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Abstract:

A logical characterization of natural subhierarchies of the dot-depth hierarchy refining a theorem of Thomas
and a congruence characterization related to a version of the Ehrenfeucht—Fraissé game generalizing a theorem
of Simon are given. For a sequence m = (my, ..., my) of positive integers, subclasses £L(my, ...,my) of languages
of level k are defined. £L(m,, ..., my) are shown to be decidable. Some properties of the characterizing
congruences are studied, among them, a condition which insures £(m;, m) to be included in L(m3, ..., my). A
conjecture of Pin concerning tree hierarchies of monoids (the dot-depth being a particular case) is shown to be
false.

Article:

I. INTRODUCTION

Traditionally, algebraic automata theory uses monoids as models for finite state machines. One looks at a finite
state machine as processing sequences of symbols drawn from a finite input alphabet. Denoting the input
alphabet by A, the universe of possible inputs is the free monoid A* and a finite state machine can be thought of
as a quotient of A* by a finite index congruence ~ . A* / ~ being a finite monoid, one is then led to investigate
relationships between the structure of this algebraic system and the combinatorial processing of input
sequences. The theory of varieties of Eilenberg constitutes an elegant framework for discussing these
relationships between combinatorial descriptions of languages and algebraic properties of their recognizers. The
interplay between the two points of view leads to interesting classifications of languages and finite monoids.

Let A be a given alphabet. The regular, or recognizable, languages over A are those subsets of A* constructed
from the finite languages over A by the boolean operations as well as the concatenation product and the star.
The star-free languages consist of those regular languages which can be obtained from the finite languages by
boolean operations and the concatenation product only. According to a fundamental theorem of Schiitzenberger
[251], L © A* is star-free if and only if its syntactic monoid M(L) is finite and aperiodic, that is, M(L) contains
only trivial subgroups. For example, (ab)* is star-free since (ab)* =((aA* N A*b)\ (A*aaA* U A *bbA*)) u {1},
where 1 is the empty word. But (aa)* is not star-free, a consequence of the theorem of Schfizenberger. General
references on the star-free languages are McNaughton and Papert [19], Eilenberg [11], or Pin [21].

Natural classifications of the star-free languages are obtained based on the alternating use of the boolean
operations and the concatenation product. Let A* = A* / {1}. Define A* By = { L € **| L is finite or cofinite},
A" By ={L S A" | L is a boolean combination of languages of the form Ly ... L, (n>1) withL; ... ,L,€ A*
Byi}. For technical reasons, only nonempty words over A are considered to define this hierarchy; in particular,
the complement operation is applied with respect to A . The language classes A* By, A* By, ... form the so-
called dot-depth hierarchy introduced by Cohen and Brzozowski [9]. The union of the classes A" By, A* Bi... is
the class of star-free languages.
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Most of our attention will be directed toward a closely related hierarchy, this one in A*. It was introduced by
Straubing [28]. Let A*Ly = {@, A*}, A* L .1 ={ L € A*| L is a boolean combination of languages of the form
Loas L1az ... anln (n>0) with Ly, ..., Lh€ A* Ly and ay, ..., a, € A}. Let A*L = Uy > g A*Ly is star-free if and
only if L € A*L, for some k > 0. The dot-depth of L is the smallest such k. The Straubing hierarchy appears to
be the more fundamental of the two for reasons explained in [29]. For details concerning the Straubing
hierarchy and its relation to the dot-depth hierarchy, see Pin [21 or 22].

In the framework of semigroup theory, Brzozowski and Knast [6] showed that the dot-depth hierarchy is
infinite, in fact, that A*By.; 2 A" By for k > 0. Thomas [31] gave a new proof of this result, which shows also
that the Straubing hierarchy is infinite, based on a logical characterization of the dot-depth hierarchy that he
obtained in [30]. His proof does not rely on semigroup theory; instead, an intuitively appealing model-theoretic
technique was applied: the Ehrenfeucht-Fraisse game.

It was the work of Biichi [8] and Elgot [ 12] that first showed how to use certain formulas of mathematical logic
in order to describe properties of regular languages. These formulas ( known as monadic second-order
formulas) are built up from variables x, v, ..., set variables X, Y, ..., a 2-place predicate symbol < and a set { Qa |
a € A} of 1-place predicate symbols in one-to-one correspondence with the alphabet A. Starting with atomic
formulas of the form x <y, Qax, XX, and x =y, formulas are built up in the usual way by means of the
connectives =, v, A and the quantifiers 3 and Vv binding up both types of variables. A word w on A satisfies a
sentence ¢ if ¢ is true when variables are interpreted as integers, set variables as sets of integers, the predicate <
as the usual relation on integers and the formula Qx as the letter in position x in w is an a.

Ladner [16] and McNaughton [18] were the first to consider the case where the set of formulas is restricted to
first-order, that is, when set variables are ignored. They proved that the languages defined in this way are
precisely the star-free languages.

Thomas [30] showed that the dot-depth hierarchy corresponds in a very natural way with a classical hierarchy
of first-order logic based on the alternation of existential and universal quantifiers. Perrin and Pin [20] gave a
substantially different proof of the result of Thomas for the Straubing hierarchy.

For each k >0, there is a variety Vi of finite monoids, or M-variety, such that for L € A*, L € A*V\" if and only
if M(L) € Vk. An outstanding open problem is whether one can decide if a star-free language has dot-depth k;
this is equivalent to the question "is Vi decidable?," i.e., does there exist an algorithm which enables us to test if
a finite monoid is or is not in V? The variety V, consists of the trivial monoid alone. The variety V; consists of
all finite J-trivial monoids [26]. Straubing [29] conjectured an effective criterion, based on the syntactic monoid
of the language, for the case k = 2. His condition is shown to be necessary, in general, and sufficient in an
important special case, i.e., for an alphabet of two letters. The condition is formulated in terms of a novel use of
categories in semigroup theory, recently developed by Tilson [32].

This paper is concerned with applications of some logical characterizations of the Straubing hierarchy. The aim
of Section 2 is to give those logical characterizations of the star-free languages. They are useful in attacking the
decidability question. A logical characterization of natural subhierarchies of the Straubing hierarchy refining the
logical characterizations of Thomas is given. As an application we can get upper bounds on the dot-depth of
star-free languages by considering their descriptions in the first-order logical language. We state the version of
the EhrenfeuchtFraisse game which was used in [31 ] to prove that the Straubing hierarchy is infinite. Then we
give a characterization of the star-free languages in terms of congruences defined in that paper generalizing a
result of Simon. A characterization of the varieties of monoids related to the Straubing hierarchy through
Eilenberg's correspondence is stated. For a sequence m =(mg,...,m,) of positive integers, subclasses £L(my, ..., M)
of languages of level k are defined.



In Section 3, we study some properties of the characterizing congruences. This section establishes an induction
lemma and a condition which ensures £(m;, ..., my) to be included in £L(mj, ..., m, )

Section 4 deals with a first application of the above logical characterizations. We show that a conjecture of Pin
concerning tree hierarchies of monoids (the Straubing hierarchy being a particular case) is false. Decidability
and inclusion problems are discussed. £(my, ..., mi) are shown to be decidable. Other applications of the above
logical characterizations are subjects of [I-5]. The study of properties of the characterizing congruences and
equation systems for the varieties of monoids corresponding to the levels of the Straubing hierarchy are closely
related.

In the following, ¢ will be called a Zy-formula if ¢ = (Qx) ¥, where ¥ is quantifier-free and where (Qx) is a
string of k alternating blocks of quantifiers such that the first block contains only existential ones. Similarly, if
(Qx) consists of k blocks beginning with a block of universal quantifiers, (Qx) ¥ is a Ilx-formula. A B(Z)-
formula will denote a boolean combination of Zx-formulas. If ~ is a congruence on A*, the set of all ~-classes
will be denoted by A*/ ~ . If L € A* is a union of ~-classes, we will say that L is a ~-language. All the
semigroups considered in this paper are finite ( except for free semigroups and free monoids). We refer the
reader to the books by Eilenberg [11], Lallement [17], Pin [21], and Enderton [13] for all the other algebraic and
logical terms not defined in this paper.

2. SOME LOGICAL CHARACTERIZATIONS OF THE STRAUBING HIERARCHY

2.1. A Quantifier Complexity Characterization

Let us first state the logical characterization of the Straubing hierarchy mentioned by Thomas. One identifies
any word w € A*, say of length |w|, with a word model w =< { 1, ..., w}, <", (Q¥)a . »>, Where the universe {1,
..., W[} represents the set of positions of letters in the word w, <" denotes the < -relation in w, and QY are unary
relations over { 1, ..., |w|} containing the positions with letter a for each a € A. Sometimes it is convenient to
assume that the position sets of two words u, v are disjoint; then one takes any two nonoverlapping segments of
the integers as the position sets of u and v. Let £ be the first-order language with equality and nonlogical
symbols <, Qa, a € A. Then the satisfaction of L-sentence ¢ in a word w, written w = ¢, is defined in a natural
way, and we say that L < A* is defined by the L-sentence ¢ if L= L(¢p)— {w € A* |wE= ¢}. We also consider
the formulas O (false) and 1 (true). Observe that L(0) = @ and L(1)= A*.

