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Let F be a real quadratic field with O its ring of integers. Let f be a quadratic
form over I with discriminant D. Using Koecher Theory and the generalized Voronoi
Algorithm, we show that there are finitely many quadratic forms with discriminant
D over F. As there are finitely many quadratic forms, we can enumerate the forms
up to a factor of the determinant of the norm of the form.

As an application, we can use these results to show a correspondence between
the class of quadratic forms over ' and the ideal class of a relative extension of F

generated by the field discriminant.
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CHAPTER 1
INTRODUCTION

1.1 Basics of Number Fields and Quadratic Forms

While the foundations of integral binary forms is generally attributed to Fermat,
Euler, Lagrange, Legendre and Gauss [Wei07|, Lagrange made the first general inves-

tigations of binary quadratic forms.

Definition I.1. A number field F is a finite degree field extension of the field of

rational numbers Q.

Definition I.2. The elements F which satisfy a monic polynomial with integer co-
efficients are called algebraic integers. The algebraic integers of F form a ring called

the ring of integers of ', denoted Of.

Definition I.3. Let F be a number field with ring of integers Op. An F-integral binary
quadratic form is a homogeneous degree 2 polynomial in 2 variables with coefficients

in the ring of integers Op. The form can be written as ax? + bxzo + c3.

For example, let F = Q, Op = Z. Then 2? + 3z125 + 623 is a Q-integral binary
quadratic form.
A binary quadratic form, f = ax? + br zs + cx2, can be represented as a 2 X 2

square symmetric matrix

IS8

Af = 2 such that f = {xl $2:| ,

[NSIIS
o
[ ]S



where x1, x5 € OF.

Definition I.4. The discriminant D of a binary quadratic form, f(zy,zs) = az? +

bri Ty + cx3 is
D = b* — 4ac.
Equivalently, D = —4 det(Ay).
The following theorem is attributed to Lagrange.

Theorem 1.5 ([SO85|). Let r be a divisor of an integer that can be represented by the
form ax? + bxyxzy + cx3 with 1, T, relatively prime. Then r can be represented by a

form AX?+ BX, Xy +CX3 with Xy, X — 2 relatively prime and B?> —4AC = V* — 4ac.

In other words, if a number r can be represented by faz? + brizs + cx3 with
discriminant D, then through a suitable change of basis, r can be represented by the

form AX? + BX X, + CX3 with discriminant equal to D.

Definition I.6. The general linear group of degree 2 over a field, GLy(F), or ring,
GL2(R) is the set of 2 x 2 invertible matrices with coefficients in F or R respectively

with matrix multiplication as the group operator.

Recall that an element v € Op is a unit in O if there exists an element v € Op

such that uvv = 1.

Definition 1.7. Two F-integral binary quadratic forms f and g are equivalent, de-

noted f ~ g, if there exists a matrix M € GLy(Op) such that

M'A;M = A,.



Theorem 1.8. Equivalent forms have the same discriminant up to a square of a unit

Proof. Let f and g be equivalent quadratic forms. Then there exist a matrix M €
GL2(Op) such that M*A;M = A,. Let Dy and D, be the discriminants of f and g

respectively. Note that as M € GLy(Op), then det(M) is a unit in Op. Then we have

D, = —4 det(A,)
= —4 det(M'A; M)
= —4 det(M")det(Ay)det(M)
— —4 det(M)?det(Ay)
= —4 udet(Ay)

= usz where u is a unit in Op.

]

Theorem 1.9. Equivalence of F-integral binary quadratic forms is an equivalence

relation.
Proof. Let f,g, and h be F-integral binary quadratic forms.

e The form f ~ f, because I'Afl = Ay, where [ is the identity matrix.

e Suppose f ~ g. Then there exist a matrix M such that M'A;M = A,, but
as M € GLy(Of), M is invertible and its inverse M ' € GLy(Of). Thus
Ap = (MY)'A;M™. Thus g ~ f.

e Let f ~ g and g ~ h. Then there exist matrices M and N € GLy(Op) such
that M'A;M = A, and N'A;N = A;,. Then by substitution for A, by M*A;M

3



in the second equation, we get N*M*A;MN = Aj. Note that (MN)" = N*M*".
As GL3(OF) is a group, then M N € GL2(Op). Thus, by definition 1.7, f ~ h.

]

Definition 1.10. A positive definite Q-integral binary quadratic form is an F-integral
binary quadratic form f(xy,x5) = ax? + bxyxs + cx3 with coefficients in Q such that
for every (z,y) € Q with (x1,z2) # (0,0), f(xe,z2) > 0. If f(xy,z9) is positive

definite then ¢ > 0 and ¢ > 0.

Definition I.11. The special linear group SLs(Z) C GL2(Q) is the group of 2 x 2

invertible matrices with coefficients in Z and determinant 1.

Definition 1.12. Two forms, f and g, are properly equivalent if there exists M &

SLs(Z) such that Ay = M*A,M.
The following theorem is attributed to Lagrange.

Theorem 1.13 ([SO85]|). There are only finitely many proper equivalence classes of

Q-integral positive binary quadratic forms with a given discriminant D.

Theorems 1.5 and I.13, while based only over Q, form the basis of a reduction
theory of binary quadratic forms, by providing a definition of equivalence (Definition
[.7) and showing that finitely many classes of forms exist per discriminant (Theorem
[.13). Gauss, Dirichlet, and Minkowski [SO85| extended these theories to quadratic
forms in n variables. Koecher Theory [Koe60] and Voronoi’s reduction theory [Vor0§]
have been used to extend reduction theory to n-ary forms over totally real number

fields.



1.2 Reduction Theory of Binary Quadratic Forms over Q

With a definition of equivalence classes, reduction theory for F-integral binary
quadratic forms can be defined. Essentially, given a reduction algorithm, a reduction
theory allows us to determine if two elements of a set are equivalent. Given two
elements of a set, we apply the reduction algorithm to the elements. If they are both
reduced to the same reduced element, the two elements are equivalent.

For example, there is an equivalence relation on Q defined as

4. g if and only if ad = be, where %,s € Q.

S

Thus, if § ~ £, then [%} and [g} are the same equivalence class. A number § € Q
is reduced if (a,b) = 1 with b # 0. Given a number g € Q, if (z,y) = 1, then § is
reduced. If (z,y) # 1 then z and y have a greatest common factor z greater than
1, which means x = za,y = zb for some a,b € Z such that (a,b) = 1. Thus divide

numerator and denominator by the greatest common factor to get the representative

7€ [Q} The representative ¢ such that (a,b) =1 is a reduced form of .
Yy Yy

Definition I.14. A Q-integral positive definite binary quadratic form, f(x;,z5) =

ax? + bri1xs + c3, is reduced over Q if either
c>a and —a<b<a,

or

c=a and0<b<a.



We need to prove existence of such a form in every equivalence class and that

there is exactly one such form in each class. See Theorem 1.15.

