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Abstract

The Hall number is a graph parameter closely related to the choice
number. Here it is shown that the Hall numbers of the complete
multipartite graphs K(m,2,...,2), m > 2, are equal to their choice
numbers.

1 Introduction

Throughout this paper, the graph G = (V, E)) will be a finite simple graph
with vertex set V' = V(G) and edge set E = E(G).
A list assignment to the graph G is a function L which assigns a finite
set (list) L(v) to each vertex v € V(G).
A proper L—coloring of G is a function ¢ : V(G) — U L(v) satis-
veV(G)
fying, for every u, v € V(G),

(i) (v) € L(v),
(i) w € E(G) = ¢(v) # (u).

The choice number or list—chromatic number of G, denoted by ch(G),
is the smallest integer k such that there is always a proper L—coloring
of G if L satisfies |L(v)| > k for every v € V(G). With x denoting the
chromatic number, it is easy to see, and well known, that x(G) < ch(G).
The extremal equation x(G) = ch(G) is a major research interest; see [1],
[2], and [3].

1.1 Hall’s Theorem

Theorem 1. (P. Hall [5]). Suppose Ay, As,..., A, are (not necessarily
distinct) finite sets. There exist distinct elements aq,az,...,a, such that
a; € A;, i =1,2,...,n, if and only if for each J C {1,2,...,n},

J 4l =11
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A list of distinct elements aq,...,a, such that a; € A;, i =1,...,n, is
called a system of distinct representatives of the sets Ay,..., A,. A proper
L—coloring of a complete graph K, is simply a system of distinct repre-
sentatives of the finite lists L(v), v € V, and any list A, Ao, ..., A, of sets
can be regarded as lists assigned to K,. Therefore, as noted in [6], Hall’s
theorem can be restated as:

Theorem 2. (Hall’s theorem restated). Suppose that L is a list assignment
to K,,. There is a proper L—-coloring of K, if and only if, for all U C
V(K,), L) = | | Lw)| > |U].

uelU

Let L be a list assignment to a simple graph G, H a subgraph of G and
P a set of possible colors. If ¢ : V(G) — P is a proper L—coloring of G,
then for any subgraph H C G, v restricted to V(H) is a proper L—coloring
of H.

For any o0 € P, let H(o,L) = < {v € V(H) | 0 € L(v)} > denote the
subgraph of H induced by the support set {v € V(H) | 0 € L(v)}. For
convenience, we sometimes simply write H,.

For each o € P, ¢~ Y(o) = {v € V(G) | ¥(v) = o} CV(G,); ¥~ (o) is
an independent set because 1) is a proper L—coloring. Further, )~1(c) N
V(H) C V(H,). So, [¢v7 (o) N V(H)| < a(H,) where « is the vertex
independence number. This implies that

> a(Hy) > > [ o) NV(H)| = [V(H)| for all H C G.

ceP cEP

When G and L satisfy the inequality

" a(H,) > [V(H)| (3.1)

ocP
for each subgraph H of G, they are said to satisfy Hall’s condition. By
the discussion preceding, Hall’s condition is a necessary condition for a
proper L—coloring of G. Because removing edges does not diminish the
vertex independence number, for G and L to satisfy Hall’s condition it
suffices that (3.1) holds for all induced subgraphs H of G.

Hall’s condition is sufficient for a proper coloring when G = K,,, because

if H is an induced subgraph of K, then for each o € P,

1 ifoe U L(v)
a(Ha) = veV (H)
0, otherwise.

Sa)=| | L)l;

ceP VeV (H)
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therefore Hall’s condition, that

> a(H,) > |V(H)

ocEP

for every such H, is just a restatement of the condition in Theorem 2. (It
is necessary to point out here that if ¢ ¢ L(v) for all v € V(H) then H,
is the null graph, and «(H,) = 0.) Consequently, Hall’s theorem may be
restated: For complete graphs, Hall’s condition on the graph and a list
assignment suffices for a proper coloring.

The temptation to think that there are many graphs for which Hall’s
condition is sufficient can be easily dismissed. Figure 1 is the smallest graph
with a list assignment Lg for which Hall’s condition holds, and yet G has
no proper Ly—coloring.

Remark.

It is clear that if H is an induced subgraph of G and H # G, then
H C G —v for some v € V(G). So, if G — v has a proper L—coloring, then
H C G — v must satisfy (by necessity) (3.1). Thus, in practice, in order to
show that G and L satisfy Hall’s condition, it suffices to verify that G — v
is properly L—colorable for each v € V(G) and that G itself satisfies the
inequality (3.1).