THEOREM 2.1 (Thomas [30]). A language L < A* belongs to A*V if and only if L is defined by a B(Zy)-
sentence of L.

COROLLARY 2.1 (Ladner [16] and McNaughton [18]). A language L is star-free if and only if there exists a
first-order L-sentence ¢ such that L = L(¢).

For k> 1, let us define subhierarchies of A*V as follows: for all m > 1, let A*V, , = { L € A*| L is a boolean
combination of languages of the form Loa;L;a; ... apln (0 <n <m)with Lo, ..., L, € A*Vk .1 and ay, ..., a, € A}
We have A*V = U,;, 51 A Vim. Easily, A* Vi m € A* Vis 1 m, A* Vi m+1. Similarly, subhierarchies of A*By
can be defined. One can show that Vi  is a *-variety of languages. Let the corresponding M-varieties be
denoted by Vi m. We have that fork>1, m>1, L € A*Vy  if and only if M( L) € Vi n.

In A" B several hierarchies and classes of languages have been studied; the most prominent examples are the S-
hierarchy [7], also called depth-one finite cofinite hierarchy, and the class of locally testable languages. In
Thomas [30] it was shown that both are characterized by natural restrictions on the form of £, -sentences of a
certain first-order language extending L.

The purpose of this subsection is to give a logical characterization, which follows from an analysis of the proof
of Theorem 2.1, of the subhierarchies of A* V refining the theorem of Thomas. It will be useful to extend £ by
adding constant symbols s, for every natural number s. For a word model w, the interpretation s" of s will be the



sth element of w. Let ¢(Xy, ..., Xm) be a formula in which xq, ..., X, are the unique free variables. Let sy,..., sm be
positive integers. The meaning and usage of ¢(sy, ..., Sm) should be quite clear in what follows. @(ss, ..., sm) IS
obtained from ¢(x, ..., xm) by replacing simultaneously all free occurrences of x; in ¢ by the constant sy, ..., xp
by sm. The interpretation of the formula ¢ (x) = @ (X1, ..., xm) in a word model w with universe {1, ..., |w[} and
elements sy, ..., sm € {1, ..., |w|} is defined in the natural way; we write w = ¢(Sq, ..., sm) if @ is satisfied in w
it when interpreting xj by s; for 1 <i<m.

A logical characterization of the subhierarchies of A* V is based on the following two lemmas. In what follows,
ifw=a; ...apisawordand 1 <s < s'<n, w[s, s'], w(s, s*), w(s, s'], and w][s, s' ) will denote respectively the
segments as ... ag,, s+ 1... gy, 1,8s5+1 ... Ag, ANd as ... ag, 1.

LEMMA 2.1 ( Perrin and Pin [20] ). For k > 0 and for each B(Z)-sentence ¢, there exist B(Zx)-formulas ¢1(x),
or(X), em(X, y) in which x (X, y) is (are) the unique free variable(s) and such that for every n and for every word
w of length n we have

1. w € L(¢(s)) if and only if w[1, s) € L(¢), and

2. w € L(g(s)) if and only if w(s, n] € L(¢) for every integer s such that 1 <s <n, and

3. W € L(pn(s, s")) if and only w(s, s') € L(¢) for every integers s, s' such that 1 <s <s'<n.

Proof. We define ¢n, for every formula ¢. ¢, is constructed by induction as follows (the constructions are
similar for ¢ and ¢,): if @ is quantifier-free, then ¢, = ¢. Otherwise, we set (3z@)n = 3z( (X <Z <Y A @),
(VZQ)n =VZ((X<Z<Y = @), (@ V P)n= @nVPm, (0@)m = “Pm, (¢ AYP)n = @m A Pm. Then one can verify
by induction on k > 0 the following properties:

« if ¢ and v are equivalent formulas, then ¢, and Y, are equivalent;

o if @ is B(Zy), then ¢n, is equivalent to a B(Zy)-formula;

e let g beasentence. If jw|=nandif1<s<s'<n,w satisfies on(s, s') if and only if w(s, s') satisfies ¢.

LEMMA 2.2. Given a B(Zy)-formula ¢ (x4, ..., xn)(n > 1), there is a system (L’ ) j <, of sequences L/ =
(L, ..., L7) of languages L} € A*Vy and (a’); <, of sequences @’ =(al, ..., a},), a] € A such that for any w and
$1<..<spin{l, .., |w|}, W E @(sy, ..., sn) if and only if there is j < p such that

1. w[1,sl) €L} and Q“:’,l- s1,

2. W(Si, Si+1) € L{f and Q“:’,- Si+1, 1< i<n,and

1-1
3. W(sh,w|]€e L.

Proof: By induction on k (see the proof of Theorem 2.1 [30] . If n = 0, this is just Theorem 2.1).

Let ¢ be an L-sentence. If ¢ is a boolean combination of the Xy -sentences ¢4, ..., ¢@n, define the quantifier

rank gr(¢) to be the maximum number of quantifiers occurring in the leading block of one of the formulas ¢,
..., @n. Let us now prove a refinement of Thomas' theorem.



THEOREM 2.2. Letk >1, m>1. A language L < A* is defined by a B( Zx)-sentence of £, ¢, where qr( (@) <m
if and only if L belongs to A*Vy .

Proof. The case k =1 is the following. Let m > 1. Let L be a language of the form A*a;A*a; ... anA*, where a; €
A /i =1,..., m. We have to find a boolean combination of X, -sentences defining L such that qr(¢) <m. The
assertion it w € L can be expressed by a X;-sentence as follows: 3x; Xz ... IXm (X1 <X2 < ... <Xm A Qg X1 A ...
A Qg %m). Hence L is defined by a sentence of the required form.

Conversely, we show that a given Zj-sentence 3X; ... IXn@(X) * * * ax,,,g9(,t) defines a language in

A*V1 m,where ¢(x) is equivalent to a conjunction of atomic formulas of the form Qux, x <y or x =y (for x, y
variables and a € A) or their negation. Let ord;(X), ..., ord.(x) be the conjunctions saying x; < ... <x; , where
{iz ... In} = {1, ..., m}. Then Jxp(x) is equivalent to V1 <i <, Fx(ordi(x) A ¢(x)). Let us consider a typical
member of this disjunction, say 3x(x; < ... <xm A ¢@(x)) (identify variables if equalities occur between the x;'s).
It suffices to show that the language L defined by 1 = 3x(x; < ... <Xn A @(X)) is in A*V; . But ¢ defines
either @ or is equivalent to a disjunction of formulas of the form 3x(x; < ... < Xm A @*(X)), where (%) is a
conjunction of atomic formulas of the form Q,x, -Qa.x for x a variable and a € A. In either case, L is seen to
belong to A*Vy . For example, L(3xQax) = A*aA*, L(I3x-QaX) = Up eap 2q A*DA*, LAY IZ(Y<ZAQay A
Qoz)) = A*aA*bA* and L(3y3z(=(y < z) A Qay A =Qb2)) = L(IY(Qay A =QpY)) U L(Iy3z(z <y A Qay A =Qb2)).

Now let us assume that k >1, in 1. Let L be a language of the form Loa;L1a; ... amlm, Where a; € A*Vy4,
i=0,...,m. We have to find a boolean combination ¢ of X -sentences defining L such that gr(¢) <m. By
Theorem 2.1, let ¢°, ¢, ..., ™ be B(Zk.1)-sentences defining Lo, Ly, ..., Ln, respectively. We can find B(Zi.1)-
formulas @?(X), @L.(x, ¥), 94X, Y), ..., ™ (x) satisfying Lemma 2.1. Hence the assertion w € L can be
expressed by the following sentence: 3x; 3%z ... IXm (X1 <X2 < ... <Xm A Qg X1 A Qg, X2 A A Qg Xm A 09 (x1,
X2) A @2, (X2, X3) A ... A QM (xm)), Which is equivalent to a B(Z)-sentence of the required form since (X; < ... < Xn
A Qq, X1 A @™ (Xm)) is equivalent to a B(Zi 1)-formula or a ITi.1-formula.