Theorem 1.15. Fach equivalence class of Q-integral positive definite binary quadratic

forms over Q contains a unique reduced form.

Proof. To prove existence, let C' be an equivalence class of positive definite quadratic

forms of discriminant D. Let f(x1,22) = ax? + bxyxs + ca3, represented by A; =

b

a
, be an element of C' such that a is the smallest among elements in C'. In such a
b oe
_ 0 1f |a %] |0 —1 c 2|
case, we necessarily have ¢ > a, or else = gives
-1 0| |2 ¢| |1 © 2 a

the form g(z,72) = ca? — bw1x9 + ax3 which is an equivalent form with ¢ minimal.

Then we just relabel ¢ and a so that a is minimal.

1 h
Now letting € SLy(Z) act on f for h = |(a — b)/2a] gives an equivalent

0 1

form j(z1,79) = d/2? + b'xyw9 + 22, where a = @’ and b € (—d',d]. Since d’ = a
is minimal, similarly as above, we have ¢’ < ¢. If d/ < ¢ or ’ = ¢ and V' > 0,
the form is reduced by Definition 1.14. However, if ' = ¢ and & < 0, we see that
J ~ k(z1, 1) = do? + —V'x129 + d'73 is an equivalent form that results in a reduced
form. So every equivalence class of positive definite quadratic forms of discriminant
D has a reduced form.

To prove uniqueness, let f(xy,z3) = ax? + brizy + cx3 and g(x1,20) = d'z? +

p g
Vx12z9 + '3 be reduced forms of C. Since f ~ g there exist M = € SLy(Z)



such that MA;M" = A,. Computing

IS
|

VAL pPa+pro+r*c  pga+ (pgrs)t +rsc
f = = 5

pga+ (pgrs)t +rsc  g*a+ qsb+ s*c

o
)

we have a' = ap? + bpr + cr?. As f is reduced, a is minimal among the equivalent
forms in C' and [b| < a <ec.

Ifﬁ<1,Wehavethat0§1+§£§2and
/ 2 2 2 br 2
a =ap”+bpr+cr=ap° 1+ — | +cr.
ap

Thus a’' > ap? (1 + 2—;) +ar? > a(p®* +r?) > a.

Similarly, if 2 < 0 we have that 0 < 1+ 22 <2 and

bp

a > ap?® + ar? (1—1——
cr

) > a(p® +1%) > a.

This means that «’ is minimal if and only if @’ = a. Then o’ = a and M is of

1 h
the form , which means that = b+ 2ah for some h. As f and g are both
0 1

reduced, then b, b’ € (—a,a], which means that h = 0. With A = 0, M is the identity

matrix, and Ay = A,. O

Over Q every equivalent form has the same discriminant up to the square of a unit
in Z. Since 1 and —1 are the only units in Z, every form in a given equivalence class
has the same discriminant. We show that there are finitely many equivalence classes

per discriminant and therefore have finitely many reduced forms per discriminant.



Theorem 1.16. For D < 0, there are finitely many equivalence classes of Q-integral

positive definite binary quadratic forms per discriminant D. Denote this number by

c(D).

Proof. Let f(xy,73) = ax? + bryzs + cx3 be a reduced Q-integral positive definite

binary quadratic form. Because |[b| < a < ¢ then
40> < dac=V*—D < a®>— D,

and so

[—D
—a<b§a§ T

Thus, the values for a and b have an upper limit. As ¢ is a function of D, a, and b, ¢

also has a limited number of values. O

Example 1.17. Assume that D = —4. By Theorem 1.16, a reduced form with
discriminant D can only have the values a = 1 and b € {0, 1}. However, b cannot be
an odd integer, because D = 0 (mod 4) and 4ac = 0 (mod 4), thus b = 0 (mod 4).
Therefore b # 1. Thus there can only be one reduced form in the equivalence class
of Q-integral positive definite binary forms for discriminant —4. Namely, f(z1,x2) =
x?2+423 is positive definite and the reduced Q-integral positive definite binary quadratic

form with D = —4.

Example I.18. Assume that D = —15 = 3 (mod 4). By Theorem .16, a reduced
form with discriminant D can only have the values a € {1,2}. As b must be odd,
then b € {—1,1} depending on the value of a. Recall that ¢ is determined by D, a

and b. Thus we see in Table 1 that there are only two reduced forms with D = —15.



Table 1. Reduced Q-integral binary quadratic forms with D = —15.

a| b | c | positive definite? reduced?

1|1 |4 True Yes

21 —-1|2 True No, because ¢ = a so 0 < b.
211 |2 True Yes

Table 2. Reduced Q-integral binary quadratic forms with D = —47.

a| b | ¢ | positive definite? reduced?

1] 1 |12 True Yes

21 —-116 True Yes

211 |6 True Yes

3| -1 4 True Yes

311 | 4 True Yes

31 3 % True No, because c is not an integer.

Example 1.19. Assume that D = —47 = 3 (mod 4). By Theorem 1.16, a reduced
form with discriminant D can only have the values a € {1,2,3}. As b must be odd,
then b € {—1,1,3} depending on the value of a. Recall that ¢ is determined by D, a

and b. Thus we see in Table 2 that there are five reduced forms with D = —47.

In the next chapter, we will discuss Koecher Theory from which we can describe
a reduction theory of positive definite forms over totally real number fields. We will
then use a generalization of Voronoi’s algorithm to find a domain for these forms and
then prove that there are finitely many equivalence classes of positive definite forms
of a given discriminant. Those conditions allow us to count the number of classes of

positive definite forms.



CHAPTER II
KOECHER THEORY

Let V' be the 3-dimensional vector space of 2 x 2 symmetric matrices with co-
efficients in R, Sym,(R). A binary quadratic form can be represented by a matrix
in Sym,(Q) C Sym,(R). Let C' C V be the set of positive definite matrices. Then
for c € C;Ac € C for A > 0. So we see that C' is a cone. Voronoi [Vor08| proved
that C' could be decomposed into a union of cells parameterized by perfect binary
quadratic forms over Q. He showed that there are finitely many rational perfect n-ary
quadratic forms up to GL,(Z) equivalence and that the cones defined by nonequiv-
alent perfect forms form a domain, containing representatives from each equivalence
class of quadratic forms. A fundamental domain is a subset of the space containing
exactly one representative from each orbit of the action of GL,(Z) on the space. The
domain Voronoi produced is not a fundamental domain, as there are more than one
representative from most equivalence classes. However if we consider the action of
the stabilizer of the cone, we can choose unique representatives. Thus up to an action
of the stabilizer of the cone, Voronoi created a reduction theory.

Koecher [Koe60| generalized Voronoi’s reduction theory to positivity domains over
arbitrary number fields using perfect points. For a description of Koecher’s reduction
theory of positivity domains, we’ll closely follow Gunnells and Yasaki’s explanation
in [GY12].