Denoted by h(G), the Hall number of a graph G is the smallest positive
integer k such that there is a proper L—coloring of G, whenever G and L
satisfy Hall’s condition and |L(v)| > k for each v € V(G). So, by Theorem
2, h(K,) =1 for all n. In [6] the following facts are shown:

1. If |L(v)| > x(G) for every v € V(G) then G and L satisty Hall’s
Condition.

2. h(G) < ch(G) for every G.

3. If ch(G) > x(G) then h(G) = ch(G).

4. If h(G) < x(G) then x(G) = ch(G).

5. If H is an induced subgraph of G then h(H) < h(G).

Facts 3 and 4, are essentially equivalent since x, h < ch, make h a
parameter of interest of study of the extremal equation x(G) = ch(G).
These facts and the following theorems underline our findings in the next
section.

Theorem A.(Erdos, Rubin and Taylor [2]) Let G denote the complete
k—partite graph K(2,2,...,2). Then ch(G) = k.



Theorem B.(Gravier and Maffray [3]) Let G denote the complete
k—partite graph K(3,3,2,...,2). If k£ > 2, then ch(G) = k.

When &k = 2, it is shown that ch(K(3,3)) = 3. See [4].

Corollary B. Let G denote the complete k—partite graph K(3,2,...,2).
Then ch(G) = k.

Proof. Since K(3,2...,2) is a complete k—partite graph,
k= x(K(3,2...,2)) <ch(K(3,2...,2)). Further, K(3,2...,2) is a sub-
graph of the complete k—partite graph K(3,3,2,...,2). Therefore
ch(K(3,2...,2)) < kif k> 2. Thus, ch(K(3,2...,2)) = k if k > 2. When
k = 2, we have K (3,2), of which it is well known that the choice number
is 2. See [4], for instance.
O

Theorem C. ( Enomoto et al. [1],2002) Let G}, denote the complete
k—partite graph K(4,2,...,2). Then

[k if kis odd
ch(Gy) —{ k+1 if kis even.

Theorem D. ( Enomoto et al. [1]) Let G denote the complete k—partite
graph K(5,2,...,2). If k > 2 then ch(G) =k + 1.

Corollary D. Let GG denote the complete k—partite graph K (m,2,...,2).
If k > 2 and m > 5, then h(G) = ch(G) > k+ 1.

Proof. Since ch(G) > ch(K(5,2...,2)) =k+ 1>k = x(G), h(G) =
ch(G) by the previous fact 3.
O

2 Hall numbers of some complete multipar-
tite graphs

Throughout this section, L is a list assignment to V(G) such that for each
v € V(G), L(v) C P, a set of symbols. If ¢ ¢ L(v) for all v € V(G),
then G, is the null graph. Further, we denote by 1, any attempted proper
L—coloring of G.



2.1 Example

The following example originally appeared in [6]. Consider the complete
bipartite graph K (2,2) in Figure 1 with parts V; = {u;,v;}, ¢ = 1,2 and
Ly the list assignment indicated.

{a, b} {b,c}

U V2

U1

U2
{a,c} {c}

Figure 1: A list assignment to K(2,2).

If vy is colored ¢, as it must be, then us must be colored a and v, must
be colored b in a proper coloring, so u; cannot be properly colored.

However, we will show that G and L satisfy Hall’s condition using the
argument described in a previous remark. First, for each v € V(G), it
is easy to see that G — v is properly Ly—colorable, meaning every proper
induced subgraph H C G satisfies, with Lg, the inequality (3.1) in Hall’s
condition. We now proceed to verify the inequality (3.1) for G itself.

Now, a(G.) = 2 and a(Gp) = a(G,) = 1. So, 4 = Za(GU) >

ocEP

|V(G)| = 4. Thus, G and Lg satisfy Hall’s condition and yet G has no
proper Lo—coloring. Thus, 1 < A(G) < 2 by Fact 2 and Theorem A.
Therefore, h(G) = 2.

2.2 Some Hall numbers
Theorem 3. h(K(2,...,2)) =k when k > 2.

Proof. Let the partite sets of the complete k—partite graph G = K(2,...,2)
be Vi,..., Vi with V; = {u;,v;}, for i = 1,2,... k.

In Example 2.1, we showed that h(G) = k when k = 2. So, to complete
the proof, we suppose k > 3.