Conversely, consider a X-sentence 3x; ... Ixme(x), where ¢(x) is a B(Zk.1)-formula. As in the proof of the
case k =1, m > 1, it suffices to consider a X -sentence of the form 1 = 3x; ... Ixy (X1 < ... <Xm A @(X)). Then,

by Lemma 2.2, there is a system (L’ );<, of sequences I'= (Lj, . Lin) of languages L{ € A*Vy4 and (@’ )j <, Of
sequences a’ = (a{, ...,afn), a{ € Asuch that foranywand s; <eees<snpin{1l, .., |w} wEo; ..., Sn ifand
only if there is j<p such that w € L{)a{L{ag ... a),IJ,. But for every j<p, L{)a{L{aéA .. a L), € A*Vy . Hence
Y defines a boolean combination of languages of the required form and the proof is complete.

2.2. A Congruence Characterization Related to a Version of the Ehrenfeucht-Fraissé Game

Thomas [31], in order to show that the dot-depth hierarchy is infinite, defined some congruences which we state
after describing the version of the Ehrenfeucht-Fraisse game which was used in his proof. Those congruences
will be shown to characterize the star-free languages. The next three paragraphs restate [31].

First we define what we mean by m-formulas of L. For a sequence m =(m;, ...,my) of positive integers, where k
>0, let length(m) = k and sum(m) = m; + ... + my. The set of m-formulas of £ is defined by induction on
length(m): if length(m) = 0, it is the set of quantifier-free £-formulas; and for m = (m, my,..., my), an m-formula
is a boolean combination of formulas 3x; ... IXne, Where ¢ is an (my,... my)-formula. We write u =, v if u and
v satisfy the same m-sentences of £. For m = (m;, ..., my), the m-formulas of £ are seen to be B(Zy)-formulas ¢
such that gr(¢) < m;. Moreover, languages in A*Vy , are defined by (m, my, ..., my)-formulas for some m;, i = 2,
..., kand m. The following game Ggm(u, v) is useful for showing =y-equivalence.

The game Gm(u, v), where m =(my, ..., my), is played between two players I and Il on the word models u and v.
A play of the game consists of k moves. In the ith move, player I chooses, in u or in v, a sequence of m;
positions; then player Il chooses, in the remaining word (v or u), also a sequence of m; positions. Before each



move, player | has to decide whether to choose his next elements from u or from v. After k moves, by
concatenating the position sequences chosen from u and chosen from v, two sequences p =p; ... p, fromuand q
=(; ... g, from v have been formed, where n = sum(m). Player Il has won the play if the map p; — q; respects
< and the predicates Qa, a € A (i.e., pi <" pj if and only if g; <" g, Q%pi if and only if Q4qi,a € Afor 1 <i, j<
n). Equivalently, the two subwords in u and v given by the position sequences p and g should coincide. If there
is a winning strategy for Il in the game to win each play we say that player Il wins Gm(u, v) and write u ~ V;
~ Naturally defines a congruence on A* which we will denote also by ~

The standard Ehrenfeucht-Fraissé game is the special case of Gm(u, v), where m = (1, ..., 1). For a detailed
discussion see Rosenstein [24] or Fraissé [14]. If length(mm) = k and m = (1, ..., 1) we write Gk(u, v) instead of
gm(u, v) and u v instead of u -,, v. Note that in this case the Wi-formulas are up to equivalence just the formulas
of quantifier depth k (Remark. One should not confuse .(8k(u, v) and

(K)(u, v); a play of the game k(u, r) consists of k moves but a play of the game (k)(u, v) of 1 move). We have the
following important.

THEOREM 2.3 (Ehrenfeucht and Fraissé [10] ). For all m =(my, ..., my) with k>0 and m;> 0 for i =1, ...k, we
haveu = v ifandonlyifu ~z v.

Simon [26] calls ~z)-languages piecewise testable languages. They constitute level 1 of the Straubing
hierarchy. The purpose of this subsection is to characterize similarly the hierarchy, each level of it and also each
subhierarchy.

To do so, we use Theorem 2.1 and Theorem 2.2 and follow the technique used in [30]. For a word w, we can
define, by induction on length(m), a sentence ¢, which in a certain sense guarantees the satisfaction of all m-
sentences of £ which are satisfied by w. We have the following.

LEMMA 2.3. 1. W & ¢

2. @t is equivalent to a m-sentence.

3. For all wand u, if u = @' then every m-sentence satisfied in w is also satisfied in u.
We can now prove the following.

THEOREM 2.4. L is star-free if and only if L is ~,,-language for some in.

Proof: If L= @, then L is an empty union of classes of some congruence ~,,. If L= A*, L can be taken as the
union of all classes of some congruence ~,,,. Hence consider L € A* V, for some k > 1. Then by Theorem 2.1 L
is defined by a B(Zk)-sentence of L, or a m-sentence of £, ¢, for some m = (m;y, ..., my). Hence L= L(¢p) ={w €
A* |w E ¢}. Let us show that ~,, € ~; (here, x~ y if and only if for all u, v € A*, uxv € L, if and only if uyv
€ L and ~ is the congruence of minimal index with the property that L is a ~-language). Let u, v € A*. Suppose
that u~,,, v. Suppose that xuy € L. ~,,, being a congruence, we have that xuy ~,,, Xxvy. We have assumed that
xuy € L, which means that xuy & ¢. We want to show that xvy = ¢. But by Theorem 2.3, we get xuy = n, xvy,
which means that xuy and xvy satisfy the same m-sentences of L, ¢0 being a m-sentence, we get that, since xuy
E @, Xvy E @. Hence, xvy € L. Similarly, we show that xvy € L implies that xuy € L. Hence u ~; v. Since ~,,, €
~; we have that L is a ~,,,-language.

Let L be a ~,,,-language for some m. Then L is a union of classes of the congruence ~,,,. ~,,, being a finite
index equivalence relation ( see Rosenstein [24] ), it has only finitely many equivalence classes. Let w, ..., Wp
be a set of representatives. In order to show that L is star-free, it suffices to show that [w;]..  is star-free for w; €

L. ow;denotes the conjunction of all m-sentences of L satisfied by w;. Note that, since there are only finitely



many atomic and negated atomic formulas in the language, the conjunction will be of bounded length. We will
show that [w;].. is defined by . ', and that . gy being a first-order sentence, using Corollary 2.1, we will get
the result. If v__ w;, then using Theorem 2.3, we get v = m w;, implying by Lemma 2.3(1) and (2) that v = ¢}
Now let v E ¢y.. Let us show that v.  w;. By Theorem 2.3, we have to show that v and w; satisfy the same m-
sentences. Let ¢ be a m-sentence such that wi & ¢. Since by hypothesis v ¢!, using Lemma 2.3(3) we get v

= ¢@. Now, let ¢ be a m-sentence such that v = ¢. Choose the unique j with wj~y,v and suppose that j # i. By
Theorem 2.3, we get wj & ¢. Since wj +n, Wi, there are two cases which can happen.

Case 1. There is a m-sentence ¥ such that wj = 1, w; # 1. Since wj ~m v we get v = 1. From v E @y, we get
V E = 3. Contradiction.

Case 2. There is a m-sentence ¥ such that wi = 1, wj & . From v E ¢! and w; = 1, we get v = 3. From w; =
-1 and wj~, v we get v = - . Contradiction. Hence wi & .

In the course of the proof of Theorem 2.4, using Theorem 2.2, we have in fact proved the following corollaries.
COROLLARY 2.2. L € A*V\if and only if L is a ~n-language for some m =(mj,..., my).
COROLLARY 2.3.L € A*Vynif and only if L is a ~p-language for some m =(m, my, ..., my).

Theorem 2.4 states precisely which are the important congruences related to the study of star-free languages.
Section four will be concerned with an application of Theorem 2.4 and its corollaries. In the sequel £L(my, ...,
my) will denote the class of  ~(,, . )-languages. We end this section with a few notes on Theorem 2.4.

Kleene's theorem [15], stated in terms of congruences, asserts that L is regular if and only if there exists a finite
index congruence ~ such that L is a ~-language. Schitzenberger's theorem [25] states that L is star-free if and
only if there exists a finite index aperiodic congruence ~ such that L is a ~-language. As a consequence of
Theorem 2.4 we get a logical proof of the easiest side of Schutzenberger's theorem, the ~,, being finite index
aperiodic congruences (see Rosenstein [24] and the results in the next section ). Two proofs of the
Schiitzenberger's theorem have been given so far. Schiitzenberger's proof is done by recurrence on the
cardinality of the syntactic monoid and uses Green's relations. The other proof, obtained independently by
Cohen and Brzozowski and Meyer, is based on the decompositions as wreath products of semigroups. The last
proof appears in Eilenberg's book [ 11].