Let V' be a finite dimensional vector space over R. Let ( , ) : V xV — R be a

positive definite symmetric bilinear form. For a subset C C V, let C represent the
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closure of C. Let C° represent the relative interior of C' and dC' = C'\ C° represent
the boundary of C.

Definition II.1. A subset C' C V is called a positivity domain if the following

conditions hold:
e (' is open and nonempty.
e (x,y) >0 forall z,y € C.
e For each z € V' \ C there is a nonzero y € C such that (x,7) < 0.

Let D C C'\ {0} be a nonempty discrete subset. Then for x € C, let

pla) = inf{(d, )}.

Koecher [Koe60| proved that u(z) > 0 and that there are finitely many d € D for
which the infimum is achieved. This finite set, denoted M (z), is referred to as the

set of minimal vectors for x and defined by:
M(z) = {d € D | (d,2) = u(x)}.

Definition I1.2. A point z € C' is called perfect if the span M(z) = V.

Note that if x € C' is perfect, then Az for A > 0 is also perfect, because M (Azx) =

M (z) still spans V. Let ®(D) denote the set of all perfect points x with pu(z) = 1.

Definition II.3. A nonempty discrete subset D C C '\ {0} is said to be admissible if

for any sequence {z;}, converging to a point in 0C, we have lim u(x;) = 0.

11



The definition of an admissible set D is important because Koecher [Koe60| proved
that if D is admissible, then ®(D) is a discrete subset of C' and provides a polyhedral
decomposition of C. That decomposition is what makes Koecher’s reduction theory

work.

Definition I1.4. A polyhedral cone in a real vector space V' is a subset ¢ such that

p
O':O'(’Ul,...,’l}p) = {Z)\l’l}z ’ )\z 20},
=1

where vy,...,v, is a fixed set of vectors. We say that vy,...,v, span o and the
dimension of ¢ is the dimension of its linear span. If the dimension of ¢ is n, call o

all n-cone.

Recall that if x € ®(D), then x is perfect and the linear span of its minimal
vectors M (x) =V, so we can talk about the cone defined by M (x). Let o(x) denote

the cone

o(x) = {Z)\dd | )\dZO,dEM(Uv)}a

which Koecher calls the perfect pyramid of x.
Let ¥ be the set of all perfect pyramids with all their proper faces as x ranges
over all points in ®(D), the set of all perfect points. Koecher [Koe60, § 5.1] proved

that for admissible D, the perfect pyramids have the following properties:
(a) Any compact subset of C' meets finitely many perfect pyramids.
(b) Two different perfect pyramids have no interior point in common.

(c) Given any perfect pyramid o, there are only finitely many perfect pyramids o’

such that 0 N ¢’ contains a point of C'. Such ¢’ is referred to as a neighbor of o.

12



(d) The intersection of any two perfect pyramids is a common face of each.

(e) Let F be a codimension one face of a perfect pyramid o(z). If F meets C, then
there exists another perfect pyramid o(z’) such that o(z) No(z’) = F. Note that

if € 0C, F is referred to as a dead end, because o(z’) does not exist outside C.

(f) Then C' =, 5,0 NC.

Definition I1.5. A fan A is a collection of cones that satisfy the following conditions.
(1) If Fis a face of 0 and 0 € A, then F € A.
(2) if 0,0’ € A, then c No’ = F is a face of both ¢ and ¢’

Condition d implies that ¥ is a fan. We refer to ¥ as the Koecher fan, and o € ¥

as the Koecher cones.

Theorem I1.6. Let G C GL(V) be the group of automorphisms of C. LetT' C G
be a discrete subset such that I'D = D. Koecher [Koe60, § 5.4] proved that if D
1s admissible, then T acts properly discontinuously on C'. Thus we have a reduction

theory for I' in that

(RT1) There are finitely many I'-orbits in X.
(RT2) Every x € C is contained in a unique cone in X.

(RT3) Given any cone o € ¥ with o N C' # 0, the group {y € T | yo = o} is finite.

If we choose representatives o1, . . ., 0, of the orbits of I' in ¥ and let Q = ((0;NC),
then every form of C' is represented in €2, but not uniquely. Each of the o; have a
finite stabilizer subgroup I'; of I'. So, to construct a fundamental domain, we take a

form from the set {7ixvy; | v; € Iy, x € 03},

13



Definition I1.7. A totally real number field is a number field F in which all the

embeddings into the complex numbers, C, are real numbers.

Example II.8. The number field Q(v/2) is a totally real number field. It has two

embeddings into C,
(1) o1 : Q(v/2) = C defined by ¢y (a + bv/2) = a + by/2, and
(2) 2 : Q(v/2) = C defined by py(a + bv/2) = a — b2

with a,b € Q. Because a,b, and v/2 are real numbers, then all the embeddings of
elements in Q(1/2) are real numbers.

However, Q(1/—2) is not a totally real number field because the embedding
¢ : Q(v—2) = C defined by ¢(a + bv—2) = a+ bv/—2

is not a real number.

Let F be a totally real number field with d embeddings in R and ring of integers
O . Define o : F — R as

where a € F and o;(«) is the ith embedding of a in R. We set o; = o;(«). Similarly,

if A € Mat,«,(FF), then Aj, refers to the matrix whose (ij)th entry is o4 (A4;;).

a b
Let V = Sym,(R)4, where Sym,(R) = | a,b,c € R » . Let SymJ (R)
b ¢

represent the set of positive definite symmetric matrices with entries in R. For A € V|

A == (Al,AQ,...,Ad>.

14



Definition I1.9. The inner product (, ) : V x V — R is defined as
(A,B) =Y Tr(A;B;) for 1 <i<d.
There exists a natural embedding ¢ : Sym,(IF) — V given by

$(A) = (Ay,..., Ad),

which defines a rational structure on V.

Define the map ¢ : 0% — Sym,(F) by
q(v) = vt

Let C CV =[] Symj (R). Then C is a positivity domain [Koe60, §9].
Let D = {q(v) | v € O2\{0}} € C\ {0}. Then D is an admissible set [Koe60,
Lemma 11]. Thus ®(D) is finite, and we have a Koecher fan.

The group GLy(R)? acts on V by

(g-A) =gAg".

This action preserves C' and is the automorphism group of C.
If we then find the stabilizers of the individual cones, I'(,), in our Koecher Fan,
we have a reduction theory for C. For each x € ®(D), fix d € M(x). Then a form

A € o(x) is reduced if

(A, q(d)) = min{(vA, q(d)) | v € Toa)}-

15



Note that C' can be viewed as the space of real-valued positive definite quadratic

forms in n variables. If A € C, then define Q4 on F™ by

Qalx) = Z ot A,

Thus we have a reduction theory on the set of positive definite quadratic forms over
F.