Let A be a nonempty set of colors with |A| = k—2 and a, b, ¢ be distinct
colors not in A. We define L a list assignment to G as follows:

1. L(uy) = AU{a,b}, L(uz) = L(uz) = ... = L(ux-1) = AU {a},
L(u) = AU {c} and



2. L(vy) = AU{b,c}, L(vy) = L(vz) = ... = L(vg) = AU {b}.

Observe that |L(v)| > k — 1 for every v € V(G).
Claim 1. The graph G is not properly L— colorable.

Proof.

In the following cases, we consider all possible distinct ways to properly
color the vertices of some part of G, say V4 . We then conclude that
the remaining subgraph H = G — V; is not proper L’-colorable where
L' = L—{aj,as}, {a1, a2} € U L(v). (a1, az are not necessarily distinct

veV]
colors; they are the colors on V;.) Let 1 denote the attempted proper
coloring.

Case 1: ¥(u1) =bor (vy) =b.

Let S =< {wa,...,vx} >, an induced subgraph of H. Then k — 2 =
|A| = | U L'(v)] < |V(S)| = k—1. Since the subgraph S is a clique, we

veV(S)
cannot properly color S from L'.

Case 2: ¥(u1) = a and ¥(v1) = c.

Similarly as described in case 1, by letting S =< {ug,...,up} >, it’s
clear that we cannot properly color S, from L’.

Case 3: (uy) =~ or ¥(vy) = for some color vy € A.

With S asin case 1, k —2 = | U L'(v)| < |[V(S)| = k — 1. Hence we

veV(S)
cannot properly color H from L'.

Claim 2. Y o(G,) > |V(G)|.

ceP

Proof.
It is clear that a(G,) = a(G.) = 1, a(Gp) = 2; further, a(G,) = 2 for
every o € A. Hence Z a(Gy) =2(k—-2)+4=2k=|V(G)|.
o€P

Claim 3. FEvery proper induced subgraph H of G is properly L— colorable.

Proof.

In the following cases we provide a (not necessarily unique) proper col-
oring for each induced subgraph H of G of the form G — v, v € V(G).

Case 1: H=G —uy.



Let ¢(v1) = c and color the 2(k—2) vertices of the subgraph G—(V,UV3)
with the colors from A (by coloring vertices of the same part with the same
color). Then let ¥ (us) = a and 9(vy) = b.

Case 2: H =G —v;.

Let ¢(u1) = a and color the 2(k—2) vertices of the subgraph G—(V,UVy,)
with the colors from A with the same color appearing on u; and v;, i =
2,...,k—1. Then, let ¢¥(ux) = c and ¢ (vy) = b.

Case 3: H = G — u;, for some 2 < i < k.

Let 9 (v;) = b and color the remaining 2(k — 2) vertices of the subgraph
G — (V; UV;) with the colors from A. Then, let ¢¥(u1) = a and ¢ (v1) = c.

Case 4: H =G —v;, for some 2 <i <k —1.

Let ¢(u;) = a and color the remaining 2(k — 2) vertices of the subgraph
G — (V; UV;) with the colors from A. Then, let ¢(u1) = ¢ (vy) = b.

Case 5: H =G — v.

Let ¢(ux) = c and color the 2(k—2) vertices of the subgraph G—(V,UVy)
with the colors from A. Finally, let ¢¥(u1) = ¥(v1) = b.

From the previous claims, we can conclude that h(G) > k — 1. Thus,
by Theorem A and Fact 2, h(G) = k. This concludes the proof. O

Corollary 3: h(K(3,2...,2)) =k =h(K(3,3,2...,2)) for k > 2.

Proof. From Theorem 3, fact 5 and Theorem B, k = h(K(2,2...,2)) <
h(K(3,2...,2)) < h(K(3,3,2...,2)) < ch(K(3,3,2...,2)) = k. Thus,

hK(3,2...,2) = k = h(K(3,3,2...,2)). O
We note that when k& = 2, h(K(3,2)) = 2 since 2 = h(K(2,2)) <
h(K(3,2)) < ch(K(3,2)) = 2 by Corollary B. Also, since ch(K(3,3)) = 3

by [4], it is clear from Fact 3 that h(K(3,3)) = 3.

Theorem 4. Let G denote the complete k—partite graph
K(4,2,...,2) with k > 2. Then

|k if kis odd
h(G) _{ kE+1 if kis even.

Proof. When k is even, from Theorem B we have that &k = x(G) <
ch(G) = k + 1. Thus, from Fact 3, it is clear that h(G) = ch(G) =k +1
for all even k£ > 2.

Suppose k > 3 is odd.