Theorem 2.4 implies that the problem of deciding whether a language has dot-depth k is equivalent to the
problem of effectively characterizing the monoids M = A* / ~ with ~ 2 ~, for some m = (my , ..., my), i.e.,
Vik={A/~|~2~nforsomem=(my,..m)}.

3. SOME PROPERTIES OF THE CHARACTERIZING CONGRUEN CES

3.1. An Induction Lemma

The following lemma is a basic result (similar to one in [24] regarding ~ ) which will allow us to resolve games
with k +1 moves into games with k moves and thereby allows us to perform induction arguments.

LEMMA 3.1. Letm = (My,..., M). U ~mm,,..m,) ¥ if and only if

1. forevery ps, ..., pm €U (P1 < ... <pm) thereareqs ..., gm € vV (1 < ... <Qm) such that

(@) Q4piifandonlyif Qzqi,a€ Afor1 <I<m,

(b) u[1,p2) ~ m V[1, ),



(©) u(pi, pi+1) ~m Vv (di, Giv) for 1 <i<m-1,
(d) u(pm , [ul] ~ m V(Qm, |v[]], and
2.foreveryqs, ... gmn €V (g1 < ... <Qm) there are p1, ... pm € U (P1 < ... <pm) such that (a)-(d) hold.

Proof. Suppose that player Il has a winning strategy in G(m, my, ..., my)(u, v) and suppose that p; , ... pm € U,
p1 < ... <pm. Using the strategy we can find positions g, ..., m € V, 01 < ... <Qm Such that if player | chooses
P1, ..., Pm € U at his first move, then player 11 should choose qg, ..., Om € V. Moreover, Q¥ pi if and only if Q4q;,
a € Afor 1 <i<m. There are now k moves left in the game G(m, my, ..., m)(u, v). Whenever player | chooses
positions in u[1, p1) or if v[1, g1), the strategy, since it produces a win for player I, will always choose positions
in v[1, 1) or u[1, pi). Thus player II's winning strategy for G(m, my, ..., my)(u, v) includes within it a winning
strategy for Gm(u[1, p1), V[1, 1)), and similarly it includes a winning strategy for Gm(u(pi, pi +1), v(Qi, Qi+1)) for
1<i<m—1,and gm(u(pm, |ul], v(Qm, |v[])- This proves 1. By symmetry, 2 also holds.

Conversely, assuming that 1 and 2 hold, we describe a winning strategy for player Il in G(m, my, ..., my)(u, v). If
player | chooses positions ps, ..., pm € U (p1 < ... <pm) On his first move, then player 11 uses 1 to find positions
d1, ..., qm € V (01 < ... <0m). Thereafter, whenever player | chooses positions of u[1, p1) or v[ 1, q1), player Il
uses his winning strategy in Gm(u[ 1, p1), V[1, q1)) to respond; and similarly, whenever player | chooses
positions of u(p, pi+1) or V(Qi, Gi+1) (U( pm, [u]] or v(gm, |v[]), player 11 uses his winning strategy in Gm(u(p;,
Pi+1), V(Qi, Gi+1)) (GM(u(pm, [u[], v(gm, |v[])) to reply. Since there are only k subsequent moves in the game and
~(my,..my,) iMplies ~ (m1, ..., my) for all m; <m;, player I can choose no more than k times from u[1, p; ) or
V[, qu), (U(pi, pi+1) or V(i Gi+1)) (U(Pm, |u[] or v(gm, |[V|]) and no more than m; positions each time. Hence player
II's winning strategies in Gm(u[1, pa), V[1, 1)), (GmU(pi, Pi+1), V(di, Gi+1))) (GM(UPm, [ul], v(dm, [V[])) provides
him with moves in all contingencies. If, on the other hand, player | chooses positions qj, ..., gm € V, then player
Il uses 2 to find his correct first move and then proceeds analogously to the above. Thus player 11 has a winning
strategy in G(m, my, ..., m)(u, V).

3.2. A Condition for Inclusion
Let us find a condition which ensures £(m, ..., my) € £L(my, ..., m,). A trivial condition is the following: k <

k'and there exist 1 <i; < ... <ix< k' such that my <mj , ..., m¢<mg .
Define V(my, ..., m)=(mg +1) ... (m + 1) — 1.
PROPOSITION 3.1. For N= N (M1, ..., M) > 2, XyZ "2 2X ~(m, miyXyZ" 12X,

Proof. The proof is similar to the one of a property of ~¢ in [31]. Consider the natural decompositions of u =
xyx"2zx and v = xyx"zx into x- (y- or z-) segments. Before each move we have in u and v certain segments in
which positions have been chosen, and others where no positions have been chosen. Call a maximal segment of
succeeding x- (y- or z-) segments without chosen positions a gap. (a gap may be empty). Before each move
there is a natural correspondence between the gaps in u and v (given by their order). 11 should play to what we
call the (mj, ..., my)-strategy, namely guarantee the following condition before each move: when m; + ... + my
elements are still to be chosen by both players, two corresponding gaps should both consist of any number >
N(mi, ..., my) of x-(y- or z-) segments, or else should both consist of the same number < V' (m;, ..., mi) of x- (y-
or z-) segments. By induction on k — i it is easy to see that Il always can choose his segments in this manner; of
course, inside his segments, 11 should pick exactly those positions which match the positions chosen by I in the
corresponding segments.

Note that M'(1, ..., 1) = 2 — 1. By putting y = z = 1 in the above proposition, we get as a corollary that if m, m’
> 25— 1, then W)" ~«(w)™ .y =z=1imply X" ~n, oy X" (N =NV (my,..., my)) and N is seen to be the



smallest n such that X" ~ . my X' ! x| = 1. Moreover, we see that if u, v € A* and u ~(my,...my) Vo then |ula =

[Vla < NV (My, ..., my) or |ula, [V]a = N (M, ..., mg) (here, |w|, denotes the number of occurrences of the letter ain a
word w). Also, similarly to the above proof, one can show that if U ~(,, _m,) vand k =2, then either u = v or u
and v have a common prefix and suffix of length>m; ... my.

PROPOSITION 3.2. 1. ~(mq,...mp) c ~ WV (my,..my)) and 2. ~(mq,...mp) & ~ (W (my,..mp)+1)

Proof. By the preceding proposition, choosing |x| = 1, we have

U= xN(ml'm'mk)~(m1,...,mk) — x]\/‘(ml,...,mk)+1: V.

= xV(mu-m+1 s g subword of length NV (my, ..., my) + 1 of v but not of u. This gives 2. 1 follows easily from
Lemma 3.1.

Another condition for £(my, ..., my) to be included in L(mj, ..., m,) is stated in the following.

PROPOSITION 3.3. If k <k and there exist 0 = jo < ... < k1 < jk = k' such that mi <NV (m;,__,4, ..., m;,) for
1 <1<k, then N(m'l,...,m;,) c ~(my,..mp).

Proof. The result comes from the following observation: for 1 <i <j <k', we have ~ . L) c

, ~ , _ .
~ (s, N(m;, oy M), Mg, e, M1, which is a consequence of Proposition 3.2, part 1.

Proposition 3.3 implies that if n > sum(m) and u ~, v, then u ~ ; v.

If N(mi,...,m;(,) S ~(my,my) then ~(m’1,...,,m;€,) S ~vimy,..mp)
Hence by Proposition 3.2, N'(my,...,m;) < N(mj,...,m,). Does the condition (k < k' or (k =k'and m; >
my)) and N'(my, ..., m) < N'(my, ..., m;, imply that ~ () C ~(m,,..my) ? FOrk =1, itis true. Section 4

includes partial results in this direction. V'(my, ..., m) will appear several times in the sequel.

4. AN ANSWER TO A CONJECTURE OF PIN

First we introduce some terminology. The study of the concatenation product leads to the definition of the

Schitzenberger product of finite monoids. The reader is referred to [27] for the important properties of this

construction. Let My, ..., M, be finite monoids. The Schiitzenberger product of My, ..., M,, denoted by ¢,( My,
., M) is the submonoid of upper triangular n x n matrices with the usual product of matrices of the form

p =(pij), 1 <i, j <n, in which the (i, j)-entry is a subset of M; x ...x M, and all of whose diagonal entries are

singletons, i.e.,

1. Py=g@ifi>]j,
2. pi=A{@, .. 1, m1, .. 1)} for somem; € M, (here, m;is the ith component in the tuple ),

3. PiE{(My ..., mp) EMix o XMy M= ... =mj1=1=Mjs1= ... mp}.

Condition 2 allows us to identify the coefficient p; with an element of M; and condition 3 p;; with a subset of M;

X XM Ifp=mi,....,m)eMix ... x Mjand W' = (mj, ..., my) € Mj % ... x My, then we define pp' = (mj, ...
Mj.1, Mm;, m;4, ..., my). This product is extended to sets in the usual fashion; addition is given by set union.

