721}.

As the Hecke eigenvalues for those primes agreed with the trace of Frobenius of E, we

moved on to the next step.

. In the last step of our computation, we needed to check if the local L-factor of £ and f

are equal at primes dividing 2n(E)n(f)n(f)A(F'), that is we needed to compute Hecke



eigenvalue of the following prime ideals:

{p21,p7.1, P72, P171}

On the side of the modular form, for the prime that divides the conductor, we can use
the Atkin Lehner operators to compute the Hecke eigenvalues. These can be computed

using matrices specified in Proposition 4.25.

For elliptic curves, we need to understand the type of reduction at the bad primes as
mentioned in [5]. At primes, {p2.1, 7.2, p17.1} has good reduction. Therefore, we can
compute the trace of Frobenius. At the prime, p7;, E has split multiplicative reduction
thus the corresponding a(p7.1) is 1 which agrees with the Hecke eigenvalue for the Atkin

Lehner operator.

6.8 Inner Twists

For our imaginary quadratic field F', the character y, from Table 6.4 is the only quadratic
character. Thus, we can recognize inner twist forms by checking if A(a) = 0 for each a € g or
g> where g is a generator of the class group Clp.

In this case, there are only two Hecke eigensystems that match the homological eigenform

f because we have the alignment

f=f®xeand fRx1 = f®xs.

We can observe this reduction in homology by looking at oldspace contributions of twisted
systems. That is, if f is a homological eigenform of level n with an inner twist by y», then the
oldspace contribution of f to level na will be the number of divisors ? of a where [0] € {0, ¢*}.

This means if a has divisors such that [0] € {c,*}, then the oldspace contribution of f is
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fewer than the number of total divisors. In particular, if a is a prime such that x,(a) = —1,
then we observe a one-dimensional homological eigenform in level an that is now an old

homological eigenform. An explicit example is given below.

Example 6.10. At level p§,, there are 6 one-dimensional homological eigenforms. Two
homological eigenforms have zero eigenvalues for the principal Hecke operators of the form
Tyq, where p € c and q € ¢®. The two Hecke eigensystems that match these two homological

eigenforms are given Table 6.28, where i = /—1.

Table 6.28. Hecke eigensystems at level p§

P31 P32 Pra Pre Piuia Pz Pis2 Pisa Piva Posa Pssa Pss2 Psoa Psos

class | 3 1 3 1 1 3 2 2 0 0 0 0 2 2

fi 0 0 0 0 0 0 6 6 2 -6 14 14 10 10

f2 0 0 0 0 0 0O —-6: 616 -2 -6 -—-14 —-14 —-10z 10¢

The eigenvalues computed for both these systems at all primes in generator classes are
0. The contribution of two eigenform to the oldspace at level p$ ps; is 1-dimensional in
homology. Thus, this means for the unramified characters of the class group in Table 6.4, we

have

fi=fi®xand fi ®x1 = fi ®x3;
fo=fa®x2and fo ® x1 = fo ® X3

This also means the newspace dimension of the Bianchi modular forms is 20 dimensional
instead of being 4 times the dimension of homology.

We also observe that the first system matched the base change to F' of the rational elliptic
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curve

E:y=2"—2

with LMFDB label 32.a3, which has CM by Q(v/—1).

The inner twist of f; explains the existence of a CM elliptic curve.

A twist of the second Hecke eigensystem fo by a character 1 of the ray class group Clg(m),
where m = p3 |, matches the base change of classical newform 32.2.a.a. This newform also
has CM by Q(y/—1). Thus, a, = 0 for each inert prime in Q(v/—1). These rational primes
align with primes in the generator classes of Clg.

We identify a candidate for ) by looking at principal primes and primes in the class c2.
This candidate character on the ray class group Clg(m) = (g) ~ Cy is defined by ¥ (g) = (s,

where (g is an 8 root of unity. We summarize these eigenvalues in Table 6.29.

Table 6.29. Eigenvalues of the inner twist Hecke eigensystems at level p$ ps1

Pi32 P31 Pss2 Pssa Psor  Pso2

classin Cln | 29 69 49 4g 6g 2g

classin Clp | 2 c? 0 0 c? c?
¥(9) G ¢ -1 -1 & G
fa —6¢3 665 —14 —14 —10¢F 10¢3

fa®v(g) 6 6 14 14 =10 —-10

Thus, the system fy potentially is a twisted base change system.
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