Let the partite sets, or parts, Vi, Vs, ..., Vi of the complete k—partite
graph G be Vi = {x1, 29, 23,24} and V; = {u;, v}, i =2,... k, k> 2.

Let €7 and Cs be disjoint & — 2 sets of colors and 0 an object not in
Cl @] CQ. Let A = Cl @] {0}, B = 02 @] {0} Let Alv A2 and Bl, Bg



be disjoint (k — 1)/2 sets of colors partitioning A and B respectively, and
let 0 € Ay N Bs. Let a,b be distinct objects not in A U B. Define a list
assignment L to G as follows:

1. L(ug) = A, L(vg) = B, L(u;) = Cy U{a} and L(v;) = Cy U {b}, for
every 3 <i < k and

2. L(Il) = Al @] Bl; L(LI,‘Q) = A1 U BQ, L(J?g) = A2 @] Bl and L(l‘4) =
Ay U By U {CL}

Notice that |L(v)| = k — 1 for every v € V(QG).
Claim 1. G is not properly L—colorable.

Proof.

Every proper L—coloring of G — V; = K(2,...,2) uses k — 1 elements
of C1U{0,a} and k — 1 elements of Co U {0,b}. We proceed by exhausting
the possible cases in attempts to properly L—color G.

Case 1: suppose ©(u2) # 0 # t(v2). Then all of the colors of C; U
Cy U {a,b} will be used to color G — V4. Hence we cannot color z; (since
AiUB, Cc(Cy UCQ).

Case 2: suppose ¥ (uz) = ¢(v2) =0

Case 2.1: 9(u;) # a and ¢ (v;) # b for every 3 <i < k.

Then all of the colors of C; U Cy will be used to color G — (V4 U V2).
Once again we cannot color z7.

Case 2.2: ¢(u;) = a and ¥(v;) = b for some 17, j # 2.

Then there remains exactly one color, say ¢; € C; and exactly one color,
say cg € Cy. If ¢y € Ay and ¢y € By, then we cannot color x4. Likewise if
c1 € Ay and ¢y € By, then we cannot color z3. Also if ¢; € Ay and ¢ € By,
o cannot be colored and if ¢y € As, ¢co € By, x1 cannot be colored.

Case 2.3: ¥(u;) # a for all i # 2 and ¢(v;) = b for some j > 3. Then
there remains exactly one color, say co € Co and none of C;. As in the
previous case, if co € Bj, then we cannot color zs. Likewise if ¢o € By,
then we cannot color either of 1 and x3.

Case 2.4: ¥(u;) = a for some ¢ > 3 and ¢(v;) # b for all j > 3. Then
there remains exactly one color, say ¢; € Cy and none of Cs. As before,
if ¢y € A1, then we cannot color either of x3 and z4. Likewise if ¢; € Ao,
then we cannot color either of z; and z5.

Case 2.5: ¢¥(u;) # a and ¥(v;) # b for all 3 < 4,5 < k. Clearly the
coloring cannot be properly extended to any of x1,z2, T3.

Notice that we can skip the case where ¥ (uz) = 0 and ¢ (ve) # 0 (or
vice versa), since if there is a proper L—coloring with one of us, vo colored
with 0, then there is a proper L—coloring with both colored 0.



From the previous cases we can conclude that G is not properly L—
colorable.

Claim 2. ) a(G,) > [V(G)].
ceP
Proof.

Notice that a(G,) = 2 for every o € C1 U Cy. Also a(Gp) = 3 and
a(Ga) = a(Gy) = 1. Hence »  a(G,) = 2(2(k —2)) +5 = 4k — 3 >

o€P
2k +2 =|V(G)| for every k > 3.

Claim 3. If k > 5, then every proper induced subgraph H of G is
properly L—colorable.

Proof.

We proceed by considering the possible subgraphs of G obtained by
deleting a single vertex.

Case 1: H = G — u;, for some 1.

Let ¢(x2) = (x3) = ¢¥(z4) = 0. Color G — V5 with the colors from
Cy U Cy U {a,b} (colors a,b included). Hence there remains exactly one
unused color of C1, say ¢;, and arrange that ¢; € Ay. Let ¢(z1) = ¢;.

Case 2: H = G — v;, for some i. Following the coloring argument in
the previous case, there remains exactly one unused color of Cs, say ¢z, and
arrange that ¢ € By. Let ¢¥(x1) = co.

Case 3: H = G — 1. Let ¢¥(z2) = ¥(x3) = (xq) = 0. It is easy to
see that we can color the remaining subgraph G — V; with the colors from
Cy UCyU{a,b} (a,b included).