Straubing [27] has demonstrated that if the languages Li € A* (0 <i <n) are recognized by the monoids M;,
then the language Loa;jLia; ... anln, Where the a; are letters, is recognized by the monoid 0n+1(Mo, ..., Mp). Itis



easy to verify that if 0 <ip < ... <ir <n, then Or.1(M;, ..., M; ) is a submonoid of On+1(Mo, ..., Mp). This
implies that the monoid 0n.1(Mo, ..., My) recognizes all languages of the form L; aiL; a; ... arL; , where L;, is
recognized by M;, . A partial converse has been established. The case n =1 has been treated by Reutenauer [23]
and the general case by Pin [22]. We have that if a language L S A* is recognized by On+1(Mo, ..., My) then L is
in the boolean algebra generated by the languages of the form L; a;L; a; ... arL; where 0 <ip < ... <i, <n,

where for 0 <k <r, ax € A, and L;, is a language recognized by M;, .

Let W be a M-variety. We define ¢ W to be the variety of all finite monoids that divide some Schiitzenberger
product On(M, ..., M,) for some n, where M; € W for i =1, ..., n. From the above discussion, we have that for k
>0, Vik+1= OV In particular, V; = J= 01 and V;, = 0J, where | denotes the variety consisting of the trivial
monoid alone and J of all finite J-trivial monoids.

4.1. Decidability and Inclusion Problems

Pin [22] demonstrated that the Straubing hierarchy is a particular case of a more general construction obtained
in associating varieties of languages not to integers but to trees under the following fashion. A variety of
languages is associated by definition to the tree reduced to a point. Then to the tree

is associated the boolean algebra generated by the languages of the form L; a;L; @, ... a;L; with0<ip < ... <i;
<n,where for0<j <r, L; is member of the variety of languages associated to the tree ti;. Since the

Schitzenberger product is perfectly adapted to the operation (Lo, ..., Ln) — LoaiLi@; ... anLy, it permits us to
construct, without reference to languages, hierarchies of varieties of monoids corresponding, via Eilenberg's
theorem, to the hierarchies of languages precedently constructed,; i.e., starting with a variety of monoids W, we
associate with each tree t, respectively with each set of trees T, a variety of monoids ¢ (W) (¢ t(W)).
Descriptions of the hierarchies of monoids are given after a few definitions.

We will denote by T the set of trees on the alphabet {a, a}. Formally, 7 is the set of words in {a, a}* congruent
to 1 in the congruence generated by the relation aa = 1. Intuitively, the words in T are obtained as follows: we
draw a tree and starting from the root we code a for going down and a for going up. For example,

2N

is coded by aaaaaaaaaaaaaa. The number of leaves of a word t in {a, a} *, denoted by I(t) is by definition the
number of occurrences of the factor aa in t. Each tree t factors uniquely into t = at;aata ... at,a, where n >0
and where the tj's are trees. We have then I(t) = X, .;<,, I(t)). Let t be a tree and let t = t,at,at; be a factorization
of t. We say that the occurrences of a and a defined by this factorization are related if t; isa tree. Let t and t' be
two trees. We say that t is extracted from t" if t is obtained from t' by removing in t' a certain number of related
occurrences of a and a. We now state the algebraic interpretation of the above stated hierarchy construction
using the Schutzenberger product.

To each tree t and to each sequence W1 , ..., Wiy of varieties of monoids, we associate a variety of monoids
0 «(Why, ..., W) defined recursively by:

1. 01( W) = W for every M-variety W,



2. ift=atiaata ... atya withn>0and ty, ..., t, € T, O «(Why, ..., W) is the variety of monoids M such that
M divides some O n(My,..., Mp) with M1 € 0, (W1, ..., Wiy ), ..., MD € Op (Wit Yook 1ty 1)+ 15 -

Wit )+t U(tn))-

*

When Wy =« + « = W) = W, we denote simply ¢ (W) the variety ¢ (W4, ..., W). More generally, if Tis a
language contained in , we denote ¢ t( W) the smallest variety containing the varieties ¢ ( W) witht € T.

The following proposition allows us, by recurrence, to describe the languages associated to the varieties
O« Wy, ..., W) for each tree t.

PROPOSITION 4.1 (Pin [ 22] ). Let n be a positive integer and let Wy, ..., W, be M-varieties. We denote
respectively by W; and W the *-varieties of languages corresponding to W; (0 <j <n) and to ¢ aan+1 (Wo, ...,

Wh). Then for each alphabet A, A*W is the boolean algebra generated by the languages of the form L; a;L; a,
. arL;_,where0<ip<... <ir<n,wherefor0<j<r, a€A and Li; € A*Wij .

The above proposition implies that if t =at;aatea ... aty,a with ty, ..., 1, € T, we have 0 (W) = 0 4a)n(0¢, (W), ...,
0¢, (W)).

The Straubing hierarchy Vi can be described in the following fashion. Let Ty be the sequence of languages
defined by To={1} and Ty .1=(aTxa)*. Intuitively, we can represent the languages by trees infinite in width:
To

T, /\

T,

PROPOSITION 4.2. For k >0, V= 0 Ty(l). In particular, 01, (1) = I, 07, (1) = 3,07, (1) =0 J.
Proof. It is an immediate consequence of Proposition 4.1.
More precisely, we have the following.

PROPOSITION 4.3. Fork>1,m>1, Vkn =<>(aTk @m+1 M.
-1

Proof Let Wy n be the *-variety of languages corresponding to
O(aTk—1a) m+1 (I) = O(aa)m+1(<>Tk_1(|))'



We have to establish the equality Wy m = Vi m. Proposition 4.1 and Vi= ¢, (1) of the preceding proposition

show that for each alphabet A, A* W\, is the boolean algebra generated by the languages of the form Loya;L;a;
... apLn, where0 <n<m, Ly, ..., Ly € A* Vi, and ay, ..., a, € A. The result clearly follows.

Let m = (my, ..., my). By induction on k, we define a tree tm as follows: if length(m) = 1, then tm = (aa)™*1,
for m = (M, my, ..., my), ti = (at(my ...,m) @)™ * 1. One can also observe that I(t(my, ..., 7)) is N(My, ..., my) +
1.

Let t be a tree and let V; be the *-variety of languages associated with ¢ (1). We have the following.

PROPOSITION 4.4. Vi, .m,»= £(My, ..., my). (Here, it is understood that for each alphabet A, A*
Vi(my,...my) 1S the class of ~, - y-languages in A*. Let us denote it by A* £(my, ..., my)).

Proof. The proof is by induction on k. If k = 1, then 0.,y (I) = V1, m, by Proposition 4.3. The result then
follows from Corollary 2.3. Suppose it is true for k, i.e., letting m = (my, ..., M), V¢, = Lm. Let us show that
Vemma,smy = LM, M1, oy M. FIOM O mmy,.omy) (D =0 aemaym+1(1) = 0 gqym+1 (04 (1)), using the induction
hypothesis and Proposition 4.1, we can conclude that for each alphabet A, A*V;(;m,,...m,) IS the boolean
algebra generated by the languages of the form Loa;L1a; - - - @mbm, where for 0 <j<m, a; € A* and L; € A*
L(my, ..., my). The result follows since each ~(m, my,...,my)-class is a boolean combination of sets of the form
Loailsdz - - - @ambm, Where each Ljis a ~ (. m,)-class.

The following result perhaps constitutes a first step towards the general solution of the decidability problem.
PROPOSITION 4.5 ( Pin [22]). For each tree t, the variety ¢.(l) is decidable.
Using Proposition 4.4 and Proposition 4.5, we get the following.

PROPOSITION 4.6. For, fixed (my, ..., m), the M-variety 0;,,..m,)(l) is decidable, or the *-variety of
languages £(mj, ..., my) is decidable.

Among the many problems concerning these tree hierarchies, is the comparison between the varieties inside a
hierarchy. More precisely, the problem consists in comparing the different varieties ¢ (W) (or even ¢ (W)). A
partial result and a conjecture on this problem was given in Pin [22]. It was shown that for every variety W, if t
is extracted from t', then ¢ (W) € ¢ + (W), and it was conjectured that if t, t' € T', O (1) is contained in ¢ (1)
if and only if t is extracted from t'. Here, T' denotes the set of trees in which each node is of arity different from
1.

THEOREM 4.1. The above conjecture is false.

To see this, L45) S L;,1)by Lemma 4.7 of the next section. Hence ¢ ;(1,2)(I) € ¢ ¢2,1)(1) by Proposition 4.4.
But it is easy to verify that the tree t(1, 2) is not extracted from the tree t(2, 1 ). The main step of the proof of
Theorem 4.1 is given in the next section.