We also have a reduction algorithm for forms in C'
Algorithm II.10.
Input: yeC, X
Output: v’ ~ y such that ¢/ € &
Let v = min{(y,0)|oc € ¥} and F' = ¢ associated with v.
e For each neighbor ¢’ of F', compute (y,o’).

e If there exists a neighbor ¢’ with (y,0’) < v, replace F' with o', v with (y, o),

and return to step one.
e Otherwise, terminate the procedure: y lines in the cone F'.

e For each 0 € ¥ and each neighbor ¢ of ¢ there is v € G the automorphism

group of C' such that yo' € X. So vy € X.

16



CHAPTER III
VORONOI ALGORITHM

Theorem I1.6 gives a reduction theory on the set of positive definite quadratic
forms over a totally real number field, but such a theory isn’t particular helpful in
finding the Koecher fan and cones over F. Fortunately Voronoi [Vor08|] created an
algorithm for finding these cones, defined by perfect forms (see Definition 11.2), over
@, which can be generalized to cones over F (see Algorithm II1.3). Ong [Ong77|
used this algorithm to find cells associated with perfect binary quadratic forms over
Q(v/2),Q(v/3) and Q(+/5) and Leibak [Lei05] used it to find cells associated with
perfect binary quadratic forms over Q(v/6).

To find the representatives of the perfect pyramids in the Koecher fan, o € X, we
begin with a perfect form z; and its cone o(x;). We then find the neighboring
cones o(xg),...,0(x,), which we already know to be finite by Theorem I1.6. Retain
neighboring cones o(x;),i € {2,...,n}, which are mutually non-equivalent and not
equivalent to o(z;1). Then the procedure is repeated for each new non-equivalent
perfect form. As the classes of perfect forms are finite, so are the cones representing
them. We eventually come to a point such that we find no new non-equivalent perfect

forms and thus obtain .

3.1 Over Q

Following Schiirmann [Sch09]| we illustrate the Voronoi algorithm for the space of

positive definite binary quadratic forms over Q.
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2 1
Example II1.1. Let x; = 2a® + 2ab + 2b? represented as A,, = . Then, the
1 2

minimum value of 1 is p(z1) = 2, and the set of minimum vectors for z; is

Finding the minimal vectors is nontrivial. For this, we can use the Algorithm of Fincke
and Pohst [FP85]. Given a perfect form z and a constant C' > 0, this algorithm will
find all d € Z" such that z(d) < C. Then M (x) consist of those d € Z" for which
x(d) = p(d). To find the neighbors of o(x;), we now need the extreme rays that define
the faces of our o1(x1). Let R be the set of rays, r; such that r; is perpendicular to a
face of o(x), defined by a subset of M (z), and (dd', r;) > 0 for all other d € M (x). The
neighboring forms of o1(x;) are of the form x; + pr; for r; € R,i € {1,2,3} and p is
the smallest positive number such that p(xq) = p(z1+pr;) and M (xy+pr;) € M(zy).

To find p use the following algorithm.
Algorithm III.2 (Determination of p.).
Input:  Initial upper and lower bound.
Output: p.
(1) Initialize upper and lower bounds for p. Say u =1 and [ = 0.

(2) If x; + ur; is not positive definite, then u is too large. If p(xy + ur;) = p(xq),

then wu is too small. So do the following until x; + ur; is positive definite and

p(@y + ur;) # ().

18



(a) If 21 + wr; is not positive definite, set u = (I + u)/2, else set | = u and

U = 2u.
This provides an upper and lower bound of p.

(3) If M(xy + lr;) € M(x;), then [ # p and we have to reduce the range of our

bounds. Begin by setting a = (u +1)/2.

(a) If p(xy +ar;) > p(x;), then p is in the upper half of the range, so set [ = a.
Otherwise p(z1 + ar;) < u(x;), then p is in the lower half of the range, so

set
w = min{(p(x;) — x;(v))/ri(v) | v € M(z; + ar;),r;(v) <0} U{a}.

(b) If p(zy + wry) = p(x;), just set [ = u.
Then repeat until M (zq + lr;) € M(x;).

(4) Now we have that | = p.

Following Voronéi’s algorithm, as described by Schiimann, we get the neighbors

2 -1 6 3 2 3

of z; to be N, = , , . Then, when we check for equiva-
-1 2 3 2 3 6

lence, we find that th_ese neighbors are equivalent to our perfect form x; via matrices

-1 1 -1 -1 -1 0
, and , respectively. Thus, 3 = {o(z1)} for positive
1 0 0 -1 -1 -1

definite binary quadratic forms over Q.
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3.2 Over A Totally Real Number Field

Let [F be a totally real number field with d embeddings in R and ring of integers
Op. Let V = Sym,(R)? and (,) : V x V — R be the inner product defined in II.9.
Recall from the previous chapter that ¢ C V = [ Symj (R) is a positivity domain
and D = {q(v) | v € O \ {0}} is an admissible set. Recall that M(z) = {d €
D | z(d) = p(x)}. We can still use Fincke and Pohst to find M (z) by utilizing the
map ¢ in equation IV.1 that takes forms from Sym,(F) — Sym,(Q). The extreme
rays, 7; € R, can be found using linear inequalities such that (r;, d;d:) = 0 for all

d € M(x) that define the face F; and (r;, dd") > 0 for the remaining d € M (z).
Algorithm III.3 (Generalized Voronoi Algorithm).

Input:  Number of variables, n, in the n-ary form and F.

Output: A complete list of nonequivalent perfect forms in Sym T,

Begin with a perfect form x.
(1) Compute M(z) and R.
(2) Enumerate r € R such that R = {rq,...,rx}.
(3) Determine contiguous perfect forms x; = x + pry,i € {1, ..., k}.
Algorithm III.4 (Find Contiguous Perfect Forms).
Input:  Perfect form = and r;.
Output: p > 0 with p(z + pr;) = p(x) and M(z + pr;) € M(z).
(l,u) + (0,1)
while = + pr; is not positive definite or u(x + pr;) = p(z) do
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if u(x + pr;) # p(x) then
u<— (I+u)/2

else
(l,u) « (u,2u)

endif

while M (z + pr;) € M(z) do

a+ (u+1)/2

if u(x + pry) > p(z) then
[+a

else
w < min p(z) — (z,00") /(ry,vv") | v e M(xz+ pr;) U{a}

endif

if p(z + pr;) = p(x) then
l+—u

endif

end while

return [

(4) Test if z; is equivalent to known perfect forms.
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Repeat steps 1 — 4 for new perfect forms.

Definition III.5. A collection of n elements of O, s1,Ss,...,S,, such that every
element of O can be written as a Z linear combination of these elements is called an

integral basis for Op. We say that Op = [s1, 59, ..., Su).

Theorem II1.6. Let F = Q(\/ﬁ) where d € Z,d > 2 and d is square free. Then

[1,w] ={al 4+ bw | a,b € Z} is an integral basis for O, where

Vd ifd=2,3 (mod 4)

LVd fd=1 (mod 4).

Theorem II1.7. There are exactly two perfect positive definite quadratic forms over

Q(v2).