Case 4: H = G — x5. Let ¢(u2) = ¥(v2) = 0, and ¥(z4) = a. Color
the vertices of G — (V4 UVa) with the colors from C; UCy U {b} (b included).
Then there remains exactly one unused color of Cs, say cs, and arrange
that ca € By. Let ¢(z1) = ¢(z3) = ca.

Case 5: H = G — x4. Let ¥(uz) = ¥(ve) = 0. Color the vertices of
G —(V1UV,) with the colors from C;UC5U{a, b} (a,b included). Then there
remains exactly one unused color of C4, say ¢, and arrange that ¢; € Ay,
and exactly one unused color of Cy, say ¢z, and arrange that ¢, € B;. Let
Y(x1) = c1 = P(22) and P(z3) = co.

Case 6: H = G — x3. Let ¢(uz) = ¢(v2) = 0. Color the vertices of
G —(V1UV,) with the colors from C1UC5U{a, b} (a,b included). Then there
remains exactly one unused color of C4, say ¢, and arrange that ¢; € Ay,
and exactly one unused color of Cy, say ¢z, and arrange that ¢, € Bs. Let
Y(x1) = c1 = P(z2) and P(z4) = co.

Notice here that when k = 3, Ap = By = {0}. Therefore, the attempted



coloring of H = G — x3 in case 6 fails, and, in fact H is not properly L—
colorable. However, H = G — x3 with the given list assignment L satisfies
the inequality (3.1). We can safely end the proof here when &k = 3.

Still, there follows a list assignment specifically for the case when k = 3,
which we hope will be of interest.

We define a list assignment L to G = K (4, 2,2) as follows:

1. L(ug) = {1,0}, L(va) = {2,0,¢}, L(us) = {1,a}, L(vs) = {2,b} and
2. L(x1) ={1,2}, L(z2) = {1,0}, L(z3) = {0,a} and L(z4) = {b,c}

It is easy to verify that G and L satisfy the previous claims 1 and 2. We
proceed therefore to verify only claim 3 for the subgraphs H of K(4,2,2)
in the following cases.

Casel: H =G — us.

Let (va) = 2,(u3) = a,9(vs) = b. Also (x2) = 0 = ¥(x3), (1) =
1 and ¢(z4) = c.

Case2: H =G — vs.

Let t(u2) = 1,9 (u3) = a,9(v3) = b. Also ¢(z2) = 0 = p(x3), ¥ (1) =
2 and P(xy) = c.

Case3: H =G — us.

Let ¢(uz) = ¢(v2) = 0,%(v3) = b. Also tp(21) =1 = P(x2),¥(23) = a
and ¥ (x4) = ¢

Cased: H =G — v3.

Let ¢(uz) = 1,9(v2) = ¢,9¥(us) = a. Also P(z1) = 2,¢(x2) = 0 =
Plas)and () =b.

Caseb: H =G — x1.

Let ¢¥(ug) = 1, ¥(v2) = 2, ¢¥(uz) = a andyp(vs) = b . Also let ¢(x1) =
0 =v(x2) and ¢Y(x4) = c.

Case6: H = G — x5.

Let ¥(uz) = 0 = t(vs),¥(us) = 1 andib(us) = b . Also (a1) =
2,9(z3) = a and P(z4) = c.

Case’: H =G — x3.

Let ¥(ug) = 0 = ¥(v2),¥(uz) = a andyp(vy) = b . Also ¢(x1) =1 =
Y(z2) and (z4) = c.

Case8: H =G — x4.

Let ¢(uz) = 1,¢(v2) = ¢,¢¥(us) = a and p(vs) = b . Also 9(z1) = 2
and 1(w2) = 0 = )(3).

We conclude that G and L satisfy Hall’s Condition. So, k& < h(G)
ch(G@) = k by Fact 2 and Theorem B. Therefore, h(G) = k for all k >
odd.

<
3

O
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Corollary 4: Form > 2,k > 2, h(K(m,2...,2)) = ch(K(m,2...,2)).

Proof. This follows from Corollaries D and 3, and Theorems C, D, 3
and 4. 0

Conjecture: If G is a complete multipartite graph with all parts of
size greater than 1, then h(G) = ch(G).

Since h(K,) =1 < n = ch(K,), the conclusion of the conjecture fails if
parts of size 1 are allowed. Since h(G) = ch(G) whenever x(G) < ch(G),
and since x(G) < ch(G) for "most” complete multipartite graphs G with
part sizes greater than 1, with Theorems 3 and 4 we may be within shouting
distance of confirming the conjecture.
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