4.2. The Conjecture is False

This section is devoted to the proof of Theorem 4.1 of the preceding section. The proof goes through seven
lemmas, Lemmas 4.1, 4.2, 4.3, 4.4,4.5,4.6, and 4.7. When is ~, .1y © ~(1,n,y? Of course, if mj > my, itis
true. We will be considering the case when m;, < mj, or, mj +1 < m,. Assume that u ~1y v and |ula, |[V]a > 0. Let
U=UodUy - - - @Up, V= VodVy - * + @V, Where n = |ula, M = |Va. If Qgp;, qq; fori=1,..,n,j=1, .., m, thenu;=
u(pi, pi+1), 1 =1, ..., n—1, v; = v(Qj, dj+1), ] = 1, ..., m - 1. up= u[1, p1), Vo = V[1, 01), Un = u(pn, |u[l, Vm = V(qm, |V[].



LEMMA 4.1. 1.Up~1Vo, U1 ~1 V1, Un1~1Vm 1, Un ~1 Vm,
2. Uoaus ... aup 2~1 VoaV3 ... dVpm ..o

Proof 1. Player I, in the first move chooses two consecutive a's among the first or the last two ones (of u or v).
Since u ~ 1) v, player Il chooses two consecutive a's, the same occurrences among the first or the last two ones
(of v or u). The result follows from Lemma 3.1.

2. Let w be a subword of length <1 of uzaus - - - au, , (or of v,avs - - - avy-2). Hence w is a subword of v,avs -
-+ @V -2 (or of usaus - - - aun- ) because aawaa is a subword of length < NV'(2, 1) =5 of u (or of v) (~1) €
~v(2,1))) by Proposition 3.2( ).

LEMMA 42, . wpaus --au, ~, U dts - dt,,,

UsCly - QU ~ 3, Uall's - - AL,

Wallity -, ~ 5 Dadly o dt,,;

2

oty i, |~ 5 Yottty - dl, .

oy did, 3~ 2 Updty -t

oy 2

Holldy - dU, 1~ Updly - Qb 3.

Proof: 1. Let 1 <i < 3. Let w be a subword of length <2 in u;auj+; - - - au,. Consider w' = a'w of length <i +2 <
N'(2, 1). U~ 2,1V (Proposition 3.2( 1)) and the fact that w" is a subword of u of length < V'(2, 1) imply that
w' is also a subword of v and, hence, w a subword in viavis1 - - - avm. Similarly, for subwords of viaviss - - - avm.
For 2, we consider wa'.

LEMMA 4.3. 1. U~ Vo,
2. Un ~(2)Vm

Proof 1. Letw = ws ... wy,,| be a subword of length <2 in uo. Let p, p’' € u be such that p < p* < p; and @y, p,
Q‘ﬁ‘,lw p'. Consider the following play of the game G(2, 1)(u, v). In the first move, player | chooses p and p;.
Using Lemma 3.1, there is q € v, g < qy, @}, d, and u(p, p1) ~1 v(d, g1). Since wy,,| is a subword of length <1 in
u(p, p1) and u(p, p1) ~1 v(a, d1), wyy, is a subword of length <1 in v(q, g1). Hence w is also a subword in vo.
Similarly, for subwords of vo. For 2, let w = w; ...w),,| be a subword of length <2 in u,. Let p, p' € u be such
that p, <p'<pand Q#Vlup, Qw, P'. Inthe first move, player I chooses p, and p. The result follows similarly as 1.

LEMMA 4.4, 1. upaui~ (p) Voavs,
2. Un -1 aUn~(2) Vm lan

Proof. 1. We will show that uoau; ~@) Voavi. The proof is similar for 2. Let w = w; ... w),,| be a subword of
length <2 in upau; (similar if starting with vpavs). We want to show that w is a subword of vpav;. If wis a
subword of ug, w is also a subword of vy by Lemma 4.3(1). If not, let j, 1 <j < |w/|, be the first index such that w;
... Wj is not a subword of ug but wy ... w;. 1 is a subword of ug. We have that w1 ... w;. 1 is a subword of vq by
Lemma 4.3(1) but we do not have that w; ... wj is a subword of vq (if we had, w; ... wj would be in ug for the
same reason). If w; = a, wy ... wj is a subword of upa and voa, and since u; ~1 v1 by Lemma 4.1(1) and 1 <j <|w|,
w is a subword of voavs. If wj# a, let p be the first position in u after p; such that Q",‘V]_ p. Now, since u; ~1 v; by

Lemma 4.1( 1), wjoccurs between g; and d,. Let g be the first position in v after g such that Q;’qu. If |wj ...
ww| < 1, the proof is complete. If not, i.e., |w;... wy,, | >1thenj =1, |w| = 2. Consider the following play of the

game G(2, 1)(u, v). Player I in the first move, chooses positions p and p in u. Player 11 should choose q inv. If
not, I would choose a position q' in v such that q' > g because he needs at least one a before q', and q is the first
position in v after g; such that @y, q. But then, player I, in the second move could choose an occurrence of w;



from v[1, q") (not possible for Il in u[1, p) from the choice of j and the fact that w; # a). Player 11 cannot choose
a position g" such that Q27" before g, because he needs at least one a before g. Since there is no a between p
and py, there should not be any between q and g". Hence player Il should choose q and q,. Hence u(p, p2) ~1 v(Q,
gz) and 1 follows.
LEMMA 4.5, Let pi,...p.inu(py< - <p) g, oty
ine(gy<--- <q.}) be the positions which spell the first and
the last vecurrences of every letter inu (v). Then
1. s=4',
2. Qipiifandenly if Q,q;.be A for 1 Iy,
3wl lpiy~ay vl 1. ¢}) and u(p), |ul) ~ 2 vig;. o] ] for
l<i<gy,
4 wpnpico~yelgngn) for Tigs— 1
5. for V<i<s— 1 and for every p' eul(p). pi, ), there
exists ¢ € vlg, q; , ) such that
a. Qip ifandoniyif Q,q'. be A,
b w(pip’) ~ivlgl q').
Also, there exists q' € (g, 45 .} (which may be different
from the one which satisfies a, b) such that a and
c. wp pi)~ g g
Similarly, for every g'evig;, q;, ). there exists
pleulpi, pi, ) such that a, b hold (also a, ¢ hold) and
6. for 1<i<s—1 and for every pl.p>eulp,,pi..)
(p) < pi), there exist g, g5 € v(gt, ¢ ;) (g7 < g3) such that
d. Qpp/ ifand only if Q,q7 bed for | <j<2,
e upy, pi~ vlgl. g3
Similarly, for every q1', q5 € v(q;, qi+1) (1’ < q3%), there exist p;’" , p5 € u(p;, pi+,) (p1 < py) such that d and
e hold.

Proof: 1 holds since u ~2.1) v, by Section 3, implies that |ul,= v, < N (2, 1) =5 or |uly, [v]b > N'(2, 1) for every b
€A,

2 holds, since ~2,1) € ~@1,1)and we may consider the plays of the game G(1, 1)(u, v), where player I in the first
move chooses p; for some i, 1 <i<s.

3 follows from the arguments in the proofs of Lemma 4.2 and Lemma 4.3, since p; (gq;) is either the first or the
last occurrence of a letter in u(v) (in Lemma 4.2 and Lemma 4.3 we were considering p1 (q:) which are the first
occurrences of the letter a in u (v) and p, (gm) which are the last occurrences of that letter in u (v)).

4,5, and 6 follow by considering different plays of the game G(2, 1 )(u, v). First, from the choice of the p,.’s and
the q,’s and Lemma 3.1, if p; (q;) is among the positions chosen in u (v) by player I in the first move, then g;
(p;) should be among the ones chosen in v (u) by player Il in the first move. Second, if the positions chosen by
player | in the first move are in u(p;, p;+1)(v(q;, gi+1,)), then the positions chosen by player Il in the first move
should be in v(q;, q;,1) (u(p;, pi+,)) for the same reasons. For 4, consider the play of the game G(2, 1)(u, v),
where player 1, in the first move, chooses p; and p;, ; for 5, | chooses p; and p', or p' and p; ., ,; for 6, he
chooses p;’ and p;'.

LEMMA 4.6. Letps, ..., ps inu(p; <..<p(qq ..., g5 InVv(q; < ... < p¢)) be the positions which spell the
first and last occurrences of every letter in u (v) so (satisfying) 2, 3, 4, 5, and 6 of Lemma 4.5. For i fixed



between 1 and s -1, let p7', ..., pg; i U(p;, pivs) (p1' < - <Pps;) (a1, - 4 INV(G, Giva ) (97'< - < g1 )) be
the positions which spell the first and the last occurrences of every letter in u(p; , pi+1 ) (V(q;, gi+1 ))- Then

1.s=s5sj,
2. Qyp; ifand only if Qppj , b € Afor 1 <j<s;and
3.UlL, pj) ~@VIL, gj) and u(pj’, [ul] ~ V(g , IVI] for L <j <s;.