Proof. Apply Algorithm II1.3 to the space of positive definite forms over Q(v/2). We
have that z; = (3 + jw)a® + (5 + sw)ab + (3 + w)b?, is a perfect form represented

Tw+2) (2w+2)

by A, = . Then p(zy) =1 and
t2w+2) F(w+2)
—w—+1 1 —w+1 1 0 0
M(xl) - ) P P ) )
w—1 —1 0 0 —w+1 1

Using the generalized algorithm above, we find that o(x;) has six neighbors:

N:E1 = {nlu na, N3, Ny, N5, nﬁ}
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where

ny =
T2w+3) 3(2w+3)
1 1]
2 1
ng =
: w+2)
i(w +2) %(—w —1)
Ny =
}t(—w— 1) i(w+2)

, 12w+3) (2w +3)

y 102 — )
%(2w—|—3) i(w—k?)
%(w+2) i

y g = ) ) )
I

and n %(W+2) i(w—kl)

) 6 —

}t(w—l—l) Lll(w—i-Q)

When we check for equivalence, we find that n; is not equivalent to 1, so we place

it in our list of nonequivalent perfect forms as xo. Then n; for i € {2,3,4,5,6} are

either equivalent to x; or xs.

We repeat the process for z,, finding that pu(zy) = 1 and

1 —w—+1
M(Qfg)— ’
w— 2 w—1
w41 1 2
—w —w+1 -1

1 w+1 —w+1 1
—1 —1 0 0
—w 0 w

1 —w+1 —w+1

We find that o(z5) has 24 neighbors. When tested for equivalence, all 24 neighbors

are equivalent to either z; or xy. Thus X = {o(z1),0(x2)} for positive definite binary

quadratic forms over Q(v/2).

]
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CHAPTER IV
FINITENESS OF EQUIVALENCE CLASSES

To show that there are finitely many equivalence classes per discriminant of a
positive definite integral binary form over a real quadratic field, we will utilize a
theorem of Eisenstein and Hermite. This theorem says that there are finitely many
isomorphism classes of positive definite bilinear spaces over Z of given discriminant
and dimension. We provide a map from Sym,(F) — Sym,(Q) and invoke Theorem
IV.5. But as equivalent forms have the same determinant up to a square of an element
in Sym,(Op), Theorem 1.8, we must resolve an issue of discriminants of the form in
Sym,(Q) . But we show in Theorem IV.3 that the determinant of a form in Sym,(Q)
mapped from Sym,(F) has determinant equal to the norm of the determinant of the

form in Sym,(F) times the square of an element in Sym,(OF).

Definition IV.1. [SO85] A bilinear space over Z is a pair (N, b) where N is a finitely

generated free Z-module and b: N x N — R a Z-bilinear symmetric mapping.

Definition IV.2. Two bilinear spaces (N,b) and (N', ') are isomorphic if there is a

Z-linear isomorphism a : N — N’ with
V(az,ay) =b(z,y) forall z,y € N.

a+ a/w b+b’w
2
Let A € Sym,(F) = and define a map ¢: Sym,(F) — Sym,(Q)
—b+§'“’ c+dw
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T(A T(wA
so(A)[ W 1, (IV.1)

where T'(C) = [Tr(cm) Traz) ] .

Tr(CQJ) Tr(CQVQ)

142w
For example, if A € Sym,(Q(v/2)) = , then
% 2+ 1w
T(A) T(wA)
o) = (1v.2)
T(wA) T(w?A)

Tr(l+2w) Tr(#X) Tr

( ) T(
Tr(H4%)  Tr(2+4 lw) Tr(2w+6) Tr(2w + 2
Tr(lw+4) Tr(2w+6) Tr( ) (

( ) T(

Tr(2w+6) Tr(2w+2) Tr

2 4 8 12

4 4 12 4
= . (IV.3)
8 12 4 8

12 4 8 8

Theorem IV.3. For ¢(A),

(4d)2N(det(A))  for w =+/d
det(p(A)) = :
d>N(det(A)) for w = Y4

2
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Proof. Assume A and ¢(A) as in equation IV.1.
If w = V/d, the determinant of p(A) is

det(p(A)) =16a2c2d? — 16a**d® — Sab*cd? + 16abb ' d?
— 8ab?cd® — 16a2d® + 16a"%*d* — 84'b*d d®

+16a’bV ed® — 8a'b*dd* + b*d? — 20?02 d® + bd*
and the norm of det(A), N(det(A)), is

1
N(A) =a*c® — a*c*d — §ab20 + abb'cd
1 1
— §ab'20d —d?Pd+ d?*d? — =d'bed
+a'bb'ed — 1CL'Z)’2c’ci2 + L
2 16 8 16

—b4 o lb2bl2d+ ibl4d2.

(IV.4)

(IV.5)
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HTw=

2

det(p(A))

L+Vd The determinant of ¢(A) is

1 1
:a202d2 —|—a2CC,d2 _ Za20/2d3+ Za2cl2d2
1 1
+ ad' Pd® + ad e d* — Z—laa’c’zd‘o’ + Zaa’c'2d2

1 1 1 1
— Qabzcd2 — ZabQC'd2 — §abb'cd2 + Zabb’c’d?’

1 /I 32 ]‘ /2 3 ]‘ 12 2 1 12 1 13
—Zabbcd —gab cd —gab cd +Eab cd
o 1—16ab/26/d2 o iaQCQdS ‘l‘ %aQCQdQ o ialQCC/dg

1/2 /2 i/2/24_1/2/23 i/2/22
—|—4accd—|—16acd 8acd+16acd

1 1

1 1
o 12 92 = 2 /g3 12 g2 = I A3
4ab cd 8ab cd 8ab cd +4abbcd

1 1 1 1
— —ad'bed® + =d'bb'dd® — =a' b d? + —d'b*ed?

4 8 8 16
. ia/bQCdQ _ ia/bacld4 + ia/b/201d3 _ ialbIZC/dQ
16 32 16 32
+Lutd g Spvar — S+ 2 ped
16 8 32 32
1 1 1 1
. _bb/3d3 _bb/3d2 _b/4d4 o _b/4d3
32 + 32 + 256 128
1
_bl4d2
+ 256

(IV.6)
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and N (det(A)) is

1
N(A) =a*c® + a*cd — 1

a?

1

2d + —a2c?

4

1 1
+ad'é + ad'ed — Zaa’c’zd + Z—iaa’c’2

1 1

— iabQC — ZabQCl —

1 1
§abb'c + Zabb’c'd

1 1 1 1
— Z—labb’c' — gab’%d — gab’% + 1—6ab’2c'd
1 1 1 1
— 1—6ab'20' — ZCLIQCQd + Za’QCQ — Z—Lalgcc'd
1 1 1 1
n ZCLIZCCI n 1—6a’2c’2d2 B ga/2cl2d+ 1_6a/26/2
1 1 1 1
— Za/bZC — ga'bZC’d — ga'b%l + Za'bb’cd
1 1 1 1
— Z—la'bb'c + ga’bb’c’d — ga'bb’c' + 1—6a'b’2cd
_ 1_16alb/20 _ 3_12a/bl2cld2 + 1_16a/b120/d _ 3%&’[)'20,

1 1 1
+ —b* + b — ﬁb%’?d +

1 1 1
+ _bbl3 + _bl4d2 _ _b/4d+

16 8

32 256

So, for (A) where w = V/d, we have det(p(A)) = (4d)2N(det(A)).