Proof. By 4 of Lemma 4.5 we have u(p; , p;+1) ~1 V(q;, qi+1)- Now, if in one of these segments, either u(p;,
pi+1) Or v(q; , qi+,), there is only one occurrence of some letter and in the other segment there are two or more
occurrences of that same letter, then player I in the first move could choose two of these occurrences (not
possible for 11 in the remaining segment, contradicting 6 of the preceding lemma). Hence 1 holds.

For 2, consider any two letters, say b # c, in u(p; p;.,) (@nd, hence, in v(q; q;,,) by Lemma 4.5(4)) and
consider their first and last occurrences in u(p;, p;4,) and v(q; , q;.,) (by 1, the numbers of these occurrences
agree). We claim that we have the same pattern: there are six possibilities, namely, pattern 1, bbcc; or pattern 2,
bcbc; or pattern 3, beeb; or pattern 4, cbbc; or pattern 5, cbcb; or pattern 6, cchb. Expressed differently, the
subwords formed by these occurrences are the same (the proof is similar if only one occurrence of a letter
instead of a first and a last: the patterns would be shorter words). Let us separate different patterns by
considering plays of the game G(2, 1)(u, v). We will illustrate the plays by diagrams. The first move of | will be
indicated by [circle with 1 in middle] and the first move of Il by [square with 1 in middle]. In each diagram, the
segment between the positions chosen by | in move 1 +,, the segment between the positions chosen by Il in
move 1, in contradiction with Lemma 4.5(5) or (6). We show how to separate patterns 1-2-3 from patterns 4-5-
6, pattern 1 from patterns 2 and 3, and pattern 2 from pattern 3. The separation of the patterns 4, 5, and 6 is
similar to the separation of 1, 2, and 3. To separate patterns 1-2-3 from patterns 4-5-6:

pattern 1. 2, or 3.

. '
Pi P

— ——or —h b O e —
(f: (1’:‘+l
O @

pattern 4, 5, or 6.

I3 I3
o dia

-or e R R | R or
Pi P
| al

The above diagram is in contradiction with Lemma 4.5(5) (Il has to choose the first occurrence of b but there is
an occurrence of ¢ between the positions that he chooses which is not the case for 1). To separate patterns 1 and
3,

/): P;+I
or ~h-he-c e or —— -
‘]: q:al
@® @
f]: q,H-I
or h- ¢ ¢ b or
P; p:‘>|

ol M



To separate patterns 2 and 3,

I Pisn

fl: q:+l

@ ®

(ji (I':'-+-I

-or h- -0 b or
[7: P;+|

M [

To separate patterns 1 and 2,

P Piot
: or—h-—b—c ¢ or --—-
o ;-
q: q:+ 1
------------ -or—bh- ¢ hb—c¢c— or
P P
© ©

Here, player Il cannot choose two b's separated by a ¢ (in contradiction with Lemma 4.5( 6)).

The diagrams above show that any two letters obey the same pattern. Q;p1’ if and only if Q7 gy is clear. Now,
by induction on j, assume Q' py, if and only if @ q; for 1 <k <j. Suppose, say Qyp;’1 + and Qpq;,, with b #
c. But b and ¢ have the same pattern in u(p;, p;'] and in v(q;, p;'] by the induction hypothesis and the result
follows.

We now prove 3. Let 1 <j<s;. We will show that u[ 1, p;" ) ~( V[1, q;") (the proof is similar for u(p;’, |ul]
~2) V(g IV]). Letw =wy ... wy,, be asubword of length <2 in u[ 1, p;" ) (it is similar if in v[1, g’ )). We
want to show that w is a subword of v[ 1, ;" ). If jw| = 1, then there is an occurrence of wy in u[ 1, p;] (and,
hence, in v[1, g;]) from the choice of the p,’s and the g,'s and Lemma 4.5(1, 2) and the proof is complete. If |w|
=2,andwisinu[ 1, p;), then wis in v[1, g;) by Lemma 4.5(3 ). If there is an occurrence of w; in u[ 1, p;) (and,
hence, in v[1, q;) by Lemma 4.5( 3)) and Q. p; (and hence Q},,q; by Lemma 4.5(2 ) ) the proof is complete.
Otherwise, there is an occurrence of wy in u[ 1, p;] (and, hence, in v[ 1, g;] ) from the choice of the p,.'s and
qr's and Lemma 4.5(1, 2) and also an occurrence of wzin u(p;, p;’ ). From the choice of the p;"s, there exists k,
k < j, such that @5, py . Hence, from the choice of the q,"’s and (1, 2), @y, py -

LEMMA 47 ~(2,1) g ~(1,2)'

Proof. Suppose that u ~(21) v. Then there is a winning strategy for player Il in the game G(2, 1 )(u, v) to win
each play. Let us describe a winning strategy for player Il in the game G(1, 2 )(u, v) to win each play. Let p be a
position in u chosen by player I in the first move. Suppose Qxp for some a € A.

Case 1. |ula = |Vla <5 =N(1, 2) = V(2, 1). If p is the ith occurrence of a in u chosen by player I in the first
move, then player Il chooses the same occurrence of a in v, say position g. The fact that u[1, p) ~) v[1,q) and

u(p, |ull ~@) v(a, |v[]] follows from Lemmas 4.2, 4.3, and 4.4.

Case 2. |u|a = |V|]a = 5. Same as case 1.



Case 3. |ula = 5, |v|la > 5. We include this case because the strategy here for player Il is very easy but the
arguments in Case 4 are enough to prove the lemma. If p is the ith occurrence of ain u (1 <i<2) chosen by
player | in the first move, then player 11 chooses the same occurrence of a in v, say position g. If p is the (6 - i)th
occurrence of ainu (1 <i<2), player Il chooses the (m — i + 1 )th occurrence of a in v. The fact that u[1, p)
~@2) V[1,9) and u(p, |u[]] ~) v(q, |v[]] follows from Lemmas 4.2, 4.3, and 4.4. If p = ps, then player Il chooses g, an
a, among the middle ones in v, i.e., among g, ..., gm-2. Lemma 4.2 implies that usausaus ~@) vsavs ... avy and
Uoauiauz ~() VoaVi ... aVm-3. Observe that if we show ugausau; ~) Voaviave and uzausaus ~() Vm-2aVm-18Vm the
proof is complete, since we will have ugau;auz~e) v[1,q) and usausaus~p) Vv(q, |v[]] for any position g among

s, ..., Qm-2. If player I had chosen p among the middle positions in v, then player 11 would choose ps in u. So let
us show that upausau,~) Voaviavy. The proof of u3audaudb~() Vim-2aVm-1avi is similar.

First, let w be a subword of length < 2 in vpaviav,. Then w is a subword of length <2 in vpav; ... avp.3. But since
UoaUiauz~() VoaVsy ... @Vm.3, W is a subword of upausau,.

Now, letw =w; ... wy,,| be a subword of length <2 in upau;au,. We want to show that w is a subword of
voaviavy. If wis a subword of upgauy, w is a subword of vpav; by Lemma 4.4( 1). If not, let j be the first index
such that w; ... wj is not a subword of upau; but that w; ... wj. is a subword of ugau;. We have to consider the
case where j = 1 and the case where j= 2. In each case, upauiauz~) Voaviav, will follow by considering different
plays of the game G(2, 1)(u, v). We will illustrate the plays by diagrams. The first move of | will be indicated by
[circle with 1 in middle] and the first move of Il by [square with 1 in middle].

J = 1. We have that w; is not a subword of vpav; ; wy # a since otherwise w; would be in upau;, contradicting the
choice of j. So let p' be the first position in u after p, such that @y, p'. Now, since Upausau,~() VoaVvi ... aVmgand
Wy is not in voavy, Wy occurs between g and gm-. Let g' be the first position in v after g, such that @y, q'; ' is not
between g, and gz in v because then we would have w;aaaa in v but not in u. Hence ' is between gz and Q2.
Consider the following play of the game G(2, 1)(u, v) (illustrated in the diagram below). Player I in the first
move chooses gy and q'. Player Il should choose an occurrence of a before the first occurrence of w; in u (which
IS in uy) because in voav; there is no occurrence of w; and, since he needs at least one a before the occurrence of
a that he chooses, he has to choose p,. Il also needs at least one a between and after the positions that he
chooses. Player 11 cannot win this play of the game, a contradiction on the fact that u ~,1y v (I1 cannot win,
since there is no occurrence of w; between the positions chosen by player I in the first move, but there is an
occurrence of w; between the positions chosen by player 11 in the first move). Hence j = 1 is eliminated.
(Remark. That j = 1 is eliminated can also be seen by considering the play of the game G(2, 1 )(u, v), where
player | in the first move chooses q; and gs. There is no occurrence of w; between q; and gz but there is one
between p; and p3 or p; and pa.)

y ] 2 Vo -2 - 'my

a a a—w,— - —a 7] a
u u3
\ ' pr—my e . B
a a—w, —a—w, —a a—
or
u rey
Y 1 ey I P 15
o a —w,—da a—w, —d

] = 2. We have that w; is a subword of vpav; , but we do not have that w;ws, is a subword of vpav;. If wy = a,
W1Ws, is a subword of vpavia and, hence, of vpaviav,. So, assume that w, # a and let p' be the first position in u
after p2 such that @y, p". Now, since Upauiauz~ ;) Voavs ... aVm.3, W Occurs between g, and qm-2. Let ' be the

first position in v after g, such that Q};_q'. Suppose that g' is not between g, and gz in v. If the first occurrence of



wy invisin vy (and hence in u; by Lemma 4.1(1)), consider the following play of the game G(2, 1)(u, V)
(illustrated in the diagram below). Player I in the first move chooses the first occurrence of wyin vand gs in v.
Player Il cannot win this play of the game, a contradiction on the fact that u ~(21) v (11 cannot win, since there is
no w, between the positions chosen by player I in the first move, but there is an occurrence of w, between the
positions chosen by player Il in the first move):

i

ry f—"A_\ (5 '3 iy rs IS
a—w, —a a a u a
uy 2
“y L& My w
a—w, —da—w,—d a a
or
M

If the first occurrence of wy in v is in vpa, player I in the first move chooses g; and gs in v. Player Il cannot win
this play of the game, for the same reason as above. Hence q' should be between g, and gs.

Case 4. |ula>5,|Vla>5. Letpg, ...,psinu(p; <...<pg) (q1, ..., qs InV (g7 < ... < qys)) be the positions which
spell the first and the last occurrences of every letter in u (v) satisfying (2, 3, 4, 5, 6 ) of Lemma 4.5. Now if

p is any middle position in u (among ps, ..., Pn-2) chosen by player | in the first move, then p € u(p; , p;,,) for
some i, 1 <i<s— 1. Then player Il chooses a middle position g in v (among s, ..., qm-2) as follows. Let p7’,

o Do INUD], Pive) 01 < ... <pg) (@1 -5 g5, INV(Gi, qiv1) (@1 < ... < qg)) be the positions which spell the
first and the last occurrences of every letter in u(p;, pi;+,) (V(q;, q;+,)) satisfying (2, 3) of Lemma 4.6. First, if p
=pj forsomej, 1<j<s;, thenletq=gq; ;u[l, p)~@ V[L, g)and u(p, [u] ~¢) v(q, V] follow from Lemma
4.6( 3). Second, if p € u(pj’, pj’y,) for some j, 1<j <s; — 1, then g will be chosen according to the following
rules, rules 1 to 4, which describe different plays of the game G(2, 1)(u, v). Rules 1 to 4 depend on p;" and p},
being first or last occurrences of letters in u(p;, p;,,) (Remark. It can happen that, for example, p;’ is both a
first and a last occurrence of a letter; in such a case, g will be chosen according to any of the rules that apply).
We will illustrate the plays by diagrams. The first move of | will be indicated as before by [circle with 1 in the

middle] and the first move of Il by {square with 1 in the middle].

Rule 1. Rule 1 is an application of Lemma 4.5(5). If p;’ and p/, , are first occurrences of letters in u(p;, pi.1),
then consider the play of the game G(2, 1)(u, v), where in move 1, player I chooses p; and p. Player Il should
choose q; and a position g in v(q;, g;,,) such that Qzq and u(p;, p) ~1 v(q;, 9). Since p;" and p},, (and hence
(¢ and q}’,) are first occurrences of letters in u(p;, pi,1) (V(q;, gi+1)), @ must be in v(q}’, q},) (otherwise
there would be contradiction with u(p;, p) ~1v(q;, 4)). More precisely, q is not in v(q;, q;’) and q # g since
otherwise there would be an occurrence of the letter of p;’ in u(p;, p) but not in v(q;, 9); g is not in v(q}, 4,
qi+1), since otherwise there would be an occurrence of the letter of g}, ; in v(g;, g) but not in u(p;, p); d # q;41
since otherwise Q7 g}, and, hence, Qip;’.,, contradicting the fact that p}’,, is the first occurrence of a letter in
U(p;, pis1) (Qzpand p <pj,):

first first

4 ”
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n

’ " 4
g, '"q.j ey i
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Rule 2. Rule 2 is an application of Lemma 4.5(5 ). If p;" and p;’,, are last occurrences of letters in u(p;, p;+1),
then player I, in the first move chooses p and p;, . Player Il should choose g;,, and a position q in v(q;, q;.4)
such that Qzq and u(p, p;4+1) ~1 V(4, g;+4)- Similarly as in Case 1, g must be in v(q}', q}1):

last last
PPl P P P
0 @®
g q) g g
n m

Rules 3 and 4 are applications of Lemma 4.5(6).

Rule 3. If p;’ is the last occurrence of a letter in u(p;, pi,) and pj’, is the first occurrence of a letter in u(p;,
Pi+1) then player 1, in the first move chooses p;’ and pj',,. Hence there exist " and g™ in v(q;, g;+1)(d" < Q")
such that Q¢q' if and only if Q};p]” if and only if Q’gq;’ , Qpq" if and only if Q,'p}, ifand only if Qyqj’, , D E
Aand u(p] : pj+1) ~1V(Q', g"). 9" < qj (since p;’ is the last occurrence of the letter of ' and p;" in v(q;, q{+1))
and g, < Q" (since g}y, C is the first occurrence of the letter of " and g}, inVv(q;, gi+1)); A" <qj or g}, <

g" would contradlct u(pj', pjt1) ~1v(d', 9"). More precisely, q' < q; (q;%1 <g") would imply an occurrence of
the letter of g’ (qj’1) inv(q', ") but there is no such occurrence in u(p;', pj'y,). Hence q' = q¢;' and q" = qj4.

Since u(p;’, p]“”)~ V(qj , qj’+1), there exists q in v(q}’ , q}’1) such that QZq:
last first
S RN B /RS SR
© @
S/ HO R PR

Rule 4. If p;’ is the first occurrence of a letter in u(p;, pi,) and p;,, is the last occurrence of a letter in u(p;,
Pi+1), then player I, in the first move chooses p;" and p},,. Hence there exist q' and g" such that ¢}’ <q' < ¢" <
q;1 and satisfying Qpq' if and only if Qyp;’ if and only if Qyq;’, @5q" if and only if Qypj,, if and only if
Q5q;+1, D €A, and u(p;’ , pjy1) ~1V(T', 9"). Since u(p;’, pjt1) ~1 V(4', "), there exists g in v(q', ") such that
Qaq:

first last
SpLop; P P P
® @
g 4 4 4 9" i g
(1] 1

In Rules 1 to 4, the facts that u[ 1, p) ~) v[1,9) and u(p, |ul]] ~@2 v(q, [v[]] will follow similarly as Lemma 4.6(3).
We show u(p, |u[] ~¢) v(q, |v[]] for Rule 4. Let w = w; ... wyy be a subword of length <2 in v(q, |v[] (it is similar if
in u(p, |u]]). We want to show that w is a sub-word of u(p, |u[]. If |w| = 1, then there is an occurrence of w; in
V[gi+1 V] (and hence in u[p;,4, [uf] ) from the choice of the p,’s and the g,'s and Lemma 4.5( 1, 2) and the
proof is complete. If jw| =2, and w is in v(q;,, [V[], then w is in u(p;,,, |u|]] by Lemma 4.5(3). If there is an
occurrence of w in v(g;,4, [V[] (and, hence, in u(p;, 4, [u[] by Lemma 4.5(3) ) and Qy;, q;,, (and hence Q}; pi,,
by Lemma 4.5(2)) the proof is complete. Othervvise, there is an occurrence of w, in v[g,,, [v]] (and, hence, in
ulp;,1, lul]) from the choice of the p,'s and the g,.’s and Lemma 4.5(1, 2) and there is also an occurrence of w;
inv(q, q;4,)- From the choice of the q”'s there exists k, k> j+ 1, such that Qy, g;,. Hence, from the choice of
the p;’ 's and Lemma 4.6(1, 2), Q}, py - The result follows.
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