3 2772 1
2" 5
1

_bl4
256

b'3d

Iv.
128 (v-7)

Similarly for

Vi e have det(p(A)) = d2N (det(A)). O

Since {1,w} is a Z-basis for Og, we have B = {[1,0]", [0, 1], [w, 0]*, [0, w]'} is a Z-

w= -5
L1
_ ) Tyt xow| |3
basis for Og. Then is
T3 + Taw )
L4

computation yields the following result.

in basis B, denoted z 5- A straight-forward

28



Theorem IV.4. Given Ay in Symy(Of) and x € O3,

Trp(s'Asz) = 2'50(A)z .

Theorem IV.5 (|SO85, Eisenstein, Hermite|). There are only finitely many isomor-
phism classes of positive definite bilinear spaces over Z of given dimension n and

gien determinant D.

Theorem IV.6. If o(A),p(B) € Symy,(Q) are GL4(Z) equivalent, then A, B €

Symy(F) are GLy(Or) equivalent.

Proof. Let p(A), p(B) € Sym,(Q) be GL4(Z) equivalent and in the range of ¢. Then
there exists M € GLy(Z) such that M'p(A)M = ¢(B). As p(A) and ¢(B) are in

TI'(AZ‘]‘) TI‘(CUAZ']')
the image of ¢ then they are respectively of the form and
TI'(WAU) TI'(MQAU)

for some A, B € Symy(FF). As ¢(A) and ¢(B) are GL4(Z)
TI'((,(}BZ']‘) TI'(WQBZ‘]‘)

TI'(Bij) Tr(wBij)

equivalent, then MfwAM must be . Let

m n md n'd

. o p Jdd pd
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Then

NIt ()N = Tr(M'AM;;)  Tr(wM'AM,;) - Tr(By;)  Tr(wBij)
Tr(wM'AM;;) Tr(w?M'AM,;;) Tr(wBj;) Tr(wBy;)

m+mw n+nw
where M = € Sym,(F). And so A ~ B. O
o+odw p+pw

Then by Theorems IV.5 and IV.6 we can conclude the following result.

Theorem IV.7. There are finitely many positive definite forms per discriminant over

real quadratic fields.

30



CHAPTER V
ENUMERATING FORMS

In the last chapter, we showed that there are finitely many equivalence classes per
discriminant of positive definite integral binary forms over real quadratic fields. Then
that means that if we fix a discriminant D and a totally real quadratic field I, then
there is an upper bound on the total number of positive definite integral binary forms
over . We don’t know how to calculate this bound, but we know it exist. Therefore
we can compile data, looping over positive definite forms in a systematic way, and
count nonequivalent forms per discriminant.

To begin, we need the Koecher fan, ¥, for positive definite forms over F. To
determine if a form belongs to the Koecher Fan, we also need the neighboring forms
{n1,n9,...,ni} of each perfect pyramid, o(x) € X. We can find these using the
Generalized Voronoi Algorithm II1.3. Recall that we are using the inner product I11.9.

Then for any positive definite binary forms, f, f € o(x) if and only if

(o(x), f) < (ng, f) fori e {1,... k}. (V.1)

To find our positive definite forms, recall that a form f = az? + bxyzy + cx3 is
positive definite only if a and c are totally positive. For a € O where [ is a quadratic
field, then it is of the form a = a1 +asw, ay,as € Z. Then a has two embedding into R,
namely a; + asw and it’s conjugate a; — asw. For a to be totally positive, a; +asw > 0
and a; — asw > 0. Solving the system of linear inequalities, we find that a; must

be positive. Then we see that a; & asw > 0 sets bounds of &[] for ap. Similarly,
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¢y > 0 with [[£ || > ¢5. Now note that D = b® — 4ac and that if f is positive definite,
then D < 0. If we systematically loop over a to find our positive definite forms, we
can substitute a for ¢ and look at a maximum D = b? — 4a? per a. As b? is always
positive, then 4a? > b? if D < 0. As b = b; + bow in Op, if we assume that by = 0, we

can find limits on b;. Recall that [[?* || > ag, thus
4(2a1)? > 4(a; + agw) > bi.

So by < |4a;|. And finally, ¢ is a function of a,b and D.

With all of these relations, if we begin with a; a positive integer, then we can
create a list of possible ay. Then for each combination of aq, as, we allow ¢l to range
over {1,2,...,al} and find a list of each ¢, acceptable for each ¢;. Then to pair with
each of these combinations, we find a list for by € {—4ay,...,4a}, and for each by,
the corresponding list of by € {—[24=r| . |491=01 |} This system will find forms
that are not positive definite, but once we check them against the system described
in V.1, non-positive definite forms will be excluded anyway. For example, if we are
working over Q(\/ﬁ) and we want to systematically work through positive definite

binary quadratic forms, we begin with a; = 1. Then we have

ST Y A

c € {1} and Coy € {O}

Then we have that b; € {—4,...,4}. Then we have to choose acceptable by for each

bi. See Table "Example Loop for Positive Definite Forms over Q+/2". If the form is
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Positive Definite, then we can determine if the form is in our Koecher Fan.

Table 3. Example Loop for Positive Definite Forms over Q(v/2).

ap | as | ¢1 | ¢ | by ba Positive Definite? | In X7
10| 1]0-4]{5,..,5} 1no 1no
L]0 |1]0-3]{4,..4} no 1no
10| 1]0|-2|{3,...,3} no no
10| 1]{0]|-1]{3,...-1} 1no 1no
1101 ]0]-1 0 yes yes
10 |1]0]|-1] {1,...,3} 1no no
17071700 -2 no no
110117010 -1 yes no
170717060 0 yes yes
110]1]0]0 1 yes no
17071700 2 no no
L]0 |1]0|1]{2...-1} no no
117011701 0 yes no
Lo 1j0|1]| {1,..,2} no no
L0102 {1,...,1} no no
110]1]0]3 0 no no
11010} 4 0 no no
17071105 0 no no

Once we have determined if a positive definite form belongs to ¥ and then to which
cone, o(x), the form belongs, we can use the stabilizer of the cone and the stabilizers
of the faces of the cone to find nonequivalent forms of the same discriminant. We
need the stabilizer of the faces, because the stabilizer of the cone will not permute

the form to equivalent forms on the faces.
Algorithm V.1 (Finding Nonequivalent Forms of the Same Discriminant).

Input:  List of Distinct Forms with same Discriminant, List of Stabilizer

Groups for o(z) and the faces of o(z)

Output: List of Nonequivalent Forms with Same Discriminant
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For f in List of Forms:

For ~ in List of Stabilizer Groups

If o' fv # f:

If ++'f~ € List of Forms:

Remove ~' f~ from List of Forms.

Return List of Forms.

Repeat for each o(z) € X.
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CHAPTER VI
CLASS NUMBERS

In Chapter IV, we showed there were finitely many classes of positive definite
quadratic forms per discriminant over a totally real field, or more briefly, the class
number is finite. As an application, we can show a correspondence between the
classes of quadratic forms over a totally real field F and the ideal classes of a relative

quadratic extension K of F generated by the field discriminant.

6.1 Correspondence of Forms and Ideals over

Let E = Q(v/D) where D < 0 is the discriminant of E (see definition VI.3). Let
@ represent the conjugate of a € E. Equivalence classes of binary quadratic forms
with determinant D have a finite abelian group structure. We show that there is a
bijection between equivalence classes of quadratic forms and equivalence classes of

ideals of quadratic fields.

Definition VI.1. An integral ideal, I, is a set of elements of O such that
(1) if o, € I, then a+ g € I, and
(2) al C I for all o € Og.

Theorem VI1.2. Suppose I C Og is an ideal. Then there exists o, B € Og such that

I ={za+z8 | 1,29 € Z}.
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An integral basis for Og is not unique. Any other integral basis of I is of the form

where A is a 2 X 2 matriz with entries in Z such that det(A) = 1.

Definition VI1.3. The field discriminant, Dg, is the determinant of the matrix, M =
5

a p
Definition VI.4. A basis [a, 8] for an ideal I is correctly ordered if

where [a, (] is an integral basis for Og.

where @ is the conjugate of «, similarly for S.

Theorem VI.5. Any two correctly ordered bases of an ideal I are equivalent by an

element in Slia(Z), and conversely.

Proof. Let [a, f] = [0,7], both correctly ordered bases for an ideal I. Because 4,7y are

a different basis for I , there are a,b, c,d € Z such that

Q
Ql
IS
S8
=
|

=
sy
aQ
ISH
2
=2
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Taking determinants, we have a8 — & = det(M) (67 — ). Since [a, 8] and [4, 7] are
correctly oriented, then det(M) = 1 and M € SLy(Z). Conversely, if M € SLy(Z)

and [0,7] is correctly oriented then

a bl |8 ¢ a @
A I BB
and by taking discriminants again, we see that [a, ] is correctly oriented. O

Definition VI1.6. Two ideals I, J C O are equivalent, denoted I ~ J, if there exists

a, 8 € Og such that
al =p4J and N(apf) > 0.

The set of equivalence classes generated by this definition of equivalence will be de-

noted Cl(Okg).

Definition VI.7. Let I, J be ideals in Og. Then the product of I with J, denoted

1J, is the set of all finite sums of elements of the form af with o € I and 3 € J.

Definition VI.8. Let I be an nonzero ideal of Og. Let [«, 8] be an ordered basis for

I. The norm of I, N(I) = 222,

Theorem VI1.9. Multiplication of ideals gives Cl(Og) an abelian group structure in

which the ideal class of Og = (1) is the identity element.

Proof. 1f I, J are ideals in Og, then their product is also an ideal in Og. Multiplication
of ideals is associative and commutative as multiplication of elements in O is commu-
tative and associative. Multiplication of ideals induces a well-defined multiplication

of ideal classes. Let I ~ J; and Iy ~ Jy. Then there exists aq, 51, ag, B2 such that

37



a;1; = B;J; for 1 = 1, 2. Multiplying these two equalities, we get ayasl1 Iy = B182J1Js,
thus I;15 ~ JiJo. Finally, we need to show that every element of CI(Og) has an in-
verse. Let I = [, ] be an ideal of Og. Then the ideal I generated by the conjugates
of I is [@, 3]. The product IT is the principal ideal generated by the positive integer
N(I). Thus IT ~ (1), so I has an inverse. O

Theorem VI.10. Let I be an ideal in Og and let [a, 5] be a correctly ordered basis

for I. Then the quadratic form

N(a)z? + Tr(af)z12y + N(B)3
N(I)

= ax? + brywy + el

f(ivbl"z) =

has integral coefficients and is a primitive form of discriminant D.

Proof. The numerators of a,b,c € Z as they are norms and traces. Likewise, the
denominator N(I) € Z. The numerators are also elements in (N (I)). So there exists

elements, j, k,l € Og such that

__am_j(N() _
“NO N
_aB+pBa  k(N()

b N N =k, and

98 _UNU)
N({I) NIy ©

Since a and N(I) are both in Z and j € O, then j € Z. Similarly, k,l € Z. Now,
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[, 3] is positively oriented, thus aff — @ = \/EN(I). The discriminant of FF is

(aB+@p)?  oafpB
N(I)? N(I)?
(a8 —ap)

N(I)?
_ DN(I)?
- ON(I)?

b? — dac =

=D.

Now, we just need to show that (a,b,c¢) = 1. If m is a positive divisor of (a,b,c),
then m?|(b? — 4ac). If D = 1 (mod 4) then D is squarefree, and m = 1. If d = 0
(mod 4), then D' = & where n € Z is squarefree and D’ # 1 (mod 4), so m =1 or
m = 2. If m =2, write a = 2a’,b = 2V, c = 2¢ for integers o', V', ¢ and b’ odd. Then

b? — 4ac = 4b? — 16a'c’ = 4d'. But this implies that

40* = 4d"  (mod 16) implies b” = d’  (mod 4).

With o' odd, b? = 1 (mod 4), which contradicts that d’ # 1 (mod 4). Therefore,

m = 1 in all cases, and f is primitive. O

Theorem VI.11. Let f(x1,22) = Ax? + Brixg + Cx3 be a quadratic form of dis-

criminant D.  Write f(x1,22) = t(ax? + brixs + cx3) where (a,b,¢) = 1,a > 0.
Let
b—+D
I=lo,p]= {G’T}

Then I is an ideal of Og and [«, 5] is a correctly ordered basis for I.
Proof. As a € Z and Z C Og, then a € Og.

39



Case 1 Assume Dg =0 (mod 4). Then b is even and we have = % € Og.

Case 2 Assume D = 1 (mod 4). Then b is odd and we have § = %DTE =14

VD
HyLE € Og.

[]

Theorem VI.12 (|Bue89|Theorem 6.20). Theorems VI.10 and VI.11 create an iso-
morphism between the group of classes of binary quadratic forms of discriminant D

and the narrow class group of Og.

6.2 Correspondence of Forms and Ideals over Q(+/d)

For this section, we will follow [Mas00] closely. Let F be a real quadratic field and

denote the conjugation of o € ' as ax.

Definition VI.13. Let a € F, then « is totally negative if both the embeddings of «

and ax into R are less than 0.

Let K = F(v) be a relative quadratic field extension of F. We want K to be a
totally complex number field (i.e. all embeddings of K into C are nonreal) and this
may be achieved by choosing v € F such that v € O and ~ is totally negative. There
are two embeddings of K into the complex numbers that fix F. Denote the complex
conjugation by @ for a € K. For a given o € K, define the relative trace, Trg (),
as a + a. The relative norm, Ng/p, is defined as aa. From now on, we simply write
Tr(c) and N(«) in place of Trg r(o) and Nk, respectively. We can also define the
norm of ideals in K. Note that the norm of an ideal in K is an ideal in Op. Let

[1,Q] ={a+ Q| a, € Or} be a relative integral basis for Ok.
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The relative field discriminant is

2

1 Q
DK/IF = det
1

2

Theorem VI.14. Any ideal Ix has a relative integral basis Ix = |, 8]. Any two
correctly ordered bases of an ideal Ix are equivalent by an element in SLy(Op) with

determinant greater than 0.

Theorem VI.15. Let o, 3 be elements in K such that [a, (] is correctly ordered. If

then for Ix = |a, 5], N(Ix) divides (det(M)), and N(Ix) = (det(M)) if and only if
I]K € O]F.

Let f(z1,72)0, = axi+bxiwo+cr3 be a quadratic form with coefficients in O, and
f(z1,72)0, be the conjugate form of f(z1,2s)e,. If the discriminant of f(z1,22)0, =
Dy, then the discriminant of m = Dy. Let ¢, be the fundamental unit of
F. Let e, = ¢ if N(eg) = 1, and e, = €2 if N(e) = —1. f(x1,22)0, is positive
definite if @ > 0. But m may be either positive definite or negative definite
depending on the value of @. If N(¢)) = —1, we can consider only forms were a and

a are positive.

Definition VI.16. Two quadratic forms f(x, 22)e, and g(z1, z3)0, are equivalent if

Af = (E+)thAgM
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for some matrix M € GLy(Op)™, and n € Z, where

a b
GLy(Op)tt = | a,b,¢c,d € Op, with ad — be a totally positive unit

c d

Let Ix = [, 5] = [1,Q]M be an ideal of K. Then the quadratic form

N(a)z? + Tr(af)z1my + N(B)3
N (Ix)

N(o)z? + Tr(af)xyxy + N(B)x3
det M

= ar] + bx 79 + 75 (VL1)

fIK($175172)O]F =

is a relative quadratic form with coefficients in Op. Equation VI.10 can also be written

N(azxy + pxg) =

fIK(xlaxZ)(’)F = N(IK)

Theorem VI1.17. The form

N(a)2? + Tr(af)zi20 + N(B)23
N (Ix)

flK(‘T17 IQ)OF -

associated with the ideal Ix has discriminant Dy p.
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Proof. From equation 6.2, we get that

(o +aB)? — 4aapp
N (Ix)?
(a8 —ap)?
N(Ix)?

b? — dac =

— Dy r. (VL.2)

]

Theorem VI.18. The equivalence class of fr.(x1,x2)o. is independent of choice of

integral basis for Ix.

Proof. Let [a, 5] = [1,Q]M and [§,v] = [1,Q2]P be two integral bases for Ix. Then

we have

1 v
fzK(yl,yz)oF:mN {yz yll 5

Then by Theorem VI.4,

where det(A) = e. Thus

8

«

1
fre (W1, v2)0p = mN {y2 yl] A
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By making the determinant ¢, change of variables, we have

o[ o]

giving us

1 p
- - N
fIK(ylayQ)OF det Adet M |:ZE2 ZL'1:| N
1
= gf]K(Il,ZEQ)O]F. (VIS)

Since equivalent forms allow for multiplication by a totally positive unit,

T W, y2)0p ~ fr(T1,22) 0,

Theorem VI.19. Let Ix and Jx be two ideals in the same ideal class. Then

fIK (CE1, $2)OF ~ fJK(ifl, 932)(9]F-

Proof. 1f Jx ~ Ix then Jx = (v)Ix for some v; so if Ix = [a, (], then Jx = [y, 0]
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and

fo (@1, 22)0, = N(yazy + vBz2)

1
N(Jx)

= mN(V)N(Oml + Bxs)

= N(llK)N(O./Jfl + ﬁl’g)

= [ (21, 22) 05 (VI.4)

]

Let f(xy,12) = ax? + briws + cx3 be a quadratic form of discriminant D. Define

0 = bg;a@. Then the ideal of K associated with this form is given by

f(xy,x) = [a, aby].

Consider the polynomial 2% + bz + beD. Then b**@ is integral and satisfies this

monic polynomial. Thus %ﬁ € Ok.

Theorem VI.20. Let f(z1,x2) = ax? +brixe+cx3 and g(x1, 12) = dxi+eximo+ f23
be equivalent forms with corresponding ideals Ix = [a,af¢] and Jx = [d,df,]. Then

Ix and Jx are in the same ideal class.

ros
Proof. Let M = be the matrix that takes g to f. Define ¢ as

t u

_ —b+VD

?ﬂf 2a
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Then

(or [ Uy
[wf 1} Ay = |4y 1} M'AgM
1 L 1
r T+ s
= |rys+s tr+u Ay
- tr +u
- ry+s
_ | rprts thptu [ _
- _tw;Jru 1} Ay 1 = 0.

Since ¥y ¢ R, then ¢ty +u # 0, and we can divide by this number. As 9, is the root

of g(x1,1), then ¢, = Mey. Also,

A R Wy B G0
Tt i) (D)

2a

So we see that Ix = [a,afy] and Jg = [d, df,] are in the same ideal class, because

. b+vD e+vD b+vVD+u
r s| |a d bV D+u
ol =C 21 where C' = al d2a )
—t u a d
so that [a,af] = C|d, df] are the same ideal. O

Theorem VI1.21. Let f(x1,2) = ax? + br1xy + cx2 = (w1 + 03) (21 + O) and let
Ix = [a,a0]. Then f(x1,22) = fr.(x1,22). Thus,

N(axy + Pxg) (VL5)
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and

b+ Vb2 —4
az’ + brixzo + cry — [a, o Vb fac 5 ac} (VI.6)
are inuverses.
Proof. From equation 6.2 we have
[ (@1, m0) = N(axy + abzs)
N (Ix)
1
= E(a%% + abxiwy + acxd)
= f(z1,22). (VL7)
O

Theorem VI1.22. Let F be a real quadratic field, and let K be a totally complex
quadratic extension of F. Let Dgsr be a generator of K/F. There exists a one to
one correspondence between ideal classes in KK and the equivalence classes of positive
definite quadratic forms with coefficients in Or and discriminant €Dy g, where € is a
totally positive unit, and equivalence of quadratic forms is given in Definition VI.16.

The correspondence is given by equations VI.5 and VI.6